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Preface

At the time we write this book there are several excellent references avail-
able which discuss various aspects of modular invariant theory from various
points of view: Benson [6]; Derksen and Kemper [26]; Neusel [85]; Neusel and
Smith [86]; and Smith [103]. In this book, we concentrate our attention on the
modular invariant theory of finite groups. We have included various techniques
for determining the structure of and generators for modular rings of invari-
ants, while attempting to avoid too much overlap with the existing literature.
An important goal has been to illustrate many topics with detailed examples.
We have contrasted the differences between the modular and non-modular
cases, and provided instances of our guiding philosophies and analogies. We
have included a quick survey of the elements of algebraic geometry and com-
mutative algebra as they apply to invariant theory. Readers who are familiar
with these topics may safely skip this chapter.

We wish to thank our principal collaborators over the years with whom we
have had so much pleasure exploring this fascinating subject: Ian Hughes, Gre-
gor Kemper, R. James Shank, John Harris as well as our students and friends,
Jianjun Chuai, Greg Smith, Mike Roth, Brandon Fodden, Emilie Dufresne,
Asia Matthews and Chester Weatherby. In particular we thank John Harris,
R. James Shank, Jianjun Chuai, Mike Roth, Emilie Dufresne, Asia Matthews,
Chester Weatherby and Tristram Bogart for reading draft chapters and point-
ing out errors and suggesting improvements. We also thank Marie-José Bertin
for clarifying the history of her own work to us.

Finally, our thanks go to the anonymous referees for many helpful and
constructive remarks.

Fredericton, New Brunswick H. E. A. Eddy Campbell
Kingston, Ontario David L. Wehlau
August 2010
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1

First Steps

Invariant theory seeks to determine whether a (mathematical) object can be
obtained from some other object by the action of some group. One way to
answer this question is to find some functions that map from the class of
objects to some field (or more generally some ring). Invariants are functions
which take the same value on any two objects which are related by an element
of the group. Thus if we can find any invariant which takes different values
on two objects, then these two objects cannot be related by an element of
the group. Ideally, we hope to find enough invariants to separate all objects
which are not related by any group element. This means we want to find a
(finite) set of invariants f1, f2, . . . , fr with the property that if two objects are
not related by the group action then at least one of these r invariants takes
different values on the two objects in question.

For example, suppose we wish to determine whether two triangles are
congruent, that is, whether one can be obtained from the other by translation,
rotation, reflection or a combination of these operations. One useful invariant
is the area function: two triangles with different areas cannot be congruent.
On the other hand, the (unordered) set of three functions which give the
lengths of the three sides are sufficient: two different triangles having sides of
the same lengths must be congruent.

For us, the mathematical objects are elements of some vector space with a
group action and the invariants will be those regular functions on the vector
space that are constant on each of the group orbits.

We begin with some basic material on the action of groups on vector spaces
and their coordinate rings, followed by a simple illustrative example. There are
excellent references available: Benson [6], Derksen and Kemper [26], Neusel
[85], Neusel and Smith [86] and Smith [103]. We also note that many advances
in modular invariant theory have been made due to the programming language
MAGMA [10], especially the invariant theory packages developed by Gregor
Kemper.

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 1, © Springer-Verlag Berlin Heidelberg 2011
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2 1 First Steps

1.1 Groups Acting on Vector Spaces and Coordinate
Rings

We begin with a finite dimensional representation ρ of a group G over a field
K, i.e., a group homomorphism

ρ : G → GL(V )

where V is a finite dimensional vector space over K. In this book we will
always denote the characteristic of the field (which may be 0) by p.

For us, the group G is always assumed to be finite of order denoted |G|. The
representation of G is said to be a modular representation if p divides |ρ(G)|
and a non-modular one if not. Many questions which are well understood in
the non-modular case are much less well understood in the modular case. One
of the main reasons for this is that Maschke’s Theorem fails to hold for mod-
ular representations. That is, modular representations may not be completely
reducible and usually are not. Researchers have substituted techniques from
algebraic geometry, commutative algebra, and group cohomology (including
Steenrod operations) in an effort to make up for this deficiency. The main
technique used in this book is the fact from representation theory that the
cyclic group of order p has only finitely many indecomposable inequivalent
representations in characteristic p.

The representation defines a left action of the group G on V . Given σ ∈ G
and v ∈ V we write σ(v) for the vector ρ(σ)(v), the result of applying ρ(σ)
to v. Very often, the representation is fixed throughout an example and we
make little reference to it.

We denote the set of vectors fixed (pointwise) by the group G by

V G = {v ∈ V | σ(v) = v, for all σ ∈ G},

and for a subset X of V , we denote by

GX = {σ ∈ G | σ(v) = v, for all v ∈ X}

the isotropy or stabilizer subgroup of X. Usually, if X = {v} is a singleton
set we will write Gv to denote GX .

Now consider V ∗, the vector space dual to V . This is the set, HomK(V, K),
of linear functionals from V to K. Recall that x : V → K is said to be a linear
functional if x(av + bw) = ax(v) + bx(w) for all v,w ∈ V , and all a, b ∈ K.
Of course, we have dimK(V ∗) = dimK(V ).

The action of G on V determined by ρ naturally induces a left action of G
on V ∗ as follows. Let x ∈ V ∗ be any linear functional on V and let σ ∈ G. Then
σ(x) should be another linear functional on V . This new linear functional is
defined by (σ(x))(v) := x(σ−1(v)). In this definition we use σ−1 instead of σ
in order to obtain a left action (and not a right action) of G on V ∗. This new
representation of G is often referred to as the dual representation.
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Lemma 1.1.1. Suppose we have a fixed representation ρ : G → GL(V ) and
consider also ρ∗ : G → GL(V ∗). In general, for σ ∈ G the matrix representing
ρ(σ) ∈ GL(V ) with respect to a fixed basis is the transpose inverse of the
matrix representing ρ∗(σ) with respect to the dual basis. ��

Associated to the vector space V is its coordinate ring also called its ring
of regular functions. This ring, denoted K[V ], is a major object of study in
algebraic geometry. We may define K[V ] in a number of equivalent ways.

Here is a very concrete definition of the coordinate ring of V . Let

{x1, x2, . . . , xn}

be a fixed basis of V ∗. Then K[V ] is the polynomial ring in n variables:

K[V ] = K[x1, x2, . . . , xn].

This is a useful description of K[V ]. For an exponent sequence I = (i1, . . . in)
consisting of non-negative integers, we define the monomial

xI = xi1
1 · · ·xin

n ,

We say that xI has degree i1 + · · · + in and we denote the degree of xI by
deg(xI) or even deg(I). As usual, we say that a polynomial f =

∑
ajx

Ij for
ai ∈ K is homogeneous of degree d if each of its monomials, xIj , is of degree
d. We observe that K[V ] is naturally graded by degree: we may write

K[V ] = ⊕d≥0K[V ]d

where K[V ]d denotes the subspace of homogeneous polynomials of degree d
(including the zero polynomial). We also observe that K[V ] is a graded algebra.
This just means that each K[V ]d is a subspace and that if f ∈ K[V ]d and
f ′ ∈ K[V ]d′ then ff ′ ∈ K[V ]d+d′ .

If V is a direct sum, V = U ⊕W then we have a finer grading indexed by
N

2 on K[V ] induced by the isomorphism K[V ] ∼= K[U ] ⊗K K[W ] given by

K[V ](d,d′) = K[U ]d ⊗K K[W ]d′ .

More generally, if V = W1⊕W2⊕· · ·⊕Wm then K[V ] has a N
m-grading given

by
K[V ](d1,d2,...,dm) = K[W1]d1 ⊗ K[W2]d2 ⊗ · · · ⊗ K[Wm]dm

.

Thus if f ∈ K[V ](d1,d2,...,dm), then

f(t1v1, t2v2, . . . , tmvm) = td1
1 td2

2 · · · tdm
m f(v1, v2, . . . , vm)

for all t1, t2, . . . , tm ∈ K. We say that elements of K[V ](d1,d2,...,dm) are multi-
homogeneous. If each Wi is G-stable, then the G-action will stabilize each
N

m-graded summand K[V ](d1,d2,...,dm) of K[V ].



4 1 First Steps

From an abstract point of view, if K is infinite we may define K[V ] as a
ring of functions:

K[V ] := {f : V → K | f is a regular function on V }.

A function f is regular on V if f may be written as a polynomial in some (and
hence every) basis of linear functionals on V .

We note that in order to view K[V ] as a ring of functions on V we require
that K be infinite. If K is finite, for example, if K = Fp, the field with p
elements, then the two different polynomials x1 and xp

1 in K[V ] determine the
same function on V . Let K denote an algebraic closure of K and let V = K⊗V .
The inclusion K ⊂ K induces an inclusion V ⊂ V . Thus K[V ] ⊆ K[V ] and two
elements of K[V ] are equal if and only if they determine the same function on
V .

We may also define K[V ] as the symmetric algebra on V ∗:

K[V ] = S•(V ∗).

The action of G on V given by ρ also naturally induces an action of G on
K[V ]. We may describe this action in two ways according to the description
we use for K[V ]. In terms of polynomials we merely extend the action of G on
V ∗ additively and multiplicatively. That is, let σ ∈ G and f, f ′ ∈ K[V ]. Thus
σ(f + f ′) = σ(f) + σ(f ′) and σ(ff ′) = (σ(f))(σ(f ′)).

Equivalently, if we regard the elements of K[V ] as functions on V we may
define this action of G on K[V ] via (σ(f))(v) := f(σ−1(v)).

The main object of study in invariant theory is the collection of polynomial
functions on V left fixed by all of G. This collection of functions forms a ring,
denoted K[V ]G:

K[V ]G := {f ∈ K[V ] | σ(f) = f for all σ ∈ G}.

We observe that if a polynomial f is fixed by both σ and τ ∈ G, then f is also
fixed by στ . We may conclude, therefore, that if f is invariant with respect
to every element of some set of generators for G, then f ∈ K[V ]G.

1.1.1 V Versus V ∗

A common question that arises is why we insist upon considering the action
of G upon V ∗ and K[V ] rather than on the symmetric algebra on V , S•(V ).
In order to answer this question, consider the following example.

Example 1.1.2. Let G = Cp ×Cp, the elementary Abelian p-group of order p2.
We consider a three dimensional representation of G given by

G =

⎧
⎨

⎩

⎛

⎝
1 0 0
a 1 0
b 0 1

⎞

⎠
∣
∣
∣ a, b ∈ Fp

⎫
⎬

⎭
⊂ GL(V ).
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Here G is generated by the two elements given by taking (a, b) = (1, 0) and
(a, b) = (0, 1). These two elements are easily seen to be of order p and to
commute. Thus G is indeed isomorphic to Cp×Cp. We examine the geometry
of the action of G on V by considering the orbits under this action. Let
v = (v1, v2, v3) ∈ V ∼= F

3
p. If v1 �= 0 then we see that G · v = {(v1, v2 +

av1, v3 + bv1) | a, b ∈ Fp} consists of p2 points. Conversely, if v1 = 0 then the
orbit of v consists of the single point v.

If σ ∈ G is represented by a matrix A in GL(V ) with respect to the
standard basis, then the matrix of σ in GL(V ∗) with respect to the dual basis
is given by (AT )−1. Thus working with the basis of V ∗ dual to the standard
basis of V , we see that

G =

⎧
⎨

⎩

⎛

⎝
1 −a −b
0 1 0
0 0 1

⎞

⎠
∣
∣
∣ a, b ∈ Fp

⎫
⎬

⎭
⊂ GL(V ∗).

Let {e1, e2, e3} be the standard basis of V and let {x1, x2, x3} denote the
dual basis of V ∗. The geometry of G acting on V is reflected in the invariant
functions in Fp[V ]G = S•(V ∗)G = F[x1, n2, n3] where n2 = xp

2 − xp−1
1 x2 and

n3 = xp
3 − xp−1

1 x3. If we consider a point v with 0 �= v1 ∈ Fp then the two
functions n2 and n3 are both constant on these orbits. Moreover, it is not too
difficult to see that, if v′ ∈ V ∼= Fp

3
with x1(v) = x1(v′), n2(v) = n2(v′) and

n3(v) = n3(v′), then v′ ∈ Gv.
Using S•(V )G instead, we would have found S•(V )G = Fp[f1, e2, e3] where

f1 is a cubic expression beginning f1 = e3
1 + . . . . In particular, these do not

correspond to functions which are constant on the orbits of G.
This example shows why we are interested in both the matrix represen-

tation of G on V and also on V ∗. Examining the former allows us to see the
geometry of the group action. Examining the latter allows us to understand
which polynomials are invariants. Rather than writing out both matrices for
a group element σ, we will often compromise by writing out the matrix A−1

of σ−1 in GL(V ). This shows us directly how σ−1 is acting on V and allows
us to study the orbits in V . The transpose of this matrix shows how σ acts
on V ∗ and thus we may understand the action of σ on V ∗ by considering the
rows of A−1 and the action of A−1 on row vectors by right multiplication.

A dramatic illustration of the difference between the group actions on V
and V ∗ is provided by the following subgroup of GL(V ) where V is a seven
dimensional vector space over Fp, the field of order p. We define

σ(a, b, c, d) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
a 0 0 1 0 0 0
0 b 0 0 1 0 0
0 0 c 0 0 1 0
d d d 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠
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and we take G = {σ(a, b, c, d) | a, b, c, d ∈ Fp} ⊂ GL(V ). We will show in
Example 8.0.8 that F[V ]G is a polynomial ring.

On the other hand, consider the group H ⊂ GL(V ) consisting of the
transposes of the elements of G acting on V , that is, the group of matrices

τ(a, b, c, d) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 a 0 0 d
0 1 0 0 b 0 d
0 0 1 0 0 c d
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We will show in Example 8.0.9 that F[V ]H is not Cohen-Macaulay.
Note that both groups are generated by reflections (reflections are defined

below in §1.5).The definitions of polynomial rings and Cohen-Macaulay rings
may be found in §2.3 and §2.8 respectively.

1.2 Constructing Invariants

One general method to construct invariants of finite groups is as follows. Let
f ∈ K[V ]. Then the transfer or trace of f is defined as

Tr(f) = TrG(f) :=
∑

g∈G

σ(f).

Similarly, the norm of f is defined by

N(f) = NG(f) :=
∏

g∈G

σ(f).

We also have occasion to use relative versions of these constructions. Suppose
H is a subgroup of G and we have a polynomial f which is H-invariant. Then
we choose a fixed set of left coset representatives G/H := {σ1, σ2, . . . , σr} and
define

TrG
H(f) :=

r∑

�=1

σ�(f)

and

NG
H(f) :=

r∏

�=1

σ�(f).

It is easy to see that for f ∈ K[V ]H the elements TrG
H(f) and NG

H(f) are
independent of the choice of σ1, σ2, . . . , σr. However, for general f this is not
true. For this reason, it is often useful to take H to be the isotropy subgroup
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Gf . Of course, for any finite group G, subgroup H, and f ∈ K[V ]H we have
that TrG

H(f) and NG
H(f) are both G-invariants. Note that TrG(f) = TrG

{e}(f)
and NG(f) = NG

{e}(f).
Still more generally, consider an element f ∈ K[V ]. We define the G-orbit

of f to be {σ(f) | σ ∈ G}, denoted Gf . A slightly different way to describe
the orbit of f is to use the isotropy subgroup Gf of f . We have Gf = {σ(f) |
σ ∈ G/Gf} where G/Gf denotes a set of (left) coset representatives of Gf in
G.

Suppose, then, that |Gf | = m. From here, we can form the polynomial

Sf (λ) =
∏

h∈Gf

(λ − h) =
m∑

i=0

(−1)isiλ
m−i,

where si ∈ K[V ]G. The coefficients are elementary symmetric functions in the
elements of Gf . That is, if we write Gf = {f1, . . . , fm}, then

s1(f) = f1 + f2 + · · · fm ,

s2(f) = f1f2 + f1f3 + · · · + fm−1fm ,

...
sm(f) = f1f2 · · · fm .

For any finite group G, and f ∈ K[V ] we have that

TrG(f) = |Gf |s1(f),

NG(f) = sm(f)|Gf |.

1.3 On Structures and Fundamental Questions

The problems we will consider fall roughly into two classes:

1. Find generators for K[V ]G. Failing that, find an upper bound for the
largest degree of an element of a homogenous minimal generating set.

2. Determine the structure of K[V ]G. For example, determine those groups
G for which the ring of invariants K[V ]G is a polynomial algebra, a hy-
persurface, or a Cohen-Macaulay ring.

Both questions are interesting for either specific groups, or for classes of
groups. In general, much more is known in the non-modular case than in the
modular case.

1.4 Bounds for Generating Sets

Emmy Noether proved (see Theorem 3.1.2) that the ring of invariants of a
representation V of a finite group acting is always generated as an alge-
bra by a finite collection of homogeneous invariants f1, f2, . . . ft. Using the
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graded Nakayama lemma (Lemma 2.10.1) we see that the number β(V,G) :=
max{deg(fi) | 1 ≤ i ≤ t} is independent of the choice of generators provided
t is minimal. This number β(V,G) is called the Noether number for V .

Noether showed that generators of degree at most |G| are required when
p = 0. For non-modular groups with p > |G|, this theorem is still true.
Richman and others have shown Noether’s original bound, β(V,G) ≤ |G|,
applies if G is solvable. Smith [103][pg 175], Fleischmann [39], and others
have shown that for non-modular groups, K[V ]G is generated in degrees at
most dimK(V )(|G| − 1). For an overview of this topic, see Wehlau’s paper
[111]. Here we need dimK(V ) > 1 and |G| > 1.

There was a conjecture that non-modular groups have rings of invariants
that are generated in degrees less than or equal |G|. The difference between
the known bound and this conjectural bound was known as the problem of
Noether’s gap: is there a non-modular group in the gap or not? In 1999, Fleis-
chmann gave a beautiful and clever variation of Noether’s original argument
that showed the conjecture was true (see [39]). Independently, Fogarty [42]
proved the same result. Below we give a simplified version of Fogarty’s proof,
due to Benson, see Theorem 3.5.1.

It is proved by Campbell, Geramita, Hughes, Shank and Wehlau in [17]
that if K[V ]G is a hypersurface, then this ring is generated in degrees less than
or equal to |G|. More generally, Broer [12] has shown that if K[V ]G is Cohen-
Macaulay, then this ring of invariants is generated by elements of degree at
most dimK(V )(|G| − 1). G. Kemper has made the conjecture that Noether’s
degree bound, |G|, applies whenever K[V ]G is Cohen-Macaulay.

Symonds [106], using work of Karagueuzian and Symonds [62] has proved
that

Theorem 1.4.1. If K is finite and G is a non-trivial finite group acting on
V with dimK(V ) > 1, then K[V ]G is generated in degrees less than or equal to
dimK(V )(|G| − 1).

A synopsis of this work is given in §3.6.

1.5 On the Structure of K[V ]G: The Non-modular Case

The invariant theory of finite groups is much better understood in the non-
modular case. For example, in this situation, a complete characterization of
those representations for which K[V ]G is polynomial is known. To state this
characterization we need the following definition.

Definition 1.5.1. Let V be a representation of G defined over a field K. Then
σ ∈ G is a reflection if dimV σ = dimV − 1. Over a field of characteristic p,
a reflection of order p is called a transvection.

Classically, a (real) reflection was defined as an element σ with single non-
trivial eigenvalue −1, and a (complex) reflection as an element with single
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non-trivial eigenvalue a (complex) root of unity. What we have defined as a
“reflection” was originally called a “pseudo-reflection”. This older terminology
is still used by some authors.

The following famous and beautiful theorem follows from the work of Cox-
eter [24], Shephard and Todd [101], Chevalley [22], and Serre [95]. To prove one
direction, that groups generated by reflections over C have polynomial invari-
ant rings, Shephard and Todd classified all such representations and showed
that in each case the ring of invariants is polynomial. Unaware of their work,
Chevalley [22] proved in 1955 that for representations over R generated by
reflections of order 2 the ring of invariants is always polynomial. Chevalley’s
proof is truly beautiful, short and does not rely on any classification. Serre who
was familiar with the work of Shephard and Todd observed that Chevalley’s
proof works for all groups generated by reflections over C not just reflections
of order 2. He also proved a partial converse valid over any field, see below.
We describe a new proof by Dufresne of this result, see Section 12.2.

Theorem 1.5.2. Let G be a finite group with |G| invertible in the field K.
Then K[V ]G is a polynomial algebra if and only if the action of G on V is
generated by reflections.

Theorem 1.5.3. Let G be a finite group represented over F. If K[V ]G is a
polynomial algebra then the action of G on V is generated by reflections.

Aside from examples and special cases (see for example Nakajima’s Theo-
rem 8.0.7), the characterization of representations of finite groups with poly-
nomial rings of invariants remains one of the most important open problems
in modular invariant theory.

There are other wonderful theorems concerning characterizations of hyper-
surfaces (Nakajima), Gorenstein rings (Watanabe), or Cohen-Macaulay rings
(Hochster and Eagon) in the non-modular case.

In the modular case, we note the theorem of Kemper [65]: a bi-reflection
is an element σ ∈ G with Im(σ − 1 : V → V ) of dimension less than or equal
to 2.

Theorem 1.5.4. Let G be a finite group with |G| represented over the field F

of characteristic p > 0 with p | |G|. If K[V ]G is Cohen-Macaulay then if the
action of G on V is generated by bi-reflections.

This topic is explored in more depth in §9.2. It remains an open problem
to characterize those modular bi-reflection groups whose rings of invariants
are Cohen-Macaulay.

1.6 Structure of K[V ]G: Modular Case

J.P. Serre proved one direction of Theorem 1.5.2 holds in the modular case. He
showed that whenever K[V ]G is a polynomial ring, the action of G on V must
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be generated by reflections. Examples of reflection groups whose invariant
rings are not polynomial are known. See for example, §8.2.

Nakajima has characterized those p-groups with polynomial rings of in-
variants when K = Fp is the prime field of order p. Roughly speaking, he
shows that such groups resemble the ring of invariants of the full Upper Tri-
angular group. He gave examples of elementary Abelian reflection p-groups
with non-Cohen-Macaulay invariant rings, a somewhat simpler example is the
example mentioned above at the end of §1.1. Nakajima’s characterization fails
over larger fields, as shown by an example due to Stong, see §8.1.

Kemper and Malle have examined the class of irreducible representations
of modular reflection groups and determined which have polynomial rings of
invariants. Unfortunately, irreducible representations are few and far between.
We summarize their work in §8.3.

Much work remains to be done on characterizing groups with polynomial
rings of invariants.

1.7 Invariant Fraction Fields

It will be useful on occasion to study the fraction fields denoted Quot(K[V ])
or K(V ) and K(V )G of the domains K[V ] and K[V ]G, respectively; in some
situations we encounter, it is useful to recall the results of Galois Theory. It
is not difficult to see that (K(V ))G = Quot(K[V ]G). For, given an invariant
fraction f

f ′ ∈ K(V )G, we may write

f

f ′ =
f

∏
σ �=1 σ(f ′)

f ′ ∏
σ �=1 σ(f ′)

=
f

∏
σ �=1 σ(f ′)

NG(f ′)

and note that the denominator of the right hand side is invariant. Since the
fraction itself is also invariant, the numerator of the right hand side is invariant
as claimed.

Then we have the diagram

K[V ]G ⊂ � K[V ]

K(V )G
�

∩

⊂ � K(V )
�

∩

and we see that the bottom row of this diagram tells us that K(V ) is a
Galois extension of K(V )G, that is, there exist q = |G|-many rational functions
ai = fi

f ′
i

such that {a1, . . . aq} is a basis for K(V ) as a vector space over K(V )G.
Furthermore, the induced G-action on

K(V ) = ⊕q
i=1K(V )Gai
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is the regular representation of G.
It is a famous question of Noether’s whether or not K(V )G is purely tran-

scendental; this is the question of whether or not there are n = dim(V ) el-
ements ai ∈ K(V )G such that K(V )G = K(a1, . . . , an). The answer to this
question is negative in general. However, if p > 0 and G is a p-group, then
K(V )G is purely transcendental (see [81]). We will revisit this question in
section §7.6.

1.8 Vector Invariants

Consider the coordinate ring of mV = ⊕mV with the diagonal action of G.
The ring K[mV ]G is called a ring of vector invariants of G. Rings of vector
invariants provide an important class of examples and counterexamples.

In [19], Campbell and Hughes give generators, as conjectured by Richman
[92], for Fp[mV2]Cp where Cp denotes the cyclic group of order p, and V2

denotes its 2 dimensional indecomposable representation. An easy corollary
is the fact, first observed by Richman, that this invariant ring requires a
generator of degree m(p − 1). Therefore, Noether’s degree bound, |G|, does
not hold for p-groups.

Kemper has proved that, if G is any modular group, then F[mV ]G is not
Cohen-Macaulay for all sufficiently large m. In every example known, taking
m = 3 is sufficiently large to obtain a non-Cohen-Macaulay ring of invariants.

If G is a p-group and m ≥ 3, then F[mV ]G is not Cohen-Macaulay, see
9.2.3. This is an important corollary of the result (see 9.2.2) that if K[V ]G is
Cohen-Macaulay, then G is generated by bi-reflections. Here an element σ ∈ G
is called a bi-reflection if dimV σ ≥ dim V − 2. This theorem shows us how
rarely we may expect to encounter Cohen-Macaulay rings as the invariants of
p-groups.

1.9 Polarization and Restitution

Consider the maps Δ : V → mV = V ⊕ V ⊕ · · · ⊕ V
︸ ︷︷ ︸

m copies

and φ : mV → V given

by Δ(v) = (v, v, . . . , v) and φ(v1, v2, . . . , vm) = v1 + v2 + · · · + vm. Both of
these maps are GL(V )-equivariant where GL(V ) acts diagonally on mV .

These two maps naturally induce ring maps Δ∗ : F[mV ] → F[V ] and
φ∗ : F[V ] → F[mV ] given by (Δ∗(F ))(v) = F (Δ(v)) = F (v, v, . . . , v) and
(φ∗(f))(v1, v2, . . . , vm) = f(φ(v1, v2, . . . , vm)) = f(v1 + v2 + · · · + vm).

Let f ∈ F[V ]d. Using the N
m-grading on F[mV ] we have

φ∗(f) =
∑

i1+i2+···+im=d

f(i1,i2,...,im)
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where each f(i1,i2,...,im) ∈ F[mV ](i1,i2,...,im). These polynomials f(i1,i2,...,im)

are called partial polarizations of f and we write

Polm(f) =
{
f(i1,i2,...,im) | i1 + i2 + · · · + im = d

}

to denote the set of all such partial polarizations.
In order to compute individual polarizations, we take m indeterminates

λ = (λ1, λ2, . . . , λm), and consider v = (v1, v2, . . . , vm) where each vi repre-
sents a generic element of V . We write λv = λ1v1 + λ2v2 + · · · + λmvm, and
then we have

f(λv) = φ∗(f)(λ1v1, λ2v2, . . . , λmvm)

=
∑

i1+i2+...im=d

λi1
1 λi2

2 · · ·λim
m f(i1,i2,...,im)(v1, v2, . . . vm)

=
∑

|I|

λIfI(v)

with |I| = i1 + i2 + · · · + im = d where

fI ∈ K[mV ]I = K[V ]i1 ⊗ K[V ]i2 ⊗ · · · ⊗ K[V ]im
⊂ K[mV ]d .

As a special case, we may take m = d = deg(f) and (i1, i2, . . . , im) =
(1, 1, . . . , 1) to get the full polarization of f denoted

P(f) = f(1,1,...,1) = fmulti-linear ∈ K[d V ].

Lemma 1.9.1. The mapping f �→ f(i1,i2,...,im) is GL(V )-equivariant. In par-
ticular, if G is any subgroup of GL(V ) and f ∈ K[V ]G, then Polm(f) ⊂
K[mV ]G.

Proof. Let σ ∈ GL(V ). We need to show (σf)I = σ(fI). The former is defined
by the equation

(σf)(λv) =
∑

I

λI(σf)I(v).

But
(σf)(λv) = f(λσ−1v) =

∑

I

λIfI(σ−1v).

Therefore,
(σf)I(v) = fI(σ−1(v)) = (σfI)(v).

��

Lemma 1.9.2. The full polarization P(f) of f is a symmetric function, i.e.,

P(f)(τ(v)) = P(f)(v)

where τ(v) = (vτ(1), . . . , vτ(m)) for all τ ∈ Σm.
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Proof. Since τ(λv) = (λτ(1)vτ(1) + λτ(2)vτ(2) + · · · + λτ(m)vτ(m)) we have

f(λv) = f(τ(λv))

for all τ ∈ Σd. ��

The map induced by Δ is called restitution and denoted by R or by Rm.
It is defined by R : K[mV ] → K[V ] and R(F )(v) = F (v, v, . . . , v

︸ ︷︷ ︸
m

).

The following lemma is expressed in terms of the multinomial coefficient(
d
I

)
:= d!

i1!i2!···im! where I = (i1, i2, . . . , im).

Lemma 1.9.3. Let f ∈ K[V ]d be homogeneous of degree d, and consider the
sequence of positive integers i1, i2, . . . , im with i1 + i2 + · · · + im = d. Then

R(f(i1,i2,...,im)) =
(

d

i1 i2 . . . im

)

f .

In particular,
RP(f) = d!f.

Proof. Setting v = (w,w, . . . ,w) we have λv = |λ|w where |λ| = λ1 + λ2 +
· · · + λd. Therefore,

f(λv) = f(|λ|w) = |λ|df(w) =
∑

|I|=d

(
d

I

)

λIf(w)

Conversely.

f(λv) =
∑

|I|=d

λIfI(w,w, . . .w) =
∑

|I|=d

λIRfI(w) .

Comparing the coefficients we see
(
d
I

)
f = RfI . ��

Remark 1.9.4. If d! is invertible in K, then f = RP(f/d!) lies in the image of
R. In particular, if f ∈ K[V ]Gd and d is invertible in K, then f ∈ R(F[d V ]G).

The following example illustrates polarization and restitution.

Example 1.9.5. Let K be a field of any characteristic. Consider the usual three
dimensional permutation representation V of Σ3, the symmetric group on
three letters. Let {x, y, z} be a permutation basis for V ∗. It is well known that
if K has characteristic zero, then K[V ]Σ3 is the polynomial ring K[s1, s2, s3]
where s1 = x+ y + z, s2 = xy +xz + yz and s3 = xyz. This result is also true
when K has positive characteristic, even for characteristics 2 and 3. We will
outline one proof of this result in §3.2 and give another proof in §5.1.1. Here
we consider the ring of vector invariants K[2 V ]Σ3 . Weyl [112] proved that the
polarizations of the elementary symmetric functions f = s1, g = s2, h = s3
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suffice to generate K[2 V ]Σ3 if 6 = |Σ3| is invertible in K. In fact, he proved
that if V is the usual permutation representation of Σn, then for any n and any
m the polarizations of the elementary symmetric polynomials s1, s2, . . . , sn

generate the ring K[mV ]Σn provided only that n! is invertible in K. Here we
have

f(λ1v1 + λ2v2) = f(λ1x1 + λ2x2, λ1y1 + λ2y2, λ1z1 + λ2z2)
= λ1(x1 + y1 + z1) + λ2(x2 + y2 + z2).

Thus Pol2(f) = {f10, f01} where

f10 = x1 + y1 + z1

f01 = x2 + y2 + z2.

Similarly,

g(λ1v1 + λ2v2) = g(λ1x1 + λ2x2, λ1y1 + λ2y2, λ1z1 + λ2z2)

= λ2
1(x1y1 + x1z1 + y1z1)

+ λ1λ2(x1y2 + x1z2 + y1x2 + y1z2 + z1x2 + z1y2)

+ λ2
2(x2y2 + x2z2 + y2z2).

Thus Pol2(g) = {g20, g11, g02} where

g20 = x1y1 + x1z1 + y1z1,

g11 = x1y2 + x1z2 + y1x2 + y1z2 + z1x2 + z1y2,

g02 = x2y2 + x2z2 + y2z2.

Here g11 is the full polarization P(g). Finally

h(λ1x1 + λ2x2, λ1y1 + λ2y2, λ1z1 + λ2z2)

= λ3
1(x1y1z1) + λ2

1λ2(x1y1z2 + x1y2z1 + x2y1z1)

+ λ1λ
2
2(x1y2z2 + x2y1z2 + x2y2z1) + λ3

2x2y2z2.

Hence Pol2(h) = {h30, h21, h12, h03} where

h30 = x1y1z1,

h21 = x1y1z2 + x1y2z1 + x2y1z1,

h12 = x1y2z2 + x2y1z2 + x2y2z1,

h03 = x2y2z2.

Weyl’s result tells us that if the characteristic of K is neither 2 nor 3, then
K[2 V ]Σ3 is generated by the nine invariants

f10, f01, g20, g11, g02, h30, h21, h12, h03.
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It turns out that these nine invariants also generate K[2 V ]Σ3 if K has char-
acteristic 2. The identity

3(x1y1z
2
2 + y1z1x

2
2 + x1z1y

2
2) = f2

10g02 − f10f01g11 + f10h12 + g2
11

− 2f10h12 + f2
01g11 − 4g20g02 + 2f01h21

shows how to express the invariant k := x1y1z
2
2 + y1z1x

2
2 + x1z1y

2
2 in terms of

the polarized elementary symmetric functions when 3 is invertible. However,
over a field of characteristic 3, this identify expresses an algebraic relation
among the polarized elementary symmetric functions. In fact, over a field of
characteristic 3, it is not possible to express k as a polynomial in the nine
polarized elementary symmetric functions. In fact, it turns out that the nine
polarized elementary symmetric functions together with the invariant k form
a minimal generating set for K[2 V ]Σ3 when K has characteristic 3.

Polarization and restitution may be defined more generally, as follows.
Given a multi-homogeneous function

f ∈ K[W1 ⊕ W2 ⊕ · · · ⊕ Wt](i1,i2,...,it)

and given positive integers m1, m2, . . . , mt, we define maps

Δ : W1 ⊕ W2 ⊕ · · · ⊕ Wt → m1 W1 ⊕ m2 W2 ⊕ · · · ⊕ mt Wt

and
φ : m1 W1 ⊕ m2 W2 ⊕ · · · ⊕ mt Wt → W1 ⊕ W2 ⊕ · · · ⊕ Wt

given by

Δ(v1, v2, . . . , vt) = (v1, v1, . . . , v1︸ ︷︷ ︸
m1

, v2, v2, . . . , v2︸ ︷︷ ︸
m2

, . . . , vt, vt, . . . , vt︸ ︷︷ ︸
mt

)

and

φ(v11, v12, . . . , v1m1 , . . . , vt1, vt2, . . . , vtmt
) = (

m1∑

j=1

v1j ,

m2∑

j=1

v2j, . . . ,

mt∑

j=1

vtj).

As above, these induce GL(W1) × GL(W2) × · · · × GL(Wt)-equivariant
maps φ∗ : K[W1 ⊕ W2 ⊕ · · · ⊕ Wt] → K[m1 W1 ⊕ m2 W2 ⊕ · · · ⊕ mt Wt] and
Δ∗ : K[m1 W1 ⊕ m2 W2 ⊕ · · · ⊕ mt Wt] → K[W1 ⊕ W2 ⊕ · · · ⊕ Wt].

Given f ∈ K[W1 ⊕W2 ⊕ · · · ⊕Wt], the multi-homogeneous components of
φ∗(f) are the partial polarizations of f . We denote the full set of these partial
polarizations by Polm1,m2,...,mt(f).

As above, we distinguish as a special case, the full polarization of f . This
is the unique multi-linear partial polarization and we again denote it by P(f).
The full polarization may also be described as follows. For each k = 1, 2, . . . , t,
we let Pk : K[Wk]dk

→ K[dkWk](1,1,...,1) denote the full polarization operator



16 1 First Steps

from the kth copy of V as defined earlier. Then we put P = PtPt−1 · · · P2P1

which is given by

P : K[W1 ⊕W2 ⊕· · ·⊕Wt](d1,d2,...,dt) → K[d1W1 ⊕d2W2 ⊕· · ·⊕dtWt](1,1,...,1).

It is easy to see that these more general partial polarization operators are
GL(W1)×GL(W2)× · · · ×GL(Wt)− equivariant and that P(f) is symmetric
(invariant) under the action of Σd1 ×Σd2 × · · ·×Σdt . We define a generalized
restitution operator R = R(r1,r2,...,rt) = Rt ◦ Rt−1 ◦ · · · ◦ Rt ◦ R1 similarly:

R : K[r1W1 ⊕ r2W2 ⊕ · · · ⊕ rtWt] → K[W1 ⊕ W2 ⊕ · · · ⊕ Wt];

so that

R(F )(v1, . . . ,vt) = F (v1, . . . ,v1︸ ︷︷ ︸
r1

,v2, . . . ,v2︸ ︷︷ ︸
r2

, . . . ,vt, . . . ,vt︸ ︷︷ ︸
rt

)

for F ∈ K[r1W1 ⊕ r2W2 ⊕ · · · ⊕ rtWt]. Then R(P(f)) = d1!d2! · · · dt!f if
f ∈ K[W1⊕W2⊕· · ·⊕Wt](d1,d2,...,dt). Note that unlike polarization, restitution
is an algebra homomorphism.

1.10 The Role of the Cyclic Group Cp in Characteristic p

In many respects, the characteristic p invariant theory of the cyclic group Cp

of order p plays a central role in modular invariant theory. In this book, we
will spend considerable effort developing our understanding of Cp-invariants
in characteristic p. To partially explain the importance of Cp, we begin with
the following two very useful lemmas.

Lemma 1.10.1. Suppose H is a normal subgroup of G with quotient group
G/H. Let V be a representation of G. Then G/H acts naturally on V H and
V G = (V H)G/H . ��

We will use Lemma 1.10.1 in the proof of the next lemma. However, its
main use will be when we apply it to a normal subgroup H of a group G
acting on a coordinate ring K[V ]. Then we have K[V ]G = (K[V ]H)G/H . This
is the topic of Chapter 14.

Lemma 1.10.2. Let G be any p-group for p a prime and let H be any maximal
proper subgroup. Then H is normal in G necessarily of index p. Hence if G
is generated by H and σ, we have G/H = Cp generated by σ̄, the image of σ
in G/H. ��

The preceding lemma shows that for any p-group G, we may construct a
composition series, that is, construct a tower of groups Gi, each normal in the
next such that Gi+1/Gi

∼= Cp with G0 = {e} and Gm = G.
We record this result as the following lemma.
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Lemma 1.10.3. Suppose G is a p-group. Then G is solvable with all compo-
sition factors isomorphic to Cp. That is,

{e} = G0 
 G1 
 G2 
 . . . 
 Gm = G

with Gi/Gi−1
∼= Cp for all i = 1, 2, . . . ,m. ��

A consequence of this lemma is that we may compute the invariants of a
p-group G by repeatedly computing invariants under an action of the cyclic
group Cp. Given {e} = G0 
 G1 
 G2 
 . . . 
 Gm = G, we proceed as follows.
First, we compute R1 := K[V ]G1 where G1

∼= Cp. Then we compute R2 =
K[V ]G2 = (K[V ]G1)G2/G1 ∼= R

Cp

1 . Continuing in this manner we compute
Rj+1 = K[V ]Gj+1 = (K[V ]Gj )Gj+1/Gj ∼= R

Cp

j for j = 0, 1, . . . , m. This yields
Rm+1 = K[V ]G. Thus, in theory at least, any composition series of G provides
an inductive method of computing the G-invariants. Of course, this so-called
“ladder method” is applicable to any solvable group.

In practice, this method runs into difficulties particularly for representa-
tions of G over a field K of characteristic p, see §14. Heuristically, the prob-
lems occur because Cp is acting on K[V ]H which is most often not polynomial
and, in particular, is not of the form K[W ]. For modular representations, this
presents special difficulties. Chapter 14 discusses this technique in detail and
shows how we may use group cohomology to handle the extra difficulties that
arise in the modular case.

1.11 Cp Represented on a 2 Dimensional Vector Space in
Characteristic p

As a simple example of a modular group action, consider the vector space
V2 of dimension 2 over a field F of characteristic p > 0 with basis {e1, e2}.
We start with a lengthy but elementary proof which illustrates part of the
attraction of modular invariant theory. Namely, that it is possible to prove
some theorems using only basic techniques.

Let Cp denote the cyclic group of order p generated by σ. Consider the
matrix

τ =
(

1 0
1 1

)

inside GL(2, F) where F is a field of characteristic p. It is easy to show, using
induction, that

τ i =
(

1 0
i 1

)

.

Therefore, we obtain a representation ρ : Cp → GL(V2) given by the rule
ρ(σi) = τ i. We have σ(e1) = τ(e1) = e1 + e2 and σ(e2) = τ(e2) = e2.

Let {x, y} be the basis for V ∗
2 dual to {e1, e2}. Then σ(x) = x and σ(y) =

−x + y.
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We see immediately that the polynomial x is an invariant. Moreover, since
(y + x)p = yp + xp, the polynomial N = yp − xp−1y is another example of an
invariant. We will see below, in Theorem 1.11.2, that for this representation,
these two invariants are the two most important invariants.

Lemma 1.11.1. NCp(y) = yp − xp−1y. ��
Our goal is to show that the ring of Cp-invariants is the algebra generated

by the two invariants N and x:

Theorem 1.11.2. F[V2]Cp = F[x,N ].

Before proving Theorem 1.11.2, we need some preliminary results.

Lemma 1.11.3. Let f ∈ F[V2]. Then degy(σ(f)) = degy(f).

Proof. Let m denote degy(f) and write f = amym + am−1y
m−1 + · · · + a0

where ai ∈ F[x] and am �= 0. Then

σ(f) = σ(am)(σ(y)m) + σ(am−1)(σ(y)m−1) + · · · + σ(a0)

= am(y − x)m + am−1(y − x)m−1 + · · · + a0

= amym + terms of lower order in y

Thus degy(σ(f)) = m. ��
Since N is monic when considered as a polynomial in the variable y with

coefficients from F[x], we may divide any polynomial f ∈ R by N to get
f = qN + r where q, r ∈ F[x, y] are unique with degy(r) < p = degy(N).

Lemma 1.11.4. If f ∈ F[V2]G and f = qN + r with degy r < p, then q, r ∈
F[V2]G.

Proof. First we note that it is enough to show that q and r are σ-invariant
since σ generates Cp.

We have f = σ(f) = (σ · q)(σ(N)) + (σ · r) = (σ · q)N + (σ · r). Since
degy(σ · r) = degy(r) < p, by the uniqueness of remainders and quotients we
must have σ · r = r and σ · q = q. ��

Now we need a result concerning the partial differential operator ∂
∂ y .

Lemma 1.11.5. If f ∈ F[x, y]G, then ∂
∂ y (f) ∈ F[x, y]G.

Proof. We note that it is sufficient to show that if f ∈ F[V ], then σ( ∂
∂ y

(f)) =
∂

∂ y (σf). Further, we note that both σ and ∂
∂ y are F-linear maps. Therefore, to

show that they commute we need only show that they commute on monomials:

σ(
∂

∂ y
(xayb)) = σ(bxayb−1) = bxa(y − x)b−1 and

∂

∂ y
(σ · xayb) =

∂

∂ y
(xa(y − x)b) = bxa(y − x)b−1

��
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Remark 1.11.6. The lemma above also follows from the Leibnitz’ rule:

∂

∂ y
(f1f2) =

∂

∂ y
(f1)f2 + f1

∂

∂ y
(f2)

We now give the proof of Theorem 1.11.2.

Proof. Clearly, F[V2]Cp ⊇ F[N, x]. Thus it suffices to prove that each invariant,
f , is contained in F[x,N ]. We prove this by induction on degy(f).

If degy(f) = 0, then f ∈ F[x] ⊂ F[x,N ].
Next, suppose degy(f) = d and that every invariant, whose degree in y

is less than d, lies in F[x,N ]. Write f = q · N + r, where m := degy(r) < p.
We will now show m = 0. Assume, by way of contradiction, that m ≥ 1 and
consider the invariant h defined by

h :=
∂m−1(r)
∂ym−1

.

Then h = ay + b, where a is a non-zero scalar and b ∈ F[x]. But h =
σ(ay + b) = a(y − x) + b = ay + b − ax and this contradiction shows that we
must have m = 0. Therefore, f = q ·N + r where q ∈ F[V2]Cp , degy(q) = d−p
and r ∈ F[x]. By the induction hypothesis, q ∈ F[x,N ] and thus f ∈ F[x,N ].

��

In later chapters, we will discuss some elements of commutative algebra
and we will be able to give a simpler proof of this result. An outline of this
simpler proof is as follows. Since {x,N} is a homogeneous system of parameters
for F[V2]Cp (see §2.6 for details) and the product of their degrees equals the
order of the group, then Theorem 1.11.2 follows from Theorem 3.1.6.

We pause here for a discussion of history and philosophy. The invariant
theory of polynomials began in characteristic 0.

For example, at the time of Newton and Vandermonde, there was intense
interest in generalizing the famous quadratic formula. The problem was to find
the roots of high degree polynomials in one variable with integer coefficients by
means of radicals. One method of study was to suppose the solution and study
which polynomials arise: perhaps, it was thought, all of them. Let x1, . . . , xn

denote the roots of a polynomial f(t) = antn + · · · + a1t + a0 for integers ai.
This means, of course, that

f(t) = an

n∏

i=0

(t − xi)

and a0, a1, . . . , an−1 are the elementary symmetric polynomials in x1, x2, . . . , xn.
We note that the right hand side is invariant under any permutation of the
variables. Therefore, in order to understand solutions of such equations by
means of radicals it is possibly useful to understand the invariants of per-
mutations of n-variables. Such considerations lead to the invariant theory of
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other groups, and many books on invariant theory begin with this particular
situation.

For another approach, we note that Theorem 1.11.2 tells us that the ring of
invariants F[V2]Cp is a polynomial algebra. Characterizing the modular groups
with this property, where the rings of invariants are again polynomial algebras,
is still an open question, perhaps the most important open problem in this
area of research. By way of contrast, the characterization of such groups in
the non-modular case (Theorem 1.5.2) is one of the best-known and beautiful
results in classical invariant theory. We are attracted to such results because
an important property of the original algebra is preserved under the action of
the group.

It is not difficult to show that F(V2)Cp and F(x,N) are equal using Galois
Theory. It is often not too difficult to discover sets of invariants with the
property that the quotient field they generate is the quotient field of the ring
of invariants. Heuristically, as one is led to believe by Noether’s question,
fewer generators are needed at the quotient field level to generate the field
of invariants. In any event, Theorem 1.11.2 is attractive also in this sense —
that the generators needed for the field of invariants suffice to generate the
ring of invariants as well.

The example, while simple and straightforward, offers a glimpse into the
world of invariant theory. We seek to discover which invariants generate the
ring of invariants and we are interested in the algebraic structures that are
exhibited by the invariant ring.

1.12 A Further Example: Cp Represented on 2 V2 in
Characteristic p

Here we compute the ring of invariants of the group Cp on 2 V2 := V2 ⊕ V2.
Here we are considering the action of Cp determined by

σ =

⎛

⎜
⎜
⎝

1 0 0 0
1 1 0 0
0 0 1 0
0 0 1 1

⎞

⎟
⎟
⎠ .

We introduce

σ1 =

⎛

⎜
⎜
⎝

1 0 0 0
−1 1 0 0
0 0 1 0
0 0 0 1

⎞

⎟
⎟
⎠

and

σ2 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1

⎞

⎟
⎟
⎠ .
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Thus σ = σ2σ
−1
1 .

Let {x1, y1, x2, y2} be the basis for the vector space (2 V2)∗ dual to the
standard basis of 2V2. Thus σi(xj) = xj for 1 ≤ i, j ≤ 2, σi(yj) = yj for
1 ≤ j �= i ≤ 2, σ1(y1) = y1 + x1 and σ2(y2) = y2 − x2. Define G to be the
group generated by σ1 and σ2, so that G = Cp × Cp and H to be the group
generated by σ = σ2σ

−1
1 so that H = Cp. We want to compute F[2 V2]H .

Given the example just computed, it is easy to see that

F[2 V2]G = F[V2]Cp ⊗ F[V2]Cp = F[x1, N(y1), x2, N(y2)].

Now we consider the diagram

F(2 V2)G ↪→ F(2 V2)H ↪→ F(2 V2)

↪→ ↪→ ↪→

F[2 V2]G ↪→ F[2 V2]H ↪→ F[2 V2].

By Galois Theory, we have that the field F(2 V2)H is an extension of the
field F(2 V2)G of degree p; that is, F(2 V2)H as vector space over F(2 V2)G has
dimension p. In order to exploit this property, we need to find an element of
F(2 V2)H that lies outside of F(2 V2)G.

It is easy to see that the element u = x1y2 − x2y1 is an invariant of least
degree in F[2 V2]H outside F[2 V2]G, and therefore F(2 V2)H has basis

{
1, u, u2, . . . , up−1

}
.

We see that
up = xp

1N(y2) − xp
2N(y1) + xp−1

1 xp−1
2 u .

Theorem 1.12.1.

F[2 V2]Cp = F[x1, x2,N(y1),N(y2), u] .

In fact,
F[2 V2]Cp = ⊕p−1

i=0 F[x1, x2,N(y1),N(y2)]ui .

Proof. Our challenge is to show that
{
1, u, u2, . . . , up−1

}
is a basis for F[2 V2]H

as a module over F[2 V2]G.
Since G is Abelian, we have that H is normal in G and hence

F[2 V2]G = (F[2 V2]H)G/H .

We note that the image of either σ1 or σ2 generates G/H = Cp.
We define
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Δ1 = σ1 − Id
Δ2 = σ2 − Id and
Δ = σ − Id.

Consider f ∈ F[2 V2]H and note that σ(f) = f implies σ1(f) = σ2(f) and thus
Δ1(f) = Δ2(f). In particular, f ∈ F[2 V2]G if and only if Δ1(f) = 0. Also

σ(Δ1(f)) = σ2σ
−1
1 (σ1(f) − f) = σ2(f) − σ(f) = σ1(f) − f = Δ1(f).

Thus Δ1 : F[2 V2]H → F[2 V2]H .

Lemma 1.12.2. If f ∈ F[2 V2]H , then Δ1(f) = x1x2f
′ for some f ′ ∈

F[2 V2]H .

Proof. For any f ∈ F[2 V2] we write f =
∑d

�=0 f�y
�
1 with f� ∈ F[x1, x2, y2] for

0 ≤ 
 ≤ d in order to see that Δ1(f) = x1f
′. Similarly, Δ2(f) = x2f

′′. If
f ∈ F[2 V2]H , then σ1(f) = σ2(f), and so x1f

′ = x2f
′′. But x1 and x2 are

co-prime in F[2 V2] and so Δ1(f) = x1x2f
′′′ for some f ′′′ ∈ F[2 V2]. Since both

Δ1(f) and x1x2 are H-invariant, we see that f ′′′ ∈ F[2 V2]H . ��

We now finish the proof of Theorem 1.12.1. Since Δp
1 = (σ1 − Id)p = σp

1 −
Id = 0 we see that Δp

1(f) = 0 for all f ∈ F[2 V2]. Thus given 0 �= f ∈ F[2 V2]H

there must exist an 
, 0 ≤ 
 < p with the property that 0 �= Δ�
1(f) ∈ F[2 V2]H

and Δ�+1
1 (f) = 0. We claim that then f =

∑�
m=0 fmum for fm ∈ F[2 V2]G. We

proceed by induction on 
. If 
 = 0 then Δ1(f) = 0 which implies f ∈ F[2 V2]G

as we observed above. For the general case, we write Δ1(f) = x1x2f
′ with

f ′ ∈ F[2 V2]H and observe that f ′ =
∑�−1

m=0 f ′
mum with all f ′

m ∈ F[2 V2]G by
induction. Now consider

Δ�
1(f + uf ′/
) = Δ�

1

(

f +
1



�−1∑

m=0

f ′
mum+1

)

= Δ�−1
1

(

Δ1(f) +
1



�−1∑

m=0

f ′
mΔ1(um+1)

)

= Δ�−1
1

(

x1x2f
′ +

1


f ′

�−1Δ1(u�) +
1



�−2∑

m=0

f ′
mΔ1(um+1)

)

= Δ�−1
1

( �−1∑

m=0

x1x2f
′
mum 1



f ′

�−1

�−1∑

i=0

(



i

)

ui(−x1x2)�−i

+
1



�−2∑

m=0

f ′
mΔ1(um+1)

)



1.13 The Vector Invariants of V2 23

= Δ�−1
1

( �−2∑

m=0

x1x2f
′
mum +

1


f ′

�−1

�−2∑

i=0

(



i

)

ui(−x1x2)�−i

+
1



�−2∑

m=0

f ′
mΔ1(um+1)

)

= Δ�−1
1

( �−2∑

m=0

hmum

)

where hm ∈ F[2 V2]G for m = 1, 2, . . . , 
 − 2 and this final expression is
equal to zero since, as is easily verified, Δt

1(u
s) = 0 whenever t > s.

Therefore, f + uf ′/
 ∈ ⊕�−1
m=0F[2 V2]Gum by the induction hypothesis. Thus

f ∈ ⊕�
m=0F[2 V2]Gum which proves Theorem 1.12.1. ��

1.13 The Vector Invariants of V2

Given a representation V of a group G and an integer m ≥ 2, a ring of
invariants K[mV ]G is called a ring of vector invariants. A theorem providing
an explicit description of K[mV ]G for all m ≥ 1 is called a first fundamental
(or main) theorem for V . The following first fundamental theorem for V2 was
conjectured by David Richman and proved by Campbell and Hughes, see [19].
Their proof is technical and uses a deep result about the rank of zero-one
matrices in characteristic p. We will give a shorter proof which uses ideas
from this book and which has the advantage that it yields more than just a
generating set; it yields a SAGBI basis as we shall see in §7.4.

Theorem 1.13.1. Let G = Cp = 〈σ〉 act on V = mV2. Let {yi, xi} denote a
basis for the ith copy of V ∗

2 in V ∗ where σ(yi) = yi +xi and σ(xi) = xi. Thus
{x1, y1, x2, y2, . . . , xm, xm} is an upper triangular basis for V ∗. Then the ring
of invariants F[mV2]Cp is generated by the following invariants:

1. xi for i = 1, 2, . . . , m.
2. NCp(yi) = yp

i − xp−1
i yi for i = 1, 2, . . . , m.

3. uij = xjyi − xiyj for 1 ≤ i < j ≤ m.
4. TrCp(ya1

1 ya2
2 . . . yam

m ) where 0 ≤ ai < p for i = 1, 2, . . . ,m.

Remark 1.13.2. Shank and Wehlau [99] showed that if a1+a2+· · ·+am ≤ 2(p−
1), then TrCp(ya1

1 ya2
2 . . . yam

m ) lies in the subalgebra generated by x1, x2, . . . , xm

and uij with 1 ≤ i < j ≤ m. Additionally, they also showed that if we exclude
invariants of this form, the remaining invariants minimally generate F[mV2]Cp .

The following example illustrates Theorem 1.13.1.

Example 1.13.3. If we take m = 3 and F a field of characteristic p =
3, then Theorem 1.13.1 tells us that F[3 V2]C3 is generated by x1, x2, x3,
N(y1),N(y2),N(y3), u12, u13, u23 and some transfers.
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It is straightforward to compute

TrC3(yi) = 0 for i = 1, 2, 3;

TrC3(yiyj) = −xixj for 1 ≤ i, j ≤ 3;

TrC3(y2
i yj) = xiuji for 1 ≤ i �= j ≤ 3;

TrC3(y1y2y3) = x1u23 − x3u12;

TrC3(y2
i y2

j ) = −uij − x2
i x

2
j for 1 ≤ i < j ≤ 3;

Tr(yiy1y2y3) = −uijuik − x2
i xjxk where {i, j, k} = {1, 2, 3}.

Thus we see, in agreement with Remark 1.13.2, that F[3 V2]C3 is minimally
generated by

x1, x2, x3, N(y1), N(y2), N(y3), u12, u13, u23, TrC3(y2
1y2

2y3),

TrC3(y2
1y2y

2
3), TrC3(y1y

2
2y2

3) and TrC3(y2
1y2

2y2
3).

Remark 1.13.4. The proof of Theorem 1.13.1 (see §7.4) shows in particular
that the invariant TrCp(yp−1

1 yp−1
2 . . . yp−1

m ) cannot be expressed using only in-
variants of lower degree and thus the Noether β(mV2, Cp) ≥ m(p − 1). (Of
course, the theorem also shows that we have equality here.) Similarly, in Corol-
lary 7.7.3, we show that (over a field of characteristic p) β(mVr, Cp) > m(p−1)
if r ≥ 3. Thus, unlike the non-modular situation, in the modular setting, there
can be no general bound on β(V,G) independent of V . In fact, fix any field
K and any linear algebraic group G and consider β(G) := sup{β(V,G) | G ≤
GLK(V )}. Bryant and Kemper [15] showed that β(G) is finite if and only if
G is a finite group whose order is invertible in K.



2

Elements of Algebraic Geometry and
Commutative Algebra

In this chapter we summarize the basic elements of algebraic geometry and
commutative algebra that are useful in the study of (modular) invariant the-
ory. Normally, these techniques are most useful in questions about the struc-
ture of rings of invariants, and, as well, they seem to be most useful in proving
theorems that hold true for all groups, modular or not. It is worth noting that
a large fraction (as much as one third — see the paper of Fisher [37, Page
146]) of the papers in mathematics in the latter stages of the 19th century
were studies of invariant theory. It is worth noting as well that commutative
algebra was invented, discovered if you prefer, by Hilbert, in order to clarify
and understand invariant theory more fully, see Fisher [37]. There are several
excellent references, including Atiyah and Macdonald [5], Dummit and Foote
[32], Eisenbud [33], Lang [74], Matsumura [79], and a forthcoming book by
Kemper, [67].

2.1 The Zariski Topology

Algebraic geometry uses algebra to study geometric objects and vice versa.
Given a vector space V defined over a field K we study the K-valued poly-
nomial functions on V . Let {x1, x2, . . . , xn} be a basis for V ∗ = homK(V, K),
the vector space of linear functionals on V . We consider the polynomial ring
S = K[x1, x2, . . . , xn]. Here each xi is naturally a (linear) function on V and
we consider a polynomial in S to be a function on V by using the usual
pointwise definitions for products and sums of functions. Thus each element
of f ∈ S is a K-valued function, f : V → K with domain V .

We would like to use the geometry of V and the action of G on V to study
S and its structure as a G-module. However, there is a problem for us since
we will most often be working over a finite field F. If F is finite then so is V
and thus there are only finitely many functions from V to F. However, the
polynomial ring S is always infinite. For example, if F = Fp, the field of order
p, then the two polynomials x1 and xp

1 represent the same function from V to

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 2, © Springer-Verlag Berlin Heidelberg 2011
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Fp. There are a few ways around this difficulty. We will proceed by extending
our field K to an algebraically closed field K. We will work with both K and
K and then interpret what our results say about invariants over K. We write
V := V ⊗K K.

We define the coordinate ring of V by K[V ] := K[x1, x2, . . . , xn] and the
coordinate ring of V by K[V ] := K[x1, x2, . . . , xn]. In this section, the connec-
tion of this coordinate ring K[V ], to the geometry of V , is explored.

Given a set T of polynomials in S we define V(T ) = VV (T ) to be the
subset of V on which every element of T vanishes, that is,

VV (T ) = V(T ) = {v ∈ V | f(v) = 0 for all f ∈ T}.

We say that V(T ) is the variety that is “cut out” by the set T . A subset X
of V which can be realized as X = V(T ) for some subset T of S is called an
algebraic subset of V .

Given such an algebraic subset X of V we may view functions on V as func-
tions on X via restriction. By definition, the coordinate ring of the subvariety
X is the set of such restricted functions. Thus restriction gives a surjective
algebra map, res : K[V ] → K[X]. Hence K[X] ∼= K[V ]/I(X) where the ideal
I(X) is the kernel of res. Thus I(X) = IS(X) is the subset of polynomials in
S vanishing on X, that is,

IS(X) = I(X) = {f ∈ S | f(v) = 0 for all v ∈ X}.

The following celebrated theorem of Hilbert holds, see [5, pg 85].

Theorem 2.1.1. (Hilbert’s Nullstellensatz) Let S = K[x1, x2, . . . , xn], where
K is algebraically closed. If I is an ideal of S then I(V(I)) =

√
I.

The following two results will be useful later on.

Lemma 2.1.2. Let v1, v2, . . . , vm be distinct elements of the K-vector space
V . Then there exists a (non-homogeneous) h ∈ K[V ] such that

h(vi) =

{
1 if i = 1,
0 if i �= 1

Corollary 2.1.3. Let v1, v2, . . . , vm be distinct elements of the K-vector space
V . Let c1, c2, . . . , cm ∈ K be given. Then there exists f ∈ K[V ] such that
f(vi) = ci for i = 1, 2, . . . , m.

The concept of the coordinate ring of V can be extended to any algebraic
subset X ⊆ V by considering the functions on V restricted to X. Of course,
any function of I(X) when restricted to X gives the zero function. Thus
two functions f1, f2 ∈ S = K[V ] have the same restriction to X if and only
if f1 − f2 ∈ I(X). Thus studying the restrictions of elements of S to X
is equivalent to studying the ring S/I(X). This ring, S/I(X), is called the
coordinate ring of the subset X and is denoted K[X].
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We note that K[X] will fail to be a domain when I(X) is not prime, i.e.,
when X is not irreducible. However, K[X] does not have nilpotent elements
because I(X) is a radical ideal. In fact, as we shall see in the next section,
every Noetherian K algebra without nilpotent elements can be realized as the
coordinate ring of some variety X.

2.2 The Topological Space Spec(S)

Given a coordinate ring S = K[V ] as above, we consider two sets; MaxSpec(S)
denotes the set of all maximal ideals of S, and Spec(S) denotes the set of
all prime ideals of S. Minimal closed subsets of V correspond to the max-
imal ideals of S so that there is a one-to-one correspondence between the
points of V and the elements of MaxSpec(S). This correspondence identi-
fies V with MaxSpec(S). Under this identification, the Zariski topology on V
makes MaxSpec(S) into a topological space.

This topology passes to Spec(S) as well: M ⊂ Spec(S) is closed if and only
if there exists an ideal J of S such that M consists of all the prime ideals of
S which contain J , i.e, if and only if M = {I ∈ Spec(S) | I ⊇ J}. Hence a
point of the topological space Spec(S), i.e., a prime ideal of S, is closed in this
topology if and only if it is a maximal ideal of S. This topology on Spec(S)
is also referred to as the Zariski topology.

We now return to the question of non-algebraically closed fields. Often, our
field K is not algebraically closed, for example, it is often a finite field. Since
our main object of study is K[V ] = K[x1, x2, . . . , xn], we prefer not to merely
extend the base field and study K[V ]. Instead, we compromise and consider
the elements of K[x1, x2, . . . , xn] as functions from V to K, i.e., we view K[V ]
as a sub-ring of K[V ]. With this bigger domain, each of the (infinitely many)
elements of K[V ] corresponds to a different function on V . This allows us to
treat the elements of K[V ] solely as functions and so to relate the algebraic
properties of K[V ] to the geometric properties of V .

2.3 Noetherian Rings

We will always study rings that are commutative with a 1. There are many
good references including Atiyah and Macdonald [5], Bruns and Herzog [14],
Dummit and Foote [32], Eisenbud [34], Land [75], Matsumura [80], Zariski
and Samuel [116] and [117].

We assume that R is non-negatively graded, that is R = ⊕∞
d=0Rd where

each Rd is a K vector space and Ri · Rj ⊆ Ri+j for all i, j ∈ N. We further
suppose that R is connected, i.e., that R0 = K. Finally, we will also assume
that R is finitely generated. This means that there is a finite collection of
elements Z = {f1, f2, . . . , ft} ⊂ R such that every element of R may be
written as a K linear combination of products whose factors are elements
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of Z: R = K[f1, f2, . . . , ft]. If R is a graded connected finitely generated K-
algebra and all of the generators f1, f2, . . . , ft may be taken in R1 then we
say that R is a standard graded K-algebra. We note that a finitely generated
K-algebra is always Noetherian, i.e., every ideal I of R is finitely generated:
I = (g1, g2, . . . , gs) = Rg1 + Rg2 + · · · + Rgs.

An element h ∈ R is homogeneous (of degree d) if there exists d such
that h ∈ Rd. An ideal I of R is graded (or homogeneous) if it generated by
homogeneous elements. Equivalently, I is graded if whenever h ∈ I and we
write h = h0 + h1 + · · ·+ hd with hi ∈ Ri, we have all h1, h2, . . . , hd ∈ I. The
ideal R+ := ⊕∞

d=1Rd is the unique maximal homogeneous ideal in R.
The prototypical example of a finitely generated K-algebra is the poly-

nomial ring K[x1, x2, . . . , xn], where the xi are (algebraically independent)
indeterminates. If I ⊂ R is a graded ideal then the quotient ring R/I is also
a graded ring via (R/I)d = Rd/Id. Furthermore, if R is a standard graded
algebra, then R/I is also standard graded. In fact, it can be shown that every
standard graded K-algebra arises in this manner.

Suppose R is a finitely generated K-algebra which is a domain. Let
f1, f2, . . . , fm denote the set of generators for R. Consider the polynomial ring
S = K[x1, x2, . . . , xm]. We may view S as the coordinate ring of the K-vector
space V of dimension m, i.e., S = K[V ] where we identify the indeterminates
x1, x2, . . . , xm with a basis of V ∗. Then we have a surjection

π : S → R

given by π(xi) = fi. Let I denote the kernel of π. Since we have assumed that
R is a domain, I is a prime ideal of S. Thus we may view R as the coordinate
ring of an (irreducible) algebraic subset X of V . Here X = VV (I). The map
of varieties which is dual to the ring π is an embedding of X into V ∼= K

m.
For this reason, if R is minimally generated by m elements we call m the
embedding dimension of R, denoted edim(R).

Let R be a Noetherian ring and suppose ℘ is a prime ideal in R. We define
the height of ℘ to be i if ℘0 � ℘1 � · · · � ℘i = ℘ is a chain of prime ideals of
maximal length of R contained in ℘. More generally, if I is any ideal of R, then
the height of I is defined by height(I) = min {height(℘) | ℘ ⊇ I, ℘ is prime}.
Finally, the Krull dimension of R is the supremum of the heights of all prime
ideals in R.

Example 2.3.1. A polynomial algebra K[x1, x2, . . . , xn] has Krull dimension n.

Of course, the embedding dimension of a finitely generated K algebra R is
always greater than or equal to its Krull dimension with equality if and only
R is a polynomial ring. A Noetherian ring R is called a hypersurface ring or
just a hypersurface if edim(R) ≤ Krull dim(R) + 1.
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2.4 Localization and Fields of Fractions

Let R be a commutative ring and let T ⊂ R be a subset which is closed under
multiplication and which contains 1. We introduce an equivalence relation ∼
on R × T by putting

(r, t) ∼ (r′, t′) ⇐⇒ s(rt′ − r′t) = 0 for some s ∈ T .

We write the fraction a/b to denote the equivalence class of (a, b) and T−1R to
denote (R × T )/ ∼ which is called the localization of R at T . The operations
a/b + c/d := (ad + bc)/bd and (a/b)(c/d) = ac/bd endow T−1R with a ring
structure.

An important example of this construction is T = {fm | m ∈ N} where
f is some element of R which is not a zero divisor. In this situation we write
Rf to denote T−1R.

Another important example arises from a prime ideal ℘ in R. Since ℘ is
prime, its complement T = R \℘ is a multiplicatively closed set containing 1.
We write R℘ for T−1R. In our setting, the natural map R → R℘ carrying a
to a

1
is injective.

Furthermore, there is a bijection (induced by the map R → R℘) between
the set of prime ideals of R℘ and the set of prime ideals of R which are
contained in ℘. One of the most important features of localization at ℘ is that
R℘ is a local ring, i.e., R℘ has a unique maximal ideal.

If R is a domain, then (0) is a prime ideal. Then R(0) is just the field of
fractions or quotient field of R, which we denote by Quot(R).

An important property of quotient fields we will exploit is the following.
Suppose that R ⊆ S are domains which are finitely generated algebras over
the same coefficient field, and that R and S share the same Krull dimension.
Then Quot(S) is a finite dimensional Quot(R) vector space.

2.5 Integral Extensions

Suppose that R is a subring of S. An element y of S is integral over R if there is
a monic polynomial f(X) = Xr + fr−1X

r−1 + · · ·+ f0 with f1, f2, . . . , fr ∈ R
such that f(y) = 0. We say that S is an integral extension of R or simply
that S is integral over R if every element y of S is integral over R. The
integral closure of R in S is the set of elements of S which are integral over
R. The normalization of a domain R is its integral closure in its field of
fractions Quot(R). A domain R is integrally closed or normal if it equals its
normalization.

Proposition 2.5.1. Let R be a subring of S and suppose y ∈ S. Then y is
integral over R if and only if the ring R[y] is a finitely generated R-module.
Furthermore, if S is a finitely generated R-algebra, then S is integral over R
if and only if S is a finitely generated R-module.
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We will use the following well-known theorem many times.

Theorem 2.5.2. Suppose that S is an integral extension of R.

1. Lying Over: Let p be a prime ideal of R. Then there exists a prime ideal
q of S with q ∩ R = p. Moreover, p is a maximal ideal if and only if q
is. We say that q lies over p.

2. Going-Up: Let p1 � p2 � · · · � pt be an ascending chain of prime ideals in
R. Suppose t > s and q1 � q2 � · · · � qs is an ascending chain of prime
ideals in S with qi ∩ R = pi for i = 1, 2, . . . , s. Then the ascending chain
of primes in S can be extended, i.e., there exist prime ideals qs+1, . . . ,qt

of S such that q1 � q2 � · · · � qt and qi ∩ R = pi for all i = 1, 2, . . . , t.
3. Going-Down: Further suppose that R is integrally closed. Let p1 � p2 �

· · · � pt be a descending chain of prime ideals in R. Suppose t > s and
q1 � q2 � · · · � qs is a descending chain of prime ideals in S with
qi ∩ R = pi for i = 1, 2, . . . , s. Then the descending chain of primes in S
can be extended, i.e., there exist prime ideals qs+1, . . . ,qt of S such that
q1 � q2 � · · · � qt and qi ∩ R = pi for all i = 1, 2, . . . , t.

2.6 Homogeneous Systems of Parameters

Let R be a finitely generated K algebra. A homogeneous system of parameters
of positive degree for R is a set of homogeneous elements {f1, f2, . . . , fn} of R
where n is the Krull dimension of R and with the property that R is finitely
generated as a module over the ring A = K[f1, f2, . . . , fn]. Equivalently, R is
integral over K[f1, . . . , fn].

The Noether Normalization Lemma, a fundamental theorem of modern
algebra, asserts that homogeneous systems of parameters always exist. This
result is used repeatedly in the study of the polynomial invariants of finite
groups. Noether’s Normalization Lemma was originally proved by Hilbert but
has acquired its name since Emmy Noether stated and proved it as a lemma
in her 1926 paper [88] in order to prove her main result that rings of invariants
of finite groups are finitely generated algebras (Theorem 3.1.2).

Theorem 2.6.1 (Noether Normalization Lemma). Let A be a finitely
generated graded connected K-algebra. Then A has a homogeneous system of
parameters.

Remark 2.6.2. If A is a finitely generated graded K-algebra of Krull dimension
n, and {h1, h2, . . . , hn} is a (any) homogeneous system of parameters, then
we will refer to B = K[h1, h2, . . . , hn] as a Noether Normalization of A.

A sequence h1, h2, . . . , ht in R is a partial homogeneous system of pa-
rameters if it can be extended to a homogenous system of parameters
h1, h2 . . . , ht, ht+1, . . . , hn. The following lemma is a very useful characteri-
zation of homogeneous systems of parameters.
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Lemma 2.6.3. Let A ⊂ K[V ] be a Noetherian graded subring of Krull dimen-
sion n = dim V . Suppose {h1, h2, . . . , hn} is a set of homogeneous elements of
A. Then h1, h2, . . . , hn is a homogeneous system of parameters for A if and
only if VV (h1, h2, . . . , hn) = {0}.

Proof. An ideal (f1, f2, . . . , ft) generated by t (homogeneous) elements has
height less than or equal to t with equality if and only if (f1, f2, . . . , ft) is a
partial (homogeneous) system of parameters. Thus h1, h2, . . . , hn is a homo-
geneous system of parameters if and only if height(h1, h2, . . . , hn) = n if and
only if dimV(h1, h2, . . . , hn) = 0 if and only if VV (h1, h2, . . . , hn) is a finite set
of points. Now since each hi is homogeneous, VV (h1, h2, . . . , hn) is stable un-
der scaling, i.e., if v ∈ VV (h1, h2, . . . , hn) then λv ∈ VV (h1, h2, . . . , hn) for all
λ ∈ K. In particular, if VV (h1, h2, . . . , hn) contains any point other than the
origin then VV (h1, h2, . . . , hn) contains a line and is thus infinite. This shows
that VV (h1, h2, . . . , hn) is finite if and only if VV (h1, h2, . . . , hn) = {0}. ��

2.7 Regular Sequences

A sequence {r1, . . . , rs} in R is called a regular sequence if (r1, . . . , rs)R �= R
and ri is not a zero-divisor in R/(r1, . . . , ri−1)R for 1 ≤ i ≤ s. (For i = 1 this
means r1 is not a zero-divisor in R.) We call s the length of the sequence.

If R is a Noetherian ring and r1, r2, . . . is any regular sequence in R then
the sequence of ideals R(r1) � R(r1, r2) � . . . in R is strictly increasing and
so must have finite length. A regular sequence is maximal if it cannot be
extended to a longer regular sequence.

Regular sequences do not necessarily remain regular when permuted, see
Kaplansky [59, pg. 102], but the situation is nicer for homogeneous regular
sequences.

Proposition 2.7.1. Let R be a finitely generated commutative algebra graded
over K of any characteristic p ≥ 0. Then any permutation of a homogeneous
regular sequence z1, z2, . . . , zk is again a (homogeneous) regular system.

Proof. Consider the case where w, z is a regular sequence, that is, suppose
that w is not a zero-divisor in R, that z is not a zero-divisor in R/(w) and
suppose that rz = 0 for some r in R. We note that since z is homogeneous,
we may assume that r is homogeneous of minimal degree with this property.
However, since z is not a zero-divisor modulo w, we have that r = sw for some
homogeneous element s ∈ R. But then rz = swz = 0, which implies sz = 0
contradicting the minimal degree property of r. Therefore, z cannot be a zero-
divisor in R. Now suppose the image w of w in R/(z) is a zero-divisor. Then
there are homogeneous elements q, r ∈ R with rw = qz. But z is not a zero-
divisor modulo (w), so it must be that q = tw for some homogeneous t ∈ R,
and then rw = twz, so r = tz, since w is not a zero-divisor in R, and therefore,
r = 0 as required.
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In the general case, because the group of permutations is generated by
transpositions of the form, (�, � + 1), it is sufficient to show that

z1, . . . , z�−1, z�+1, z�, . . . , zk

is regular. Now z1, . . . , z�−1 is regular, so it suffices to show that z�+1, z�, . . . , zn

is regular in R′ = R/(z1, . . . , z�−1). But z�+2, . . . , zn is regular in R′′ =
R/(z1, z2, . . . , z�, z�+1), so the result follows from the previous paragraph. ��

2.8 Cohen-Macaulay Rings

The depth(R) of a ring local ring (R,m) is defined as the maximal length of
a regular sequence in m. It can be shown that in a graded Noetherian ring
R any two homogeneous maximal regular sequences have the same length. If
R is a graded Noetherian ring we put depth(R) = depth(R+). The depth of
a ring is always less than or equal to its Krull dimension. A local Noetherian
ring (R,m) is said to be Cohen-Macaulay if depth(m) = height(m) and a
general Noetherian ring R is said to be Cohen-Macaulay if the localization of
R at each of its prime ideals is Cohen-Macaulay.

It can be shown (see for example [6, Section 4.3]) that a Noetherian graded
algebra A is Cohen-Macaulay if and only if there is some homogeneous system
of parameters for A which is also a regular sequence. In our setting it is often
easier to use this condition to show that a ring is Cohen-Macaulay.

For example, it is easy to show that x1, x2, . . . , xn is a regular sequence
in K[x1, x2, . . . , xn] which shows that K[x1, x2, . . . , xn] is a Cohen-Macaulay
ring.

Cohen-Macaulay rings enjoy a number of useful properties. For non-
modular representations of finite groups, a theorem due to Hochster and
Eagon [53] shows that the ring of invariants is always Cohen-Macaulay. We
will show in Chapter 9, Theorem 9.2.2, that very few modular representations
have a Cohen-Macaulay ring of invariants. This is one of the main reasons
why modular rings of invariants are more difficult to handle.

We now give a fundamental theorem of Noetherian algebra. The usual
proofs of this theorem use homological algebra, e.g. Smith [102, Corollary
6.7.7]). We give a (previously unpublished) proof of Ian Hughes which does
not use any homological algebra. In our opinion, Hughes proof is more straight-
forward than any of the other proofs of which we are aware.

Theorem 2.8.1. Let A be a finitely generated connected graded K-algebra
which is Cohen-Macaulay. Then every homogeneous system of parameters for
A is a regular sequence for A.

Proof. The proof is by induction on n = dimA. If n = 0 there is nothing to
prove. Suppose n = 1. This implies that there exists a homogeneous element
u ∈ A with u not a zero divisor (and u /∈ A0). We let y be a homogeneous
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system of parameters for A. We must show that y is not a zero divisor. Now
u satisfies some monic polynomial of degree r (say) with coefficients in K[y].
Since both u and y are homogeneous, this implies that if a ∈ A with ay = 0,
then aur = 0. But u is not a zero divisor and so a = 0. This shows that y is
not a zero divisor as required.

We now suppose that n > 1. Let y1, y2, . . . . , yn be a homogeneous system
of parameters for A. We first show that A has a homogeneous system of param-
eters which is a regular sequence for A which is contained in K[y1, y2, . . . , yn].
Since A is Cohen-Macaulay, it has some homogeneous system of parame-
ters which is a regular sequence. Let u denote the first element in this reg-
ular sequence and for x ∈ A write x to denote the image of x in A/(u).
Now A/(u) is Cohen-Macaulay with dim A/(u) = n − 1. Since A is integral
over K[y1, y2, . . . , yn], we know A/(u) is integral over K[y1, y2, . . . , yn]. There-
fore, by the Noether Normalization Lemma, there are homogeneous elements
u2, u3, . . . , un ∈ K[y1, y2, . . . , yn] such that u2, u3, . . . , un is a homogeneous
system of parameters for A/(u). By induction, this is a regular sequence for
A/(u) and so u, u2, u3, . . . , un is a homogeneous system of parameters for A
which is a regular sequence for A. But then u2, u, u3, . . . , un is a regular se-
quence for A by Proposition 2.7.1. Note that u2 ∈ K[y1, y2, . . . , yn]. We repeat
the above argument using u2 in the role of u and conclude that A has homoge-
neous system of parameters z1 = u2, z2, . . . , zn contained in K[y1, y2, . . . , yn]
which is a regular sequence for A.

Now y1 is integral over K[z1, z2, . . . , zn] and so y1 satisfies a monic polyno-
mial of degree r (say) with coefficients in K[z1, z2, . . . , zn] ⊆ K[y1, y2, . . . , yn].
Thus yr

1 = −
∑r−1

i=0 aiy
i
1 with ai ∈ K[z1, z2, . . . , zn]. Expressing each ai as

a polynomial in y1, y2, . . . , yn we see that one of the terms ai includes the
monomial yr−i

1 . From this, using the homogeneity of the yi and of the zi,
it follows that there exists some k, and some non-zero scalar λ for which
we have λzk = ys

1 +
∑s−1

i=0 biy
i
1 with homogeneous bi ∈ K[y2, . . . , yn] for

i = 0, 1, . . . , s − 1. For x ∈ A, we now denote by x the image of x in A/(zk).
Then the above implies that y1 is integral over K[y2, y3, . . . , yn]. Thus A/(zk)
is integral over K[y2, y3, . . . , yn] and so, since dimA/(zk) = n − 1, we have
that y2, y3, . . . , yn is a homogeneous system of parameters for A/(zk). So, by
induction, it is a regular sequence for A/(zk). This implies that zk, y2, . . . , yn

is a regular sequence for A. By Proposition 2.7.1, y2, y3, . . . , yn, zk is also a
regular sequence for A. But zk = λ−1ys

1 + b with b in the ideal A(y2, y3, . . . yn)
of A. Thus y2, y3, . . . , yn, ys

1 is a regular sequence for A which implies that
y1, y2, . . . , yn is also a regular sequence for A. ��

The following theorem (see [6, Theorem 4.3.5] for a proof) gives two more
important characterizations of Cohen-Macaulay algebras.

Theorem 2.8.2. Let A be a graded connected Noetherian K-algebra. The fol-
lowing are all equivalent.

1. A is a Cohen-Macaulay ring of Krull dimension n.
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2. There exists a homogeneous system of parameters y1, y2, . . . , yn in A such
that A is a free K[y1, y2, . . . , yn]-module.

3. A is a free K[y1, y2, . . . , yn]-module for every homogeneous system of pa-
rameters y1, y2, . . . , yn in A.

2.9 The Hilbert Series

Let R be a finitely generated graded K-algebra. The fact that R is finitely
generated implies that each of its homogenous components Rd is a finite di-
mensional K vector space. We define the Hilbert series of R to be the power
series

H(R, λ) =
∑

i≥0

dimK(Ri)λi.

This series is sometimes called the Poincaré series of R as well.
For example, suppose R = K[h1, . . . , hn] is a polynomial algebra on gen-

erators of degrees di. Then

H(R, λ) =
n∏

i=1

1
(1 − λdi)

.

This is apparent when we consider that

1
1 − λd

= 1 + λd + λ2d + · · · + λmd + · · · .

Suppose R is a graded Cohen-Macaulay ring and h1, h2, . . . , hn is a homo-
geneous system of parameters for R. Putting H = K[h1, h2, . . . , hn] we have
a Hironaka decomposition

R = ⊕r
i=1Hfi

on generators fi, of degrees mi for i = 1, . . . , r. Then

H(R, λ) =
λm1 + · · · + λmr

∏n
i=1(1 − λdi)

.

We are now in a position to define what it means for a Noetherian graded
domain R over a field K to be Gorenstein. Namely we require that R is Cohen-
Macaulay and that there exists an integer m such that

H(R, λ−1) = λm(−1)dim RH(R, λ).

Lemma 2.9.1. 1. A polynomial algebra R has a symmetric Hilbert series in
the sense above, hence is Gorenstein.

2. A hypersurface has a symmetric Hilbert series in the sense above, hence
is Gorenstein.

��
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2.10 Graded Nakayama Lemma

Let R be a finitely generated graded connected K-algebra. Let M be a non-
negatively graded R-module. An element f ∈ M is clearly not required as a
generator of M if f lies in the submodule R+M where R+ = ⊕∞

d=1Rd. We let
Q(M) denote the (graded) vector space Q(M) := M/R+M . Here by a graded
vector space we mean a vector space W which is a direct sum of vector spaces
W = ⊕∞

d=0Wd where elements of Wd are said to be homogenous of degree d.

Proposition 2.10.1 (Graded Nakayama Lemma). Let R be a finitely
generated graded connected K-algebra. Let M be a finitely generated non-
negatively graded R-module. Then the homogeneous elements f1, f2, . . . , fr

generate M as an R-module if and only if their natural images f̄1, f̄2, . . . , f̄r

span the K vector space Q(M) = M/R+M . Moreover, the elements f1, f2, . . . , fr

minimally generate M if and only if {f̄1, f̄2, . . . , f̄r} is a vector space basis of
Q(M).

Proof. Suppose that {f̄1, f̄2, . . . , f̄r} spans Q(M) and let N :=
∑r

i=1 Rfi be
the submodule generated by f1, f2, . . . , fr. Note that since the fi are homoge-
neous, N is a graded submodule of M . Assume by way of contradiction that
N is a proper submodule of M and let d denote the least degree in which
Nd � Md. Choose m ∈ Md \ Nd and write m̄ =

∑r
i=1 cif̄i with ci ∈ K. Then

m =
∑r

i=1 cifi +
∑t

j=1 gjm
′
j for some homogeneous gj ∈ R+ and m′

j ∈ M .
By projecting this equation onto degree d we may assume deg(gjm

′
j) = d

for i = 1, 2, . . . , t. Thus deg(m′
j) < d for all j since deg gj ≥ 1. Therefore

m′
j ∈ N for all j = 1, 2, . . . , t by the definition of d. This shows that m ∈ N ,

contradicting our assumption.
Conversely it is clear that if f1, f2, . . . , fr generate M then their natural

images span Q(M).
The final assertion of the Proposition follows immediately. ��

Note that any (homogeneous) lift of any homogeneous vector space basis
for M/R+M determines a minimal homogeneous generating set for M as an R-
module. In particular, consider M = R+. Let {f1, f2, . . . , fr} be homogeneous
elements of R+ whose natural images {f̄1, f̄2, . . . , f̄r} form a vector space basis
of Q(R+). Then f1, f2, . . . , fr minimally generate R as a K algebra. To see
this consider that R+ =

∑r
i=1 Rfi. Thus if f ∈ Rd then f =

∑r
i=1 gifi for

some homogeneous elements gi ∈ R+. By induction on degree, we see that
gi ∈ K[f1, f2, . . . , fr] and thus f ∈ K[f1, f2, . . . , fr]. Conversely, it is clear that
an element of R not lying in R2

+ cannot be written as a polynomial in lower
degree elements of R and thus any homogenous algebra generating set must
surject onto to a spanning set for Q(R+).

In summary, we see that a homogeneous minimal generating set for R as an
K-algebra is obtained by lifting a homogeneous vector space basis of R+/R2

+.
From this we see that such homogeneous minimal generating sets for R are
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not unique but that the number of generators of any given degree is fixed. We
also note that dimF(R+/R2

+) is the embedding dimension of R.
We apply the graded Nakayama lemma to a ring of invariants R = K[V ]G

to introduce terminology as follows. An invariant lying in R2
+ may be written

as a sum of products of other invariants of lower degree. For this reason, an
invariant lying in R2

+ is called decomposable. Conversely, an invariant (with
zero constant term) not lying in R2

+ is indecomposable and lies in some set of
algebra generators for K[V ]G.

2.11 Hilbert Syzygy Theorem

Theorem 2.11.1 (Hilbert Syzygy Theorem). Let M be any finitely gen-
erated graded module over a polynomial ring A = K[x1, x2, . . . , xn]. Then there
is a finite graded resolution of M by free graded A-modules

0 −→ Mk
ρk−→ Mk−1

ρk−1−→ · · · ρ2−→ M1
ρ1−→ M0

ρ0−→ M −→ 0

Moreover, we may take k ≤ n.

Note that here we do not assume that deg(x�) = 1. We denote by I� the kernel
of the map ρ� : M� → M�−1. The theorem proceeds by choosing homogeneous
generators for I�−1 and a free module M� mapping onto it. Therefore the
maps at each stage depend upon this choice. If at each stage we choose a
homogeneous minimal generating set for the kernel I� of ρ� then we obtain a
homogeneous minimal free resolution.

Although the maps depend upon our choice of ideal generators, the num-
ber k for which Ik is first zero does not, provided we choose a homogeneous
minimal generating set for each ideal I�, i.e., provided we work with a minimal
free resolution. This number measures, in some sense, the complexity of M . It
is called the projective dimension of M as an A-module and denoted pd(M).

We define the Betti numbers, β�(M), of M to be the rank of the �th syzygy
module: β�(M) := rankA(M�) when the free resolution of M is minimal. For
example, β1(M) counts the number of minimal relations among any set of
minimal homogeneous generators of M . Like the length of the resolution, k,
the Betti numbers β�(M) do not depend upon the choices made in constructing
a minimal free resolution of M . Using the grading on the M� we may define
the graded Betti numbers, β�j(M) := the number of minimal generators of M�

which have degree j. Again, the graded Betti numbers do not depend upon
the choices made in constructing a minimal free resolution of M . Of course,∑

j≥0 β�j = β� for all �. Thus pd(M) = max{i | βi(M) �= 0}.
Since the maps in the resolution preserve degree and since the resolution

is everywhere exact, the Hilbert syzygy theorem yields

H(M,λ) =
k∑

i=0

(−1)iH(Mi, λ).
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Now we have H(A, λ) =
∏n

�=1
1

1−λdeg(x�) . Since each Mi is a free A-module,
we may write Mi = ⊕ri

j=1Amij for some mi1, mi2, . . . , miri
∈ Mi. Therefore,

H(Mi, λ) = (λdeg(mi1) + λdeg(mi2) + · · · + λdeg(miri
))/

∏n
�=1(1 − λdeg(x�)). In

terms of the graded Betti numbers this is H(Mi, λ) = (
∑

j βijλ
j)/

∏n
�=1(1 −

λdeg(x�)) and

H(M,λ) =

∑
ij(−1)iβijλ

j

∏n
�=1(1 − λdeg(x�))

.

In particular, this shows that when A is a polynomial ring, the Hilbert
series of any finitely generated graded A-module may be expressed as a ra-
tional function, i.e., as the quotient of two polynomials. By Noether’s Nor-
malization Lemma, every Noetherian graded ring R is finitely generated over
some polynomial ring A, and thus H(R, λ) is always a rational function of λ.
Furthermore, any finitely generated R-module M is also a finitely generated
A-module and thus H(M,λ) is a rational function of λ.

An important example of the above for us will be when M = R is a Noethe-
rian ring. For example, when R = K[V ]G. Let {f1, . . . , fs} denote a minimal
homogeneous generating set for R. Let A = K[x1, x2, . . . , xs] denote the poly-
nomial algebra on generators xi where we declare that deg(xi) = deg(fi) for all
i = 1, 2, . . . , s. In our notation above, then, we have s = edim(R) = dim(A).
Let ρ0 denote the surjective algebra map from A = M0 to R determined by
ρ0(xi) = fi for i = 1, 2, . . . , s. The map ρ0 provides R with the structure
of a finitely generated A-module and thus we may consider its resolution by
syzygies. This turns out to be an effective way to study R and in particular
to compute H(R, λ). In Chapter 13 we will study this technique in detail.





3

Applications of Commutative Algebra to
Invariant Theory

In this chapter, we use some of the basic commutative algebra discussed in
the previous chapter to develop some basic results about rings of invariants.

Let R be a Noetherian graded K-algebra. Suppose that G is a group of
degree-preserving automorphisms of R. Then G acts on Rd and we denote the
elements of Rd fixed by G by RG

d and we define RG = ⊕d≥0R
G
i , so that RG

is a graded connected algebra.
If G acts on R as degree-preserving automorphisms, then it is easy to see

that G also acts on Quot(R) as a group of automorphisms of the field. We
may therefore form the invariant subfield Quot(R)G.

Lemma 3.0.1. For any finite group G, we have Quot(R)G = Quot(RG).
Consequently, the extension Quot(R)G ⊂ Quot(R) is Galois, with group G
and so Quot(R) has dimension |G| as a Quot(R)G vector space.

Proof. If r/s ∈ Quot(R)G with r, s ∈ R, then

r

s
:=

r ·
∏

e�=σ∈G σ(s)
NG(s)

.

Since the fraction itself and the denominator are both invariant, the numerator
is also, finishing the proof. ��

Proposition 3.0.2. If R is a unique factorization domain, then R is inte-
grally closed. In particular, F[V ] is integrally closed.

Proof. Suppose that r/s ∈ Quot(RG) is integral over R. We suppose that
r and s do not share any common factor. There exist a0, a1, . . . , at−1 ∈ R
such that (r/s)t + at−1(r/s)t−1 + · · · + a1(r/s) + a0 = 0. Therefore rt =
−s(at−1r

t−1 + at−2r
t−2s + · · · + a1rs

t−2 + a0s
t−1). Thus every irreducible

factor of s divides rt and so must also divide r. But since r and s share no
common factors, this implies that s must be a unit. Thus r/s ∈ R. ��

Proposition 3.0.3. Let R be an integrally closed domain on which the finite
group G acts. Then RG is also integrally closed.

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
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Proof. Suppose r/s ∈ Quot(RG) is integral over RG. Then r/s is integral over
R and lies in Quot(R)G ⊆ Quot(R). Since R is integrally closed, this implies
that r/s ∈ R and since r/s is G-invariant, r/s ∈ RG. ��

Proposition 3.0.4. Let G be any finite group acting on a finitely generated
algebra R as a group of automorphisms. Then R is integral over RG. In par-
ticular, R is a finitely generated RG-module.

Proof. Suppose R is generated by elements {r1, . . . , rs}. For t an indetermi-
nate, consider the polynomials Fi(t) ∈ R[t] defined as

Fi(t) =
∏

σ∈G

(t − σ(ri)) =
|G|∑

j=0

ai,jt
i.

We extend the action of G to automorphisms of R[t] by defining σ(t) = t for
all σ ∈ G. With this convention we see from the definition of Fi(t) that the
polynomials Fi(t) are invariant. Thus each coefficient ai,j on the right-hand
side is invariant. Furthermore, we have shown that each of the generators of
R is integral over RG, and therefore R is integral over RG as claimed. The
final assertion of the proposition follows using Proposition 2.5.1. ��

Lemma 3.0.5. Using the notation of the above proof,

{ri1
1 · · · ris

s | 0 ≤ ij ≤ |G| − 1}

spans R as a module over RG. ��

The following important Corollary of Proposition 3.0.4 is immediate.

Corollary 3.0.6. Let G be a finite group. Let f1, f2, . . . , fn ∈ F[V ]G be a se-
quence of homogeneous invariants. Then f1, f2, . . . , fn is a homogenous system
of parameters for F[V ]G if and only if it is a homogenous system of parameters
for F[V ].

Remark 3.0.7. Proposition 3.0.4 implies that if G is a finite subgroup of GL(V )
then dim K[V ]G = dim K[V ] = dimK V .

It follows that the Krull dimension of RG is the same as the Krull dimen-
sion of R.

3.1 Homogeneous Systems of Parameters

There are some especially useful homogeneous systems of parameters for
F[V ]G. If our group is a permutation group, then the elementary symmet-
ric functions form a homogeneous system of parameters, see Section 3.2. If
F is finite then we may always use the Dickson invariants as a homogeneous
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system of parameters, see Section 3.3. If our representation is lower trian-
gular, then Múi has constructed a homogeneous system of parameters, see
Section 3.4. In particular, Múi’s result applies for any modular representation
of a p-group (by Proposition 4.0.2).

If the field F is infinite, then we can construct a homogeneous system of
parameters by a method due to Dade, see [104]. First, we show that there
must exist a basis {x1, . . . , xn} for V ∗ which has the property that, for any n-
tuple σ1, . . . , σn of elements of G, the set of linear forms {σ1(x1), . . . , σn(xn)}
is linearly independent. We begin by choosing any non-zero element x1 ∈ V ∗.
We choose the remaining basis elements x2, x3, . . . , xn inductively as follows.
Having chosen x1, x2, . . . , xi we consider the union of proper subspaces of V ∗

defined by

Ki :=
⋃

σ1,σ2,...,σi∈G

span
F
{σ1(x1), σ2(x2), , . . . , σi(xi)} .

construction depends upon the observation that, as a finite union of proper
subspaces, Ki, cannot be all of V ∗ when F is infinite. We note also that Ki

is stable under the action of G by definition. While i < n we may choose a
linear form xi+1 ∈ V ∗ \ Ki. Such an element xi + 1 has the property that
σ(xi+1) ∈ V ∗ \ Ki for all σ ∈ G. Now form the polynomials

fi = NG
Gxi

(xi),

for i = 1, 2, . . . , n. Each fi is of degree less than or equal |G|. To see that
f1, f2, . . . , fn is a homogeneous system of parameters, suppose fi(v) = 0 for
all i = 1, 2, . . . , n. Since each fi is a product of linear forms, there must
exist, for each i, a group element σi ∈ G with σi(xi)(v) = 0. But the set
{σ1(x1), σ2(x2), . . . , σn(xn)} is linearly independent in V ∗ and hence it is lin-
early independent also in V

∗
= F ⊗ V ∗, and hence v = 0, as required.

Remark 3.1.1. If we are working over a finite field F we may work in the
algebraic closure F̃ of F to use Dade’s construction to construct a homogeneous
system of parameters, f1, f2, . . . , fn in F̃[V ]G. Note that the homogeneous
system of parameters will lie in F

′[V ]G for a finite overfield F
′ ⊃ F containing

the finitely many coefficients of the fi.

Probably the most famous result of Invariant Theory is David Hilbert’s
proof [52] that (in modern terminology) the ring of invariants of a (geometri-
cally) reductive group is finitely generated. However, his proof does not apply
to modular representations since these fail to be linearly reductive. For a good
discussion of these issues, see Derksen and Kemper’s book [26, section 2.2].
However, Emmy Noether [88] proved the following result.

Theorem 3.1.2. The ring of invariants F[V ]G of a finite group is finitely
generated.
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Proof. By the graded Nakayama lemma, Lemma 2.10.1, we need to prove
that Q(F[V ]G) = F[V ]G/(F[V ]G+)2 is a finite dimensional F vector space. Let
F be the algebraic closure of F and consider V := V ⊗F F. It is clear that
Q(F[V ]G) ∼= Q(F[V ]G) ⊗F F. Therefore, it suffices to show that Q(F[V ]G)
is a finite dimensional F vector space. Hence, replacing F by F if necessary
we may assume that F is infinite. Therefore, by Dade’s algorithm, there ex-
ists a homogeneous system of parameters f1, f2, . . . , fn for F[V ]G. By Corol-
lary 3.0.6, these elements f1, f2, . . . , fn also form a homogeneous system of
parameters for F[V ]. Let A denote the polynomial ring A = F[f1, f2, . . . , fn].
Since F[V ] is a Cohen-Macaulay ring, there exists h1, h2, . . . , ht ∈ F[V ]
such that F[V ] ∼= ⊕t

i=1Ahi. Since F[V ] is a finitely generated A-module
and A is a Noetherian ring, we see that F[V ] is a Noetherian A-module.
It is clear that F[V ]G is an A-module and thus as an A-submodule of a
Noetherian A-module, F[V ]G is also a Noetherian A-module. Thus there ex-
ists a finite set g1, g2, . . . , gr ∈ F[V ]G with F[V ]G =

∑r
j=1 Agj . Therefore

F[V ]G = F[f1, f2, . . . , fn, g1, g2, . . . , gr] is a finitely generated F-algebra. ��

In the notation of the above proof, the elements f1, f2, . . . , fn are tradi-
tionally called primary invariants and the elements g1, g2, . . . , gr secondary
invariants. It is important to notice that there are infinitely many choices for
both the primary and secondary invariants. These two terms merely describe
the role of certain invariants within a particular fixed generating set.

Since F[V ]G is finitely generated, its spectrum, Spec(F[V ]G) is an affine
variety which we denote by V//G . Dual to the natural inclusion of algebras
is the natural surjection of varieties

πV,G : V → V//G.

The fibres of this surjection consist of G-orbits: π−1
V,G(πV,G(v)) = Gv. The ge-

ometry and topology of V//G reveals information about the ring of invariants,
F[V ]G, and vice versa.

Proposition 3.1.3. [105, Proposition 2.2.3] Let {f1, f2, . . . , fn} be any ho-
mogeneous system of parameters for the polynomial ring S = F[x1, x2, . . . , xn]
and suppose the degree of fi is di. Then S is a free R = F[f1, f2, . . . , fn]-
module on

∏n
i=1 di many generators.

Proof. Since S is Cohen-Macaulay, we have a Hironaka decomposition

S = ⊕m
i=1Rηi

for some homogeneous η1, η2, . . . , ηm ∈ S. Using this decomposition we see
that the Hilbert series of S is given by
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H(S, λ) =
m∑

j=1

H(R, λ)λdeg(ηj)

=

∑m
j=1 λdeg(ηj)

∏n
i=1(1 − λdi)

Since H(S, λ) =
∏n

i=1(1 − λ)−1 we see that

m∑

j=1

λdeg(ηj) =
∏n

i=1(1 − λdi)
∏n

i=1(1 − λ)

=
n∏

i=1

(1 + λ + λ2 + . . .+ λdi−1)

Setting λ = 1 here gives m =
∏n

i=1 di. ��

Corollary 3.1.4. [26, Theorem 3.7.1] Let {f1, f2, . . . , fn} be any homoge-
neous system of parameters of degrees d1, d2, . . . , dn for F[V ]G. Then F[V ]G is
a free R = F[f1, . . . , fn]-module if and only if it has (

∏n
i=1 di)/|G| many gen-

erators as an R-module. If F[V ]G is not free as an R-module, more generators
are required.

Proof. Using Proposition 3.1.3 we have

F[V ] = ⊕m
i=1Rηi

where m =
∏n

i=1 di. Hence {η1, η2, . . . , ηm} is a vector space basis for F(V )
as an Quot(R)-vector space. Thus the degree of the field extension F(V )
over Quot(R) is

∏n
i=1 di. By Lemma 3.0.1, the field extension F(V ) over

Quot(F[V ]G) has degree |G|. Therefore, the degree of the subfield exten-
sion Quot(F[V ]G) over Quot(R) is (

∏n
i=1 di)/|G|. Thus F(V )G has dimension

(
∏n

i=1 di)/|G| as a F(f1, f2, . . . , fn)-vector space. Suppose F[V ]G =
∑s

j=1 Rhj

where s is minimal. Then {h1, h2, . . . , hs} spans F(V )G as a Quot(R)-vector
space and thus s ≥ (

∏n
i=1 di)/|G|.

If s > (
∏n

i=1 di)/|G|, then {h1, h2, . . . , hs} ⊂ F(V )G is an Quot(R) linearly
dependent set. Therefore, we may write

∑s
j=1

aj

bj
hj = 0 for some aj , bj ∈ R

with at least one aj �= 0. Clearing denominators gives
∑s

j=1 a′
jhj = 0 with

a′
1, a

′
2, . . . , a

′
s ∈ R not all zero, showing that F[V ]G is not a free R-module

(and thus that F[V ]G is not Cohen-Macaulay). ��

Remark 3.1.5. In the above proof we showed that the field extension F(V )G

over Quot(R) has degree (
∏n

i=1 di)/|G|. This shows that if {f1, . . . , fn} is any
homogeneous system of parameters of degrees d1, . . . , dn for F[V ]G, then |G|
divides

∏n
i=1 di.
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Corollary 3.1.6. Let {f1, f2, . . . , fn} be any homogeneous system of param-
eters of degrees d1, d2, . . . , dn for F[V ]G. Then

n∏

i=1

di = |G| if and only if F[V ]G = F[f1, f2, . . . , fn] .

3.2 Symmetric Functions

Consider G = Σn ⊂ Gl(V ) acting as all permutations of a basis {x1, . . . , xn}
for V ∗. We note that Gx1 = {x1, . . . , xn} and that Hx1(t) =

∏n
i=1(t − xi) =∑n

j=0(−1)jsjt
n−j . Here, the sj is the j-th elementary symmetric function

sj =
∑

1≤i1<i2<···<ij≤n

xi1xi2 · · ·xij
.

The following theorem is well known. It can be proven easily using Corol-
lary 3.1.6. We will give a more constructive proof in §5.1.1.

Theorem 3.2.1. Let K be a field of any characteristic and let the symmet-
ric group on n letters, Σn, act on the n dimensional K vector space V by
permuting a basis. Let {x1, x2, . . . , xn} denote the dual basis of V ∗. Then
K[V ]Σn = K[s1, s2, . . . , sn] where si = si(x1, x2, . . . , xn) is the ith elementary
symmetric function in {x1, x2, . . . , xn} for i = 1, 2, . . . , n.

Of course, the elementary symmetric functions enjoy many beautiful prop-
erties, and symmetric functions occur in many different situations in mathe-
matics.

The following theorem is well-known. We will prove a stronger version of
this result in Theorem 5.1.11.

Theorem 3.2.2.
F[x1, . . . , xn]Σn = F[s1, . . . sn].

Proof. We begin by showing that the set {s1, . . . , sn} forms a homogeneous
system of parameters. By Lemma 2.6.3, we may do this by showing that the
only common zero (working over the algebraic closure of F) of the functions
{s1, . . . , sn} is the origin. We proceed by induction on n. When n = 1, there
is nothing to prove.

Consider the algebra surjection determined by

θ : F[x1, . . . , xn] → F[x1, . . . , xn−1]

xi �→
{

xi if i < n

0 if i = n

We are using s1, s2, . . . , sn to denote the elementary symmetric functions in
x1, x2, . . . , xn. To denote the elementary symmetric functions in x1, x2, . . . , xn−1
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we will use s′1, s
′
2, . . . , s

′
n−1. Note that s′i = θ(si) for i = 1, 2, . . . , n − 1

and θ(sn) = 0. We assume by induction that the only common zero of{
s′1, . . . , s

′
n−1

}
is the origin. Now consider a point (a1, . . . , an) at which

s1, . . . , sn all vanish. In particular, sn = x1 · · ·xn vanishes. We may assume
without loss of generality that an = 0. Therefore, 0 = si(a1, . . . , an) =
si(a1, . . . , an−1, 0) = θ(si)(a1, . . . , an−1) from which it follows by induction
that 0 = a1 = · · · = an−1.

We note that si has degree i and therefore,
∏n

i=1 deg(si) = n! = |Σn|.
Hence the theorem follows from applying Corollary 3.1.6. ��

Of course, there are many interesting questions involving symmetric func-
tions, see for example Macdonald [78] or Sturmfels [105]. For example, given a
symmetric function, how can it be written in terms of the elementary symmet-
ric functions? This question is answered by using SAGBI bases, see §5.1.1. As
well, there are other generating sets for the symmetric functions, for example,
in characteristic zero we may use the power sums

hi = xi
1 + . . . xi

n,

for 1 ≤ i ≤ n. However, the power sums do not necessarily generate the full
ring of symmetric functions over a field of positive characteristic. For example,
it is easy to see that x1x2 /∈ F2[x1 + x2, x

2
1 + x2

2]. Other important questions
concern the Hironaka decomposition of F[V ] as a module over F[V ]Σn . This
topic is considered in §6.1.

3.3 The Dickson Invariants

Suppose F is a finite field of order q = ps and let V be an n-dimensional vector
space over F. We consider G = GL(V ). Then any vector v ∈ V ∗ \ {0} has
OG(v) = V ∗ \ {0}. Now we obtain

Fn(t) =
∏

w∈V ∗

(t − w) =
n∑

i=0

(−1)n−idi,ntq
n−i

.

The di,n are known as the Dickson invariants, and they enjoy many beautiful
properties.

For example, when p = 2 and n = 2 we have

F2(t) = t(t + x)(t + y)(t + x + y)

so that d1,2 = x2 +xy + y2 and d2,2 = xy(x+ y) = x2y +xy2. More generally,
we have

Lemma 3.3.1. 1. Fn(t) = F q
n−1(t) − F q−1

n−1(xn)Fn−1(t).
2. di,n = dq

i,n−1 − di−1,n−1F
q−1
n−1(xn).

��



46 3 Applications of Commutative Algebra to Invariant Theory

We note that deg(di,n) = qn − qn−i. Therefore, we have

n∏

i=1

deg(di,n) = |GL(V )|.

This latter calculation is pretty. There are qn vectors in V , and any one
of them may be identified with the first row of a matrix in GL(V ) excepting
the zero vector. Hence there are qn − 1 choices for the first row. Similarly, the
second row corresponds to vectors in V that are linearly independent of the
first, and there are qn − q choices for these. And so on.

Lemma 3.3.2. The set {d1,n, . . . , dn,n} is a homogeneous system of parame-
ters for F[V ], hence

F[d1,n, . . . , dn,n] = F[V ]G.

��

3.4 Upper Triangular Invariants

Consider G = Un(Fq), the group of all upper triangular matrices with 1’s
along the diagonal and entries from the finite field Fq of order q = ps. This
group was shown to have a polynomial ring of invariants by Múi [82] through
his construction of a generating set. Let {x1, x2, . . . , xn} be the basis of V ∗

dual to the standard basis of V = F
n
q . Note that OG(xi) = xi + Vi−1 where

Vi−1 denotes the subspace of V ∗ with basis {x1, x2, . . . , xi−1}. We define

hi =
∏

v∈Vi−1

(xi + v)

and observe that hi is homogeneous of degree qi−1. Note that hi = Fi−1(xi),
where Fi−1(t) is defined in §3.3. Therefore,

∏n
i=1 deg(hi) = |Un(Fq)|.

When p = 2, we get h1 = x, h2 = y(y + x) = y2 + xy. For arbitrary p, we
have h2 =

∏
α∈Fp

(y + αx) = yp − xp−1y.

Lemma 3.4.1. Fq[h1, . . . , hn] = Fq[V ]G. ��

3.5 Noether’s Bound

In this section we will prove that the ring of invariants for a non-modular group
G is always generated by invariants of degree at most |G|. Noether originally
proved this over fields of characteristic 0. Here we will prove this under the
weaker hypothesis that |G| is invertible in F. This was proved independently by
P. Fleischmann [39] and J. Fogarty [42] in 2000. D. Benson (see [26, pg. 109])
simplified Fogarty’s proof and here we present this simplified version.
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Theorem 3.5.1. Let V be a representation of a finite group G. If |G| is in-
vertible in K, then K[V ]G is generated by invariants of degree at most |G|.

Proof. Put m := |G| and [m] = {1, 2, . . . ,m}. We begin by considering
K[V ]+ :=

∑∞
d=1 K[V ]d, the unique homogeneous maximal ideal of K[V ].

We first show that its mth power (K[V ]+)m is a subset of the Hilbert ideal
I := (K[V ]G+)K[V ], the ideal of K[V ] generated by all the homogeneous in-
variants of positive degree.

To see this, take any f1, f2, . . . , fm ∈ K[V ]+. Write G = {σ1, σ2, . . . , σm},
let σ ∈ G and consider the product

∏m
i=1 (fi − (σσi)(fi)) = 0. Expanding this

expression and summing over all σ ∈ G gives:
∑

A⊆[m]

(−1)m−|A|hA

∏

i∈A

fi = 0

where hA :=
∑

σ∈G

∏
i∈[m]\A σ(σifi) ∈ K[V ]G.

The summand corresponding to A = [m] in the above is |G| f1f2 · · · fm

with h[m] = |G|. For all other subsets A, we have hA ∈ K[V ]G+ and thus
|G| f1f2 · · · fm lies in the Hilbert ideal I. Since |G| is invertible, f1f2 · · · fm ∈ I
and thus (K[V ]+)m ⊆ I.

Since K[V ] is a Noetherian ring, there exist finitely many homogeneous
invariants h1, h2, . . . , hr ∈ K[V ]G which generate the Hilbert ideal I. Without
loss of generality we may assume that {h1, h2, . . . , hr} is a minimal such set
of invariants. Note that if deg hi > m, then hi =

∑n
j=1 hijxj where each hij

is a homogeneous element of K[V ] = K[x1, x2, . . . , xn] with deg(hij) ≥ m, i.e.,
where hij ∈ (K[V ]+)m ⊂ I. Since m ≤ deg hij < deg hi, we see that hij lies in
the ideal of K[V ] generated by h1, h2, . . . , ĥi, . . . , hr. Thus if deg hi > m, then
hi is not required as a generator of I. Thus our assumption that h1, h2, . . . , hr

minimally generate I implies that deg hi ≤ m for all i = 1, 2, . . . , r.
Consider any invariant f ∈ K[V ]G with deg(f) > m. Since deg(f) > m,

we see that f ∈ (K[V ]+)m ⊆ I and we may write f =
∑r

i=1 kihi where each
ki is a homogeneous element of K[V ]+. Since |G| is invertible, we may average
over the orbit to obtain

f =
1
|G|

m∑

j=1

σj(f) =
1
|G|

m∑

j=1

r∑

i=1

σj(kihi) =
1
|G|

m∑

j=1

r∑

i=1

σj(ki)hi

=
1
|G|

r∑

i=1

m∑

j=1

σj(ki)hi.

Since
∑m

j=1 σj(ki) ∈ K[V ]G+, this shows that f is a decomposable invariant
and so cannot be part of any minimal algebra generating set for K[V ]G. ��

The above proof shows that in the non-modular case, the Hilbert ideal
is generated by homogeneous elements of degree at most |G|. Kemper [26,
Conjecture 3.8.6 (b)] has made the following conjecture.
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Conjecture 3.5.2 (Kemper). Let V be a representation of a finite group G. The
Hilbert ideal (K[V ]G+)K[V ] is generated by homogeneous elements of degree
at most |G|.

3.6 Representations of Modular Groups and Noether’s
Bound

In this section, we describe work of Karagueuzian and Symonds [62] and
Symonds [106].

Theorem 3.6.1. If F is finite of characteristic p and G is a finite group, then
F[V ] has only finitely many isomorphism types of indecomposable summands.

The theorem has real force when G is modular, for then G has, in general, a
“wild” representation theory: it is not possible to classify the indecomposable
representations of G.

Example 3.6.2. We recall the following material from the paper of Elmer
and Fleischmann [36], where a much more complete discussion occurs. Let
G = C2 × C2 be generated by elements σ, τ . It is known that this group has
countably many isomorphism classes of indecomposable representations. Con-
sider the 3-dimensional representation, V , of G over a field, F, of characteristic
2 given by

ρ(σ) =

⎛

⎝
1 0 0
0 1 1
0 0 1

⎞

⎠ and ρ(τ) =

⎛

⎝
1 0 1
0 1 0
0 0 1

⎞

⎠ .

We let U denote the trivial 1-dimensional representation of G and we let W
denote the regular 4-dimensional representation of G. Then the symmetric
algebra of V over F contains the indecomposable summands U , V and W and
no others.

Recalling the notation and result of section §3.4, we saw that the invari-
ants of the upper triangular group G = Un(Fq) are generated by the orbit
polynomials

hi =
∏

v∈Vi−1

(xi + v), where Vi−1 is the span of {x1, . . . , xi−1} .

That is, F[x1, x2, . . . , xn]G = F[h1, h2, . . . , hn]. Let I denote the integer se-
quence (1, 2, . . . , n) and let I ′ = (1, 2, . . . , n − 1), and, for any subsequence
J ⊂ I ′, we define Jc = I \ J . Finally, we define

H(J) = F[h� | � ∈ Jc].

We note that G acts trivially on H(J) for any J . Given any p-group P ,
we may embed P in G (see §4.0.2), and hence H(J) is P -invariant under
this embedding for any J . We define finite dimensional graded FP -modules
X(P, J) ⊂ F[V ]. Then
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Theorem 3.6.3. There is an isomorphism of graded FP -modules

F[V ] ∼= ⊕J⊂I′H(J) ⊗F X(P, J).

This structure theorem states that F[V ] contains one copy of X(P, J) for each
monomial of H(J). The general case of a modular group follows.

Remark 3.6.4. We note that there are 2n−1 − 1 such subsets, for any P . In
[20], Campbell and Selick constructed 2n subsets M(i) of F[V ], each of which
is an injective module over Steenrod’s algebra A. The module M(0) is the
ring of invariants of the non-modular group F

∗. The relationship between the
modules X(P, J) is not known to the authors of this book.

Example 3.6.5. Let G denote the group U2(F), so that F[V ]G = F[h1, h2],
where h1 = x1 and h2 = xq

2 − xq−1
1 x2. We set T = F[V ]/(h2). Then, as

modules over FG, we have

F[V ] = F[h2] ⊗F T where T = X(G, {1}) ⊕ X(G, {∅}) .

Then, as modules over FG, we have

F[V ] = F[h1, h2] ⊗ X(G, ∅) ⊕ F[h2] ⊗F T (G, {1})

where X(G, ∅) is the module spanned by {1} and T (G, {1}) is the module
spanned by

{
x2, x

2
2, . . . , x

q−1
2

}
. The interested reader should compare to §7.2.

Example 3.6.6. Karagueuzian and Symonds [61, §2, extended example]: the
case n = 3 and p = 3. Let G denote the group U3(F), so that F[V ]G =
F[h1, h2, h3] where |hi| = 3i−1. We set T = F[V ]/(h3). Then, as modules over
FG we have

F[V ] = F[h1, h2, h3] ⊗ T (G, ∅) ⊕ F[h1, h3] ⊗ X(G, {2})
⊕ F[h2, h3] ⊗ X(G, {1}) ⊕ F[h3] ⊗ X(G, {1, 2}) .

Theorem 3.6.7. Suppose {f1, f2, . . . , fn} is a homogeneous system of param-
eters for the ring of invariants of the modular group G. Then F[V ]G is gener-
ated by module generators over F[f1, f2, . . . , fn] of degrees less than or equal
to

n∑

i=1

(|fi| − 1) .

Moreover, the relations among the module generators have degrees less than
or equal to

1 +
n∑

i=1

(|fi| − 1).

Finally, the degree of P(G, V, t) as a rational function in t is at most −n.
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Corollary 3.6.8. [106] If F is finite and G is a non-trivial finite group acting
on V with dimF(V ) > 1, then F[V ]G is generated in degrees less than or equal
to dimF(V )(|G| − 1).

These conclusions follow from the following theorem of Symonds, [106]

Theorem 3.6.9. The invariant ring F[V ]G has Castelnuovo-Mumford regu-
larity 0.

Remark 3.6.10. Symonds proves more: if G acts on F[x1, x2, . . . , xn] by homo-
geneous linear substitutions of the xi’s, then the invariant ring has Castelnuovo-
Mumford regularity 0.

3.7 Molien’s Theorem

The following theorem of Molien, provides a constructive method to compute
the Hilbert series of a ring of invariants of a finite group in characteristic 0.

Theorem 3.7.1. (Molien) Let K be a field of characteristic zero.

H(K[V ]G, λ) =
1
|G| (

∑

σ∈G

1
det(IdV − λσ)

) .

Proof. Since the dimension of a vector space is unchanged under field exten-
sions, we may assume that K is algebraically closed.

Let W be any K representation of G. By the orthogonality relations for
characters, see for example the book of Dummit and Foote [32][Chapter
18, Theorems 15 and 16] or Lang [75][XVIII §5]), we have dimK(WG) =
1
|G|

∑
σ∈G trace(σ|W ).

Take σ ∈ G and consider the matrix A ∈ GL(V ) representing the action
of σ on V . Considering the Jordan Normal form of A we see that since A has
finite order and K is characteristic zero, the matrix A must be diagonalizable.
Let ρ1, ρ2, . . . , ρn denote the n eigenvalues of A. Thus, working with a basis of
eigenvectors, we may assume that A = diag(ρ1, ρ2, . . . , ρn). Write R := K[V ].
Let x1, x2, . . . , xn be the dual basis of V ∗. Thus the full set of monomials of
degree m, {xa1

1 xa2
2 · · ·xan

n | a1 + a2 + · · · + an = m} forms an eigenbasis for
the action of A on Rm The trace of the action of σ on Rm is thus

trace(σ|Rm
) =

∑

a1+a2+···+an=m

ρ−a1
1 ρ−a2

2 · · · ρ−an
n .

Therefore,
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1
det(IdV − λσ)

=
1

(1 − ρ1λ)(1 − ρ2λ) · · · (1 − ρnλ)

=
n∏

i=1

(1 + ρiλ + ρ2
i λ

2 + . . . )

=
∞∑

m=0

(
∑

a1+a2+···+an=m

ρa1
1 ρa2

2 · · · ρan
n

)

λm

=
∞∑

m=0

(
trace(σ−1

|Rm
)
)

λm .

Thus,

H(RG, λ) =
∞∑

m=0

(dimK RG
m)λm

=
∞∑

m=0

(
1
|G|

∑

σ∈G

trace(σ|Rm
)

)

λm

=
1
|G|

∑

σ∈G

1
det(IdV − λσ−1)

=
1
|G|

∑

σ∈G

1
det(IdV − λσ)

.

��

Remark 3.7.2. Suppose |G|−1 ∈ K, that is, G is a non-modular group. Ele-
ments of representation theory give us a complex representation of G, known
as the Brauer lift, which shares the same Hilbert series as K[V ]G, see [25][§82].
Thus Molien’s Theorem can be used to compute the Hilbert series of the ring
of invariants for any non-modular representation of a finite group.

Remark 3.7.3. Note that if σ and τ are two elements of G lying in the same
conjugacy class, then σ and τ have the same eigenvalues on V and therefore,

1
det(IdV − λσ)

=
1

det(IdV − λτ)
.

3.7.1 The Hilbert Series of the Regular Representation of the
Klein Group

Consider

σ = σ−1 =

⎛

⎜
⎜
⎝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞

⎟
⎟
⎠ and τ = τ−1 =

⎛

⎜
⎜
⎝

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞

⎟
⎟
⎠ .
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The group G = {I4, σ, τ, στ} is the Klein 4-group. We consider the ring of
invariants K[V ]G where K is a field of any characteristic.

Since G acts by permutations on V , the Hilbert series H(K[V ]G, t) is the
same for all characteristics. Using Molien’s Theorem we compute

H(K[V ]G, λ) =
1
4

(
1

(1 − λ)4
+

3
(1 − λ2)2

)

=
1
4
(1 + λ + λ2 + λ3 + λ4 + . . . )4 +

3
4
(1 + λ2 + λ4 + λ6 + . . . )2

=
1
4
(1 + 4λ + 10λ2 + 20λ3 + 35λ4 + . . . )

+
3
4
(1 + 2λ2 + 3λ4 + . . . )

= 1 + λ + 4λ2 + 5λ3 + 11λ4 + . . .

Note that

H(K[V ]G, λ) =
1
4

(
1

(1 − λ)4
+

3
(1 − λ2)2

)

=
(1 + λ)2 + 3(1 − λ)2

4(1 − λ)4(1 + λ)2

=
1 − λ + λ2

(1 − λ)4(1 + λ)2

=
1 + λ3

(1 − λ)(1 − λ2)3
.

This is the Hilbert series we would expect to find if K[V ]G possessed a homo-
geneous system of parameters in degrees 1, 2, 2, 2 over which the invariants
are a rank 2 free module with generators in degrees 0 and 3. Suppose there is
such a homogeneous system of parameters. Looking in degrees 1 and 2 we see
that (essentially) the only possibility for such a system is a, b1, b2, b3 where
a = x1+x2+x3+x4, b1 = x1x2+x3x4, b2 = x1x3+x2x4 and b3 = x1x4+x2x3.
We use Lemma 2.6.3 to study this. Suppose v = (v1, v2, v3, v4) is a point in V
at which a, b1, b2, b3 all vanish, that is,

v1 + v2 + v3 + v4 = 0
v1v2 + v3v4 = 0
v1v3 + v2v4 = 0
v1v4 + v2v3 = 0

If v1 = 0, then we have v2v3 = v2v4 = v3v4 = 0 from which we conclude two
of these three are also zero. But a(v) = 0 forces the fourth to also be zero.
So we may assume by symmetry that none of the v� = 0. Assume there is a
point v where all 4 coordinates are non-zero. Then we have
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v2 = −v3v4

v1

v3 = −v2v4

v1

v4 = −v2v3

v1

It follows that v2
1 = v2

2 = v2
3 = v2

4. Hence 0 = a(v)2 = 4v2
1 . In characteristic not

2 we get a contradiction and so can conclude that a, b1, b2, b3 is a homogeneous
system of parameters. However in characteristic 2 we see that v = (1, 1, 1, 1)
is a point where a, b1, b2, b3 all vanish and hence they are not a homogeneous
system of parameters in this characteristic.

However, the elementary symmetric functions form a homogeneous system
of parameters in all characteristics. The corresponding form of the Hilbert
series is

H(K[V ]G, λ) =
1 + 2λ2 + 2λ4 + λ6

(1 − λ)(1 − λ2)(1 − λ3)(1 − λ4)

As we will see later in §4.7, there is a set of module generators for K[V ]G

over K[V ]Σ4 of degrees 0, 2, 2, 4, 4 and 6 valid in any characteristic.

3.7.2 The Hilbert Series of the Regular Representation of C4

Consider the regular representation of the cyclic group G := C4 with generator
σ. The matrix of σ is given by

σ =

⎛

⎜
⎜
⎝

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

⎞

⎟
⎟
⎠

We want to compute the ring of invariants K[V ]G where K is a field of any
characteristic.

As in the previous example, the Hilbert series H(K[V ]G, λ) is the same in
all characteristics. Using Molien’s Theorem we compute

H(K[V ]G, λ) =
1
4

(
1

(1 − λ)4
+

1
(1 − λ2)2

+
2

(1 − λ4)

)

= 1 + λ + 3λ2 + 5λ3 + 10λ4 + 14λ5 + 22λ6 + . . .

=
1 + λ2 + λ3 + 2λ4 + λ5

(1 − λ)(1 − λ2)(1 − λ3)(1 − λ4)

This suggests that the ring of invariants K[V ]G is a free module over the ring
of symmetric functions on generators of degrees 0, 2, 3, 4, 4, and 5. We will
see in §4.8 that this is the case in every characteristic except 2. In fact, in
characteristic 2, this ring of invariants is not even Cohen-Macaulay. Bertin [9]
provided this ring of invariants as the first example of a unique factorization
domain that was not Cohen-Macaulay answering a question of Pierre Samuel.
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3.8 Rings of Invariants of p-Groups Are Unique
Factorization Domains

Theorem 3.8.1. Let F be a field of characteristic p > 0 and let P be a p-
group. Then F[V ]P is a unique factorization domain.

Proof. We proceed by induction on degree. If f ∈ F[V ]P has degree 1 then
clearly, f is prime and there is nothing to prove.

Suppose then, that f ∈ F[V ]P with deg(f) > 1. Decompose f as a product
of primes in F[V ]: f = f1f2 · · · ft. Take σ ∈ P . Since σ(f) = f we must
have σ(f1) = λfj for some j with 1 ≤ j ≤ t and some λ ∈ F

×. Without
loss of generality, we may suppose that {1, 2, . . . , s} = {j | ∃σ ∈ P, λ ∈
F
∗ with σ(f1) = λfj}. Note that if σ ∈ P and 1 ≤ i ≤ s, then σ(fi) = λfj for

some j with 1 ≤ j ≤ s and some λ ∈ F
∗.

Define h1 := f1f2 · · · fs. Then for each σ ∈ P we must have σ(h1) = λ(σ)h1

for some λ(σ) ∈ F
×. Now take σ, τ ∈ P . Then

(στ)(h1) = σ(τ(h1)) = σ(λ(τ)h1) = λ(τ)(σ(h1)) = λ(τ)(λ(σ)h1)
= λ(σ)λ(τ)h1.

Thus λ(στ) = λ(σ)λ(τ). This shows that

λ : P → F
×

is a linear character of P . In particular, 1 = λ(e) = λ(σp) = λ(σ)p and
therefore (1 − λ(σ))p = 0, whence λ(σ) = 1 for all σ ∈ P .

This shows that h1 lies in F[V ]P . Moreover, for each j = 1, 2, . . . , s there
exists σ ∈ P and λ ∈ F

× such that σ(f1) = λfj . This shows that hi is
an irreducible element in F[V ]P . Now by induction, the invariant f/h1 may
be uniquely factored into a product of irreducibles in F[V ]P . Thus f/h1 =
h2h3 · · ·hq where hj is irreducible in F[V ]P for 2 ≤ j ≤ q. Therefore, we have
factored f = h1h2 · · ·hq into a product of irreducibles.

Suppose now that f = h′
1h

′
2 · · ·h′

r is another factorization of f into irre-
ducibles in F[V ]P . Working in F[V ] we see that since the prime f1 of F[V ]
divides f we must have that f1 divides h′

k for some k. Without loss of gen-
erality, we assume that k = 1. But since h′

1 ∈ F[V ]P , this implies that fj

divides h′
1 for all j = 1, 2, . . . , s. Hence h1 divides the irreducible element h′

1

in F[V ]P and thus h1 and h′
1 are associated irreducible elements of F[V ]P .

Write h′
1 = μh1 for some μ ∈ F

∗. Then f/h1 = h2h3 . . . hq = μ−1h′
2h

′
3 · · ·h′

r.
Now by induction, the element f/h1 of F[V ]P has a unique factorization up
to ordering and scalar factors. Thus q = r and, renumbering if necessary, h′

j

is an associate of hj for all j = 2, 3, . . . , q. Therefore, F[V ]P is a unique fac-
torization domain. ��

Example 3.8.2. We take p = 3 and work over F3. Let
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B =
{(

a 0
b d

)

| a, d ∈ F3 \ {0}, b ∈ F3

}

be the set of all invertible 2×2 lower triangular matrices over F3. Let V be
the natural 2 dimensional representation of B.

The p-Sylow subgroup U of B is the set of all the elements of B with 1’s
along the main diagonal. Thus U is isomorphic to C3, the cyclic group of order
3. We work with basis {e1, e2} of V with respect to which the elements of B
are lower triangular and also the dual basis {x, y} of V ∗. Thus e2 and x are
eigenvectors for all the elements of B and fixed points for the elements of U .

We have already seen in Theorem 1.11.2 that F3[V ]U = F3[x,N ] where
N = N(y) = y3 − x2y. Thus F3[V ]U is polynomial and so is clearly a unique
factorization domain, as it must be by the theorem.

In contrast, consider F3[V ]B. Since U is a normal subgroup of B, we have
F3[V ]B = (F3[V ]U )B/U = F3[x,N ]{±1}. The non-trivial element −1 ∈ B/U
acts on F3[V ]U via −1 · x = −x and −1 ·N = −N . Thus F3[V ]B contains the
irreducible elements x2, xN and N2. Indeed, it is not too difficult to show
that these 3 invariants generate F3[V ]B . The two irreconcilable factorizations
(xN) · (xN) = (x2) · (N2) show that F3[V ]B is not a unique factorization
domain.

3.9 When the Fixed Point Subspace Is Large

In this section, we consider the situation where the group fixes point-wise a
subspace of codimension 1 or 2. In both cases, this guarantees that the ring
of invariants is especially well-behaved.

We will need the following lemma of J.P. Serre, his “Normality Criterion”.
Recall that a Noetherian domain R is said to be integrally closed or normal, if
R is integrally closed in its fraction field Quot(R). In other words, R is normal
precisely if the following condition holds: if r, r′ ∈ R and there is a monic
polynomial f(t) =

∑k
i=0 ait

i with coefficients ai ∈ R such that f( r
r′ ) = 0,

then r
r′ ∈ R.

Theorem 3.9.1 (Serre’s Normality Criterion). [80, Theorem 23.8] A
Noetherian domain R is integrally closed if and only if the following two con-
ditions hold:

(R1) If ℘ ∈ Spec(R) satisfies height(℘) ≤ 1, then R℘ is a regular local ring.
(S2) If ℘ ∈ Spec(R) satisfies height(℘) ≥ 2, then depth(R℘) ≥ 2.

Part 1 of the following theorem was first proved by Landweber and Stong
[73] with different techniques.

Theorem 3.9.2. Let G be any subgroup of GL(V ) over any field K. Put n :=
dimK(V ). Then
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1. If dimK(V G) = n − 1, then K[V ]G is a polynomial algebra.
2. If dimK(V G) = n − 2, then K[V ]G is Cohen-Macaulay.

Proof. We will prove both assertions simultaneously using a technique brought
to our attention by Abraham Broer. First, we note that the question of
whether K[V ]G is polynomial or is Cohen-Macaulay is unchanged under an
extension of the underlying field K. For example, this can be seen from Corol-
laries 3.1.6 and 3.1.4. Thus we may assume that K is algebraically closed. For
part 1, we define

(V//G)good := {℘ ∈ Spec K[V ]G | K[V ]G℘ is a regular local ring}.

For part 2, we define

(V//G)good := {℘ ∈ Spec K[V ]G | K[V ]G℘ is a Cohen-Macaulay local ring}.

In both cases, the set (V//G)good is an open subset of V//G. For part 1, this
is shown in [71, VI Cor.1.16] and [80, Chapter 13]. For part 2, this is shown
in [80, Chapter 8, Prop. (22.C)]. We also need the following two results.

Let A be a finitely generated graded K-algebra with maximal homogeneous
ideal m = A+.

1. A is a polynomial ring if and only if Am is a regular local ring.
2. A is Cohen-Macaulay if and only if Am is Cohen-Macaulay.

These statements are 2.2.25 and 2.1.27(c) of [14]. Let m denote the irrele-
vant ideal of K[V ]G, i.e., m = K[V ]G+. By the above two statements, we need
to show that m ∈ (V//G)good.

Let I denote the prime ideal I := I(V G) ∈ Spec(K[V ]G) and note that
height(I) = codim(V G). Now K[V ]G is integrally closed and hence by Theo-
rem 3.9.1, it satisfies the two conditions (R1) and (S2). By (R1), K[V ]GI is a reg-
ular local ring if codimV G = 1. If codim V G = 2, then 2 = Krull dim(K[V ]GI )
and since the depth of any ring is at most its Krull dimension, we see that (S2)
implies that 2 = Krull dim(K[V ]GI ) ≥ depth(K[V ]GI ) ≥ 2 and thus K[V ]GI is
Cohen-Macaulay. Thus in both cases I ∈ (V//G)good. In particular, we see
that (V//G)good is a non-empty open set.

We claim that (V//G)good contains some maximal ideal n which contains I.
To see this we define (V//G)bad := V//G \ (V//G)good. Let J denote the ideal
J := I((V//G)bad). Assume by way of contradiction that every maximal ideal
n containing I lies in (V//G)bad, i.e., that every maximal ideal n containing I
also contains J . Since I is a radical ideal, I is the intersection of the maximal
ideals which contain it (see [80][Theorem 5.5], cf. the discussion in §2.2) and
thus

I =
⋂

n maximal
n⊇I

n ⊇ J.

Thus I ∈ I(J) = (V//G)bad. But this is a contradiction since we know I ∈
(V//G)good. This proves the claim.
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Thus there is a maximal ideal n containing I and with n ∈ (V//G)good. Let
w denote the point of V G corresponding to the ideal n, i.e., {w} = V(n), and
consider the map ψ : V → V defined by ψ(v) = v + w. Dual to this map we
have the algebra homomorphism ψ∗ : K[V ] → K[V ] given by ψ∗(f) = f ◦ ψ.
The map ψ∗ is G-equivariant since for any σ ∈ G and any v ∈ V we have

(σ(ψ∗(f)))(v) = (ψ∗(f))(σ−1(v))

= (f ◦ ψ)(σ−1(v))

= f(σ−1(v) + w)

= f(σ−1(v + w))
= (σ(f))(v + w)
= (σ(f) ◦ ψ)(v)
= (ψ∗(σ(f)))(v),

i.e., σ(ψ∗(f)) = ψ∗(σ(f)). In particular, if f ∈ K[V ]G, then ψ∗(f) ∈ K[V ]G.
Thus restricting ψ∗ gives an algebra automorphism of K[V ]G. Note that
ψ∗(n) = m. Therefore, ψ∗ induces an isomorphism of K[V ]Gn onto K[V ]Gm.
Since n ∈ (V//G)good, this shows that m ∈ (V//G)good. ��





4

Examples

In this chapter we collect a number of interesting examples and basic results
in order to illustrate some of the techniques. As usual, our focus is two-fold:
either determine a generating set of invariants, or determine the structure of
the ring of invariants, or both. We begin with a useful lemma.

Lemma 4.0.1. Suppose G is a p-group and F has characteristic p and let V
be any positive dimensional representation of G. Then V G �= {0}.

Proof. By Lemma 1.10.3, there exists a composition series

{e} = G0 � G1 � G2 � . . . � Gm = G

with Gi/Gi−1
∼= Cp for all i = 1, 2, . . . ,m.

We proceed by induction on the length of this composition series. The
result is trivially true when m = 0 and G = {e}.

Suppose by induction that W� := V G� �= {0} and consider the action of
G�+1/G� on W�. Let σ be a generator of the group G�+1/G�

∼= Cp. Consider
the Jordan Normal Form for the action of σ on W�. Choose a Jordan block
with associated eigenvalue λ. Since σ has order p, we have λp = 1. But then
(λ−1)p = 0 and therefore, λ = 1. Therefore, the eigenvector associated to the
block is in fact fixed by σ. Since G�+1/G� is cyclic, this eigenvector is fixed by
all of G�+1/G�. Hence V G�+1 = (V G�)(G�+1/G�) = W

(G�+1/G�)
� �= {0}, finishing

the proof. ��

Fixing a basis for V , we will denote by U(V ) the subgroup of GL(V )
consisting of lower triangular matrices with ones along the diagonal. We will
also use the notation Un(F) to denote this subgroup when V has dimension
n.

Proposition 4.0.2. Let G be a p-group. Suppose V is an n dimensional repre-
sentation of G defined over any field F of characteristic p. Then G is conjugate
to a subgroup of U(V ).

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 4, © Springer-Verlag Berlin Heidelberg 2011
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Proof. We will construct an ordered basis of V with respect to which every
element of G is lower triangular. The proof proceeds by induction on the
dimension n of V . If V has dimension 1, there is nothing to prove.

In general, by the previous lemma, we note that W = V G has dimension
at least 1. We consider the action of G on V/W . By induction, there is a
basis for V/W with respect to which every element of G is lower triangular.
Appending a basis for W to the chosen basis for V/W gives a lower triangular
basis for V . ��

The following result, see Wilkerson [113], provides a very useful homoge-
neous system of parameters when working with a p-group.

Proposition 4.0.3. Suppose that the action of G on V is lower triangular
with respect to the basis {e1, e2, . . . , en} of V . Let {x1, x2, . . . , xn} be the dual
basis of V ∗. Then NG

Gx1
(x1),NG

Gx2
(x2), . . . ,NG

Gxn
(xn) is a homogeneous sys-

tem of parameters for F[V ]G.

Proof. The action of G on V ∗ is upper triangular. Thus for each i = 1, 2, . . . , n
and each σ ∈ G, we may write σ(xi) = ασ,ixi + qσ,i where ασ,i ∈ F

× and
qσ,i ∈ F[x1, x2, . . . , xi−1]. Therefore NG

Gxi
(xi) =

∏
σ∈G/Gxi

σ(xi) = αix
di
i + qi

for some αi ∈ F
× and degxi

(qi) < di where di = [G : Gxi
]. Now we will

use Lemma 2.6.3. To see that it applies, we must show that the only point
where all n of the norms vanish is the point 0 ∈ V . To see this, consider v =
(v1, v2, . . . , vn) ∈ V(I) where I = (NG

Gx1
(x1),NG

Gx2
(x2), . . . ,NG

Gxn
(xn))F[V ].

Since q1 must be 0 we have NG
Gx1

(x1) = α1x
d1
1 and thus v1 = 0. Thus q2(v) =

0 and thus NG
Gx2

(x2)(v) = 0 forces v2 = 0. But then q3(v) = 0 and so

NG(x3)(v) = 0 implies v3 = 0. Continuing in this manner we see that v =
(0, 0, . . . , 0). Thus by Lemma 2.6.3, we see that

NG
Gx1

(x1),NG
Gx2

(x2), . . . ,NG
Gxn

(xn)

is homogeneous system of parameters for F[V ]G. ��

We are able to prove a more general result in Lemma 6.2.1 using term
orders.

The following example shows that F[3 V2]Cp is not Cohen-Macaulay.

Example 4.0.4. Consider the representation V = 3 V2 of Cp over a field F of
characteristic p. Fix a generator σ of Cp and choose an upper triangular ba-
sis {x1, y1, x2, y2, x3, y3} for (3V2)∗ with σ(yi) = yi + xi and σ(xi) = xi for
i = 1, 2, 3. By Proposition 4.0.3, x1, x2, x3,N(y1),N(y2),N(y3) is a homoge-
neous system of parameters for F[3 V2]Cp . However, x1, x2, x3 is not a regular
sequence in F[3 V2]Cp . To see this, we use the elements uij = xiyj − xjyi for
1 ≤ i < j ≤ 3. These 3 elements are easily verified to be invariants. Further-
more, the relation x1u23 − x2u13 + x3u12 = 0, which is easily verified, shows
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that x3 · u12 = 0 in F[V ]Cp/(x1, x2). Using deg(u12) = 2, it is easy to see that
u12 /∈ F[V ]Cp(x1, x2). Thus x3 is a zero divisor in F[V ]Cp/(x1, x2). This shows
that x1, x2, x3 is a partial homogeneous system of parameters which is not a
regular sequence in F[V ]Cp and hence that F[V ]Cp is not Cohen-Macaulay. A
similar argument in a different setting is given in Example 9.1.6.

4.1 The Cyclic Group of Order 2, the Regular
Representation

Suppose G = C2 and V is a 2 dimensional K vector space. Let σ be a generator
of G and let the action of G on V be given by

σ = σ−1 =
(

0 1
1 0

)

,

with respect to a basis {e1, e2}. Let {x, y} denote the dual basis of V ∗. Thus
σ(xiyj) = xjyi. In particular, (xy)i is invariant. If i �= j then xiyj + xjyi is
invariant. We claim that K[V ]G = K[x + y, xy]. Note that this representation
is the special case n = 2 of the standard n dimensional representation of
Σn. It is clear that K[V ]G ⊇ K[x + y, xy]. Assume, by way of contradiction,
that K[x + y, xy] is a proper subset of K[V ]G. Let d be minimal such that
K[x + y, xy]d � K[V ]Gd .

Every element f ∈ K[V ]Gd \K[x + y, xy]d is of the form f =
∑d

i=t cix
iyd−i

where ct, ct+1, . . . , cd ∈ K and ct �= 0. Among all such f , fix one with t
maximal. Define f ′ := f − ct(xy)t(x + y)d−2t. Then f ′ is invariant and f ′ =
∑d

i=t+1 c′ix
iyd−i for some scalars c′i. By the maximality of t, we must have

f ′ ∈ K[x + y, xy]d. But then f = ct(xy)t(x + y)d−2t + f ′ ∈ K[x + y, xy]. This
contradiction shows that K[V ]G = K[x + y, xy].

Of course, since C2 = Σ2, the symmetric group on 2 letters, we recognize
these two invariants as the elementary symmetric functions in x and y. This
is the best possible situation in invariant theory, in which the ring of invariant
polynomials is again polynomial algebra. We see from this calculation, or from
Molien’s Theorem, that

H(F[V ]G, λ) =
1

(1 − λ)(1 − λ2)
.

It is also worth noting that this calculation is independent of the field.
Note that we could have calculated the Hilbert series in advance, and its

form suggests that the ring of invariants is a polynomial ring on two invari-
ants, one of degree 1 and the other of degree 2. The reader should be warned,
however, that there are rings R for which the form of the Hilbert series resem-
bles that of a polynomial ring even though R is no such thing, see Stanley’s
paper [104, page 481].
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4.2 A Diagonal Representation of C2

Suppose K is a field of characteristic different from 2. Then K contains a
square root of 1, different from 1, namely -1. Suppose the generator, σ, of the
cyclic group C2 acts on V ∗ via

σ = σ−1 =
(
−1 0
0 −1

)

with respect to the basis {x, y}. Then we note that σ(xi) = (−1)ixi so that
xi is invariant if and only if i = 2j. Similarly, yi is invariant if and only if
i = 2j. Observe that x2j = (x2)j and that σ(xiyi) = xiyi is invariant. It isn’t
hard to prove from here that K[V ]G = K[x2, y2, xy].

There are a variety of ways to consider this example; we demonstrate two
particular viewpoints. First we have the isomorphism

K[V ]G ∼= K[a, b, c]/(c2 − ab)

where deg(a) = deg(b) = deg(c) = 2. In another approach, we observe that
{x2, y2} forms a homogeneous system of parameters for K[V ]G, and that
K[V ]G is a free module over K[x2, y2] on the basis {1, xy}. In particular,
we see that K[V ]G is a Cohen-Macaulay ring, for example by applying Corol-
lary 3.1.4.

The Hilbert series of this ring of invariants is

H(K[V ]G, λ) =
1 − t4

(1 − t2)2
.

4.3 Fraction Fields of Invariants of p-Groups

We recall here material from the paper of Campbell and Chuai [16]. Consider
a representation V of a p-group G over a field F of characteristic p > 0. By
Proposition 4.0.2, we can choose a basis {x1, x2, . . . , xn} for V ∗ such that (σ−
1)xi is in the span of {x1, x2, . . . , xi−1} for all σ ∈ G and for all i = 1, 2, . . . , n.
In particular, we note that x1 is invariant. We define R[m] := F[x1, x2, . . . , xm]
for 0 ≤ m ≤ n subject to the convention that R[0] = F. Then G acts on R[m].
For any non-zero f ∈ R[m], we may express f as a polynomial in xm and
write

f = f0 + f1xm + · · · + fdx
d
m

with fi ∈ R[m − 1] for all i = 0, 1, . . . , d and where fd �= 0. The leading
coefficient fd ∈ R[m − 1] of f plays a prominent role in our analysis and we
therefore denote it by c(f). Writing σ(xm) = xm +αm−1xm−1 + · · ·+α1x1, we
have σ(f) =

∑d
i=0 σ(fi)(xm +αm−1xm−1 + · · ·+α1x1)i. Therefore, σ(c(f)) =

c(σf) for all σ ∈ G. In particular, if f is an invariant, so is c(f).



4.3 Fraction Fields of Invariants of p-Groups 63

For each m with 1 ≤ m ≤ n, let φm ∈ R[m]G denote a fixed ho-
mogeneous invariant with the smallest positive degree in xm among all in-
variants in R[m]G. The existence of φm follows from the fact that the set
R[m]G\R[m − 1] is non-empty since N(xm) :=

∏
σ∈G σ(xm) = x

|G|
m +

{terms of lower degree in xm} lies in it. We take φ1 = x1. The invariants
cm = c(φm) ∈ R[m − 1] will play a special role.

Finally, note that we can make no claim as to the total degree of φm, in
particular, we cannot claim that the total degree of φm is less than or equal
to |G| for all m. If that were true, we would be able to prove that F(V )G

is generated in degrees less than |G|, that is, that the Noether bound holds
for the invariant fields of p-groups in characteristic p. We note, however, that
Fleischmann, Kemper and Woodcock have proved that the Noether bound
does holds for invariant fields for arbitrary representations of any finite group
in any characteristic, see [40].

We first prove two lemmas.

Lemma 4.3.1. For any f ∈ R[m]G, there exists an integer k ≥ 0 such that
ck
mf ∈ R[m − 1]G[φm].

Proof. We use induction on degxm
(f). When degxm

(f) = 0, there is nothing
to prove. So we may assume degxm

(f) = d > 0.
In the ring R[m]cm

, the element φm/cm is monic as a polynomial in xm.
Hence we may divide f by φm/cm in order to obtain f = q′(φm/cm) + r′

where q′, r′ ∈ R[m]cm with degxm
(r′) < degxm

(φm). Thus

f = σ(f) = σ(q′)(φm/cm) + σ(r′)

for all σ ∈ G. Since

degxm
(σ(r′)) = degxm

(r′) < degxm
(φm),

we see by the uniqueness of remainders that r′ = σ(r′) and hence q′ = σ(q′) for
all σ ∈ G. Therefore q′, r′ ∈ R[m]Gcm

. Multiplying by a suitable power of cm, we
see that there exist an integer s ≥ 0 and polynomials q = cs+1

m q′, r = cs
mr′ ∈

R[m]G such that cs
mf = qφm + r where degxm

(r) = degxm
(r′) < degxm

(φm).
Therefore, r ∈ R[m − 1]G because φm has the least positive degree in xm

inside R[m]G. Since degxm
(q) = degxm

(f) − degxm
(φm), we see by induction

that ct
mq ∈ R[m − 1]G[φm] for some t ≥ 0. Therefore, for k = s + t we have

ck
mf ∈ R[m − 1]G[φm], as required. ��

We note that it follows immediately from Lemma 4.3.1 that if cm = 1 for
all m = 1, 2, . . . , n, then any f ∈ R[m]G lies in F[φ1, . . . , φm] as easily seen by
induction on m. We record this observation as

Corollary 4.3.2. If cm = 1 for all m = 1, 2, . . . , n, then

F[V ]G = F[φ1, . . . , φn]

is a polynomial ring.
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Lemma 4.3.3. For any finite number of invariants h1, . . . , ht ∈ R[m]G, there
exists a monomial c = ck1

1 · · · ckm
m in c1, . . . , cm, such that chi ∈ F[φ1, . . . , φm]

for all i = 1, 2, . . . , t.

Proof. We use induction on m. First let m = 1. Since φ1 = x1 and c1 = 1,
the lemma follows from Corollary 4.3.2. Now assume m > 1. By Lemma
4.3.1, there exists an integer s ≥ 0 such that cs

mhi ∈ R[m − 1]G[φm] for all
i = 1, 2, . . . , t. For i = 1, 2, . . . , t, write cs

mhi =
∑

j=1i
d
aijφ

j
m, where aij ∈

R[m − 1]G for all i and j. Now, since the finite set {aij | 1 ≤ i ≤ t, 1 ≤
j ≤ id} is contained in R[m − 1]G, we conclude by induction that there exist
k1, . . . , km−1 ≥ 0 such that ck1

1 · · · ckm−1
m−1 aji ∈ F[φ1, . . . , φm−1] for all i and

j. Hence we have, for c = ck1
1 · · · ckm−1

m−1 cs
m, that chi ∈ F[φ1, . . . , φm] for all

i = 1, 2, . . . , t, as required. ��

The following theorem shows that for a p-group, the invariant field is
purely transcendental, a result originally due to Miyata [81]. This formulation,
however, is constructive.

Theorem 4.3.4. Let G ⊆ U(V ) ⊂ GL(V ) be a p-group. Choose any set of
homogeneous invariants φ1, . . . , φn with the property that φm ∈ R[m]G is of
smallest positive degree in xm for 1 ≤ m ≤ n. Then F(V )G = F(φ1, . . . , φn).
Furthermore, there exists a non-zero f ∈ F[φ1, . . . , φn] such that F[V ]Gf =
F[φ1, . . . , φn]f .

Proof. We use the notation from above. For the first part of the theorem,
we need only to show that any h ∈ F[V ]G lies in F(φ1, . . . , φn). Assume
h ∈ R[m]G\R[m − 1]. By Lemma 4.3.1, there exists an integer s ≥ 0 such
that cs

mh ∈ R[m − 1]G[φm]. We write cs
mh =

∑d
k=1 akφk

m, where ak ∈ R[m −
1]G for k = 1, 2, . . . , d. By Lemma 4.3.3, there exists some monomial cK =
ck1
1 · · · ckm−1

m−1 with cK · cs
m ∈ F[φ1, . . . , φm−1] and cK · ak ∈ F[φ1, . . . , φm−1] for

all k = 1, 2, . . . , d. Thus h ∈ F(φ1, . . . , φm) ⊆ F(φ1, . . . , φn).
For the proof of the second part, let F[V ]G = F[g1, . . . , g�]. Then we

can write gi = hi/f where hi ∈ F[φ1, . . . , φn] for i = 1, 2, . . . , � and
f ∈ F[φ1, . . . , φn] is non-zero. Then

F[V ]G = F[h1/f, h2/f, . . . , h�/f ] ⊆ F[φ1, . . . , φn]f ,

as required. ��

4.4 The Alternating Group

We study An, the subgroup of Σn consisting of all even permutations acting
via its usual n dimensional representation V . An alternating function is a
polynomial f with σ(f) = −f for all odd permutations σ. It is well known
that a function invariant under An may be uniquely written as the sum of
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a symmetric function together with a symmetric function times the discrimi-
nant.

Here the discriminant may be described as

Δn =
∏

1≤i<j≤n

(xj − xi),

if p = 0 or if p > 2. When p = 2, we use the orbit sum

Δn := OAn
(xn−1

1 xn−2
2 · · ·xn−1).

We have the following Hironaka decomposition

K[V ]An = K[V ]Σn ⊕ K[V ]ΣnΔn.

Hence, K[V ]An is generated by n + 1 elements as an algebra, and so K[V ]An

is a hypersurface. It is easy to see that Δ2
n is invariant under Σn when p = 0

or p > 2.
To see this result in these latter cases, suppose p = 0 or p > 2, and let σ be

any odd permutation so that Σn is generated by An together with σ. Suppose
that f ∈ K[V ]An and define f+ := 1

2 (f + σ(f)) and f− := 1
2(f − σ(f)). We

note that for τ ∈ An, we have τ(f±) = 1
2
(τ(f) ± τσ(f)) = 1

2
(f ± στ ′(f)) =

1
2 (f ± σ(f)) = f± for some τ ′ ∈ An because An is normal in Σn. Thus
both f+ and f− are invariant under An. Clearly f+ is fixed by σ and hence
is a symmetric function, while σ(f−) = −f−. To finish the proof, we need
to show that f− = f ′Δn for some symmetric function f ′. We observe that
f−(x1, x2, . . . , xn) = −f(x2, x1, . . . , xn) since the transposition interchanging
x1 and x2 is odd. Therefore, f− vanishes on the hyperplane determined by
x2−x1 = 0 and therefore, (x2−x1) divides f−. Similarly, xj−xi divides f− for
all 1 ≤ i < j ≤ n. Consequently, f− = f ′Δn for some polynomial f ′. Finally,
for an odd permutation σ, we have σ(f−) = σ(f ′)σ(Δn) = σ(f ′)(−Δn) and
we conclude σ(f ′) = f ′ so that f ′ is, in fact, symmetric.

If F = K has characteristic 2, then
∏

1≤i<j≤n(xj−xi) =
∏

1≤i<j≤n(xj+xi)
is a symmetric function. However, as we noted above, we may define

Δn := OAn
(xn−1

1 xn−2
2 · · ·xn−1)

which is not symmetric but is invariant under An. Lemma 4.5.3 states that
with this definition for Δn, the usual Hironaka decomposition of F[V ]An as a
module over F[V ]Σn is still valid in characteristic 2.

4.5 Invariants of Permutation Groups

We say that V is a permutation representation of G if there exists a basis
of V which is permuted by the action of G. We call this basis a permu-
tation basis of V . In other words, V is a permutation representation of G
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if G ⊂ Σn ⊂ GL(V ). A key observation is that when we work in the ba-
sis of V ∗ dual to the permutation basis, the elements of G permute the set
of all monomials. Therefore, given a monomial xI , we form the orbit sum
OG(xI) =

∑
σ∈G/H σ(xI) where H = GxI is the isotropy group of xI . It is

easy to see that OG(xI) is a G-invariant polynomial.

Lemma 4.5.1. The orbit sums OG(xI) of degree d form a basis for K[V ]Gd .

Proof. Any f ∈ K[V ]d may be written as sum of monomials

f =
∑

deg(I)=d

aix
I .

But for any σ ∈ G we have σ(f) =
∑

deg(I)=d aIσ(xJ ). It follows that if f is
G-invariant and xJ ∈ GxI then aJ = aI . The result is immediate. ��

Corollary 4.5.2. Suppose that V is a permutation representation of G. The
Hilbert series of K[V ]G depends only on G ⊂ Σn and not on the field K. ��

Lemma 4.5.3. The Hironaka decomposition

F[V ]An = F[V ]Σn ⊕ F[V ]ΣnΔn

is valid over a field F of characteristic 2 with Δn = OAn
(xn−1

1 xn−2
2 · · ·xn−1).

��

4.6 Göbel’s Theorem

In this section we give a theorem of M. Göbel [44] which provides a good gen-
erating set of orbit sums for the invariants of any permutation representation.

In order to prove Göbel’s Theorem we introduce the concept of a gap.
Consider a permutation representation V for a group G. Let {x1, x2, . . . , xn}
be a permutation basis for V ∗. Consider a monomial m = xa1

1 xa2
2 · · ·xan

n = xA.
We let set(A) denote the set of exponents set(A) := {a1, a2, . . . , an}. We
define the height of xA, denoted ht(A) and ht(xA), to be the largest exponent,
ht(A) := max{ai | 1 ≤ i ≤ n}. We also define deg(A) := deg(xA). We say the
monomial xA has a gap or a gap at r if there exists a non-negative integer r
such that {r+1, r+2, . . . ,ht(A)} ⊆ set(A) but r /∈ set(A). Note that xA does
not have a gap means that set(A) = {0, 1, 2, . . . ,ht(A)}.

Theorem 4.6.1 (M. Göbel). Let V be a permutation representation of G.
Then

{OG(xA) | xA does not have a gap} ∪ {x1x2 · · ·xn}

is a generating set for K[V ]G.
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Proof. Given an exponent sequence A = (a1, a2, . . . , an) we write Λs(A) :=
{j | aj = s} and λs(A) := |Λs(A)|. We define a partial order on exponent
sequences (and the corresponding monomials) as follows. If deg(A) > deg(B)
then we declare that A > B. When deg(A) = deg(B), we declare that A > B
if there exists an integer t with λt(A) > λt(B) and λs(A) = λs(B) for all
s > t. Note that if A and B are two sequences with A �> B and B �> A, then
A and B must lie in the same Σn-orbit.

If 0 /∈ set(A) then xA and OG(xA) are both divisible by the invariant
sn = x1x2 · · ·xn. In particular, if 0 /∈ set(A) and A �= (1, 1, . . . , 1), then
OG(xA) is decomposable and so not required in any generating set. Thus we
can and will assume from now on that 0 ∈ set(A).

Suppose m = xA has gap at r. From m we define a new monomial m as
follows:

m = xb1
1 xb2

2 · · ·xbn
n where bi =

{
ai, if ai < r;
ai − 1 if ai > r.

Consider the product of orbit sums OG(m)OΣn
(m/m). Note that OΣn

(m/m)
is the dth elementary symmetric function, sd, where d = deg(m/m). Then we
can write

OG(m)OΣn(m/m) =
∑

α∈X

cαOG(mα)

where X is some index set, each mα is a monomial, each cα is a positive
integer and where if α, β ∈ X are distinct, then OG(mα) �= OG(mβ). Note
that we can and will assume that each mα is of the form mα = m · ρ(m/m)
for some ρ ∈ Σn. To see this, note that mα = σ(m) · τ(m/m) for some
σ ∈ G and τ ∈ Σn. Since OG(mα) = OG(σ−1(mα)), we may replace mα by
σ−1(mα) = m · σ−1τ(m/m). In particular, we will assume that each mα is
divisible by m.

Consider one of the orbit sums OG(mα) where α ∈ X. We claim that
mα ≤ m in the partial order defined above. To see this, write m = xA and
m = xB and mα = xC . Put t = ht(A). It is clear that ht(B) = t− 1 and that

Λs(B) = Λs+1(A)

for s = r, r + 1, . . . , t − 1. Also,

mα = m · τ(m/m) = (xb1
1 xb2

2 · · ·xbn
n ) · (xi1xi2 · · ·xid

)

for some τ ∈ Σn and some 1 ≤ i1 < i2 · · · < id ≤ n. Taking Δ = {i1, i2, . . . , id}
we have

Λs(C) = (Λs(B) \ Δ) � (Λs−1(B) ∩ Δ)
= (Λs+1(A) \ Δ) � (Λs(A) ∩ Δ) ,

for each s = r, r + 1, . . . , t.
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Suppose that C ≥ A. Then λt(C) ≥ λt(A). Since Λt(C) = Λt(A) ∩ Δ,
from the equation above, we must have Λt(C) = Λt(A) which implies that
Λt(A) ⊆ Δ and λt(A) = λt(C). Hence λt−1(C) ≥ λt−1(A) because C ≥ A.
But Λt−1(C) = (Λt(A) \ Δ) � (Λt−1(A) ∩ Δ) = Λt−1(A) ∩ Δ. Therefore,
Λt−1(C) = Λt−1(A), Λt−1(C) ⊂ Δ and λt−1(C) = λt−1(A).

Continuing in this manner we find that Λs(C) = Λs(A) and Λs(A) ⊂ Δ
for all s = r+1, r+2, . . . , t. But |Δ| = d = deg(m/m) =

∑t
s=r+1 λs(A) which

implies that Δ = �t
s=r+1Λs(A). Therefore,

τ(m/m) =
∏

i∈Λs
r+1≤s≤t

xi.

Thus our assumption that C ≥ A implies that C = A and that cα = 1.
Therefore

OG(m) = OG(m) · OΣn
(m/m) −

∑

α∈Y

cαOG(mα)

where |Y | = |X| − 1 and mα < m for all α ∈ Y . The fact that m has a gap
implies that deg(m) < deg(m). Furthermore, deg(m) �= 0 since m �= sn since
we have assumed that 0 ∈ set(A). Thus 1 ≤ deg(m) < deg(m).

In summary, the assumption that m has a gap and m �= sn implies that
OG(m) may be expressed as a polynomial in orbit sums of monomials which
are smaller than m in our partial order.

Using induction with respect to the partial order this shows that if m
has a gap and m �= sn, then we do not require OG(m) as part of a minimal
generating set of orbit sums for K[V ]G. Thus a generating set is formed by
taking sn together with the orbit sums of all monomials without a gap. ��

Remark 4.6.2. Note that, in fact, the above proof proves the stronger state-
ment that K[V ]G is generated as a module over K[V ]Σn by the set {OG(xI) |
I has no gaps}.

Definition 4.6.3. An orbit sum OG(xA) is called special if either A has no
gaps or A = (1, 1, . . . , 1). Thus Göbel’s Theorem asserts that the ring of in-
variants of a permutation representation is always generated by its special
orbit sums.

Remark 4.6.4. If the permutation action of G on V acts transitively on the
permutation basis of V , then the monomial sn is an indecomposable orbit
sum. Conversely, if the permutation basis of V consists of r orbits with r ≥ 2,
then sn is the product of r lower degree invariant monomials, each without a
gap. Thus if G does not act transitively on the permutation basis of V , then
the ring of invariants is generated by the orbit sums of the monomials without
gaps.

Corollary 4.6.5. Let V be a permutation representation of G with dim(V ) ≥
3. Then
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β(V,G) ≤
(

dim V

2

)

.

Proof. The largest degree monomials without a gap are those monomials m
with set(m) = {0, 1, 2, . . . , n − 1}. Such monomials have degree

(
n
2

)
. Since

n ≥ 3 we have
(
n
2

)
≥ n = deg(sn). ��

4.7 The Ring of Invariants of the Regular
Representation of the Klein Group

In this section and the next we examine in detail two examples in order to
illustrate the use of Göbel’s Theorem and Hilbert series.

The first example is a continuation of the example we considered in §3.7.1.
We are considering the regular representation of the Klein group G := C2×C2

over a field K of any characteristic. We choose a basis {x1, x2, x3, x4} for V ∗

with G-action given by

x1
σ1↔ x2 x1

σ2↔ x4

x3
σ1↔ x4 x2

σ2↔ x3.

We begin by analyzing the structure of K[V ]G as a module over the ring
K[V ]Σ4 since the elementary symmetric functions s1, s2, s3, s4 form a homo-
geneous system of parameters for K[V ]G.

By the proof of Göbel’s Theorem (see Remark 4.6.2), we know that the
ring of invariants is generated as a module over K[s1, s2, s3, s4] by the orbit
sums without gaps. In addition to the elementary symmetric functions, the
special orbit sums are associated to the decreasing exponent sequences

(3, 2, 1, 0), (2, 2, 1, 0), (2, 1, 1, 0), (2, 1, 0, 0),

For each such exponent sequence, as well as for the elementary symmetric
functions, we need to write the Σ4 orbit sum as G orbit sums.

In §3.7.1, we showed that

H(K[V ]G, λ) =
1 + 2λ2 + 2λ4 + λ6

(1 − λ)(1 − λ2)(1 − λ3)(1 − λ4)

The form of this Hilbert series means that if K[V ]G is Cohen-Macaulay, it
must be generated as a module over K[s1, s2, s3, s4] by 6 invariants of degrees
0, 2, 2, 4, 4 and 6. We note that these invariants may be chosen to be orbit
sums by Lemma 4.5.1. Of course, if K[V ]G is not Cohen-Macaulay, then more
generators will be needed, see Corollary 3.1.4.

Writing out the Σ4 special orbit sums as G-orbit sums we get:
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OΣ4(x1) = s1 = OG(x1)

OΣ4(x1x2) = s2 = OG(x1x2) + OG(x1x3) + OG(x1x4)

OΣ4(x1x2x3) = s3 = OG(x1x2x3)

OΣ4(x1x2x3x4) = s4 = OG(x1x2x3x4)

OΣ4(x
2
1x2) = s1s2 − 3s3 = OG(x2

1x2) + OG(x2
1x3) + OG(x2

1x4)

OΣ4(x
2
1x2x3) = s1s3 − 4s4 = OG(x2

1x2x3) + OG(x2
1x2x4) + OG(x2

1x3x4)

OΣ4(x
2
1x

2
2x3) = s2s3 − 3s1s4 = OG(x2

1x
2
2x3) + OG(x2

1x2x
2
3) + OG(x2

1x2x
2
4)

OΣ4(x
3
1x

2
2x3) = s1s2s3 − 3s2

1s4 − 3s2
3 + 4s2s4

= OG(x3
1x

2
2x3) + OG(x3

1x2x
2
3) + OG(x3

1x2x
2
4) + OG(x3

1x
2
3x4)

+ OG(x3
1x

2
2x4)

By Göbel’s Theorem, the 20 G-orbit sums which occur on the right hand
side of the above equations, together with 1, generate K[V ]G as a module
over K[s1, s2, s3, s4]. We will now show that the 6 orbit sums 1, OG(x1x3),
OG(x1x4), OG(x2

1x2x4), OG(x2
1x3x4), OG(x3

1x
2
2x3) suffice to generate K[V ]G

as a module over K[s1, s2, s3, s4].
Clearly, OG(x1) = s1, OG(x1x2x3) = s3 and OG(x1x2x3x4) = s4 are not

required as module generators.
The following identities, although tedious, are all easily verified. They show

how the remaining 12 candidate orbit sums lie in the K[s1, s2, s3, s4]-module
generated by the 6 orbit sums listed above.

OG(x1x2) = s2 −OG(x1x3) −OG(x1x4)

OG(x2
1x2) = −s3 + s1(s2 −OG(x1x3) −OG(x1x4))

OG(x2
1x3) = −s3 + s1OG(x1x3)

OG(x2
1x4) = −s3 + s1OG(x1x4)

OG(x2
1x2x3) = (s1s3 − 4s4) −OG(x2

1x2x4) −OG(x2
1x3x4)

OG(x2
1x

2
2x3) = −(s1s4 − s2s3) + s3OG(x1x4) + s3OG(x1x3)

OG(x2
1x2x

2
3) = −(s1s4) + s3OG(x1x3)

OG(x2
1x2x

2
4) = −(s1s4) + s3OG(x1x4)

OG(x3
1x

2
2x4) = −(s2

1s4 − s1s2s3 + s2
3) − (s1s3 − 2s4)OG(x1x3)

− (s1s3 − 2s4)OG(x1x4) −OG(x3
1x

2
2x3)

OG(x3
1x3x

2
4) = −(s2

1s4 − s1s2s3 + s2
3) − s1s3OG(x1x3) − s2OG(x2

1x2x4)

−OG(x3
1x

2
2x3)

OG(x3
1x2x

2
3) = −(s2

1s4 − s1s2s3 + 2s2s4 + s2
3) − 2s4OG(x1x4)

− s2OG(x2
1x2x4) − s2OG(x2

1x3x4) −OG(x3
1x

2
2x3)
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OG(x3
1x

2
3x4) = −(s1s2s3 − 4s2s4) + (s1s3 − 2s4)OG(x1x3) − 2s4OG(x1x4)

+ s2OG(x2
1x2x4) + s2OG(x2

1x3x4) + OG(x3
1x

2
2x3)

OG(x3
1x2x

2
4) = −(s1s2s3 − 2s2s4) − s1s3OG(x1x3) + (s1s3 − 2s4)OG(x1x4)

+ s2OG(x2
1x2x4) + OG(x3

1x
2
2x3)

This shows that K[V ]G is the K[s1, s2, s3, s4]-module generated by 1,
OG(x1x3), OG(x1x4), OG(x2

1x2x4), OG(x2
1x3x4), OG(x3

1x
2
2x3). Furthermore,

applying Proposition 3.1.4, we see that K[V ]G is in fact the free K[s1, s2, s3, s4]-
module generated by these 6 orbit sums and thus that K[V ]G is Cohen-
Macaulay.

Next, we turn to the question of a minimal algebra generating set for
this example. The above shows that K[V ]G is generated by the 4 primary
invariants s1, s2, s3, s4 and the 6 secondary invariants listed above. Of course,
1 is not required in an algebra generating set. Also, since OG(x2

1x2x4) =
OG(x1x2)OG(x1x4) and OG(x2

1x3x4) = OG(x1x3)OG(x1x4), we see that
OG(x2

1x2x4) and OG(x2
1x3x4) are decomposable invariants and so not part

of a minimal algebra generating set. Similarly, the identity

OG(x3
1x

2
2x3) = s3s2s1 − 4s4s2 + OG(x1x4)OG(x1x3)2 + s2OG(x1x4)2

− s2
2OG(x1x4) − s3s1OG(x1x3) + 2s4OG(x1x3)

shows that OG(x3
1x

2
2x3) is decomposable. Therefore, K[V ]G is generated by

s1, s2,OG(x1x3),OG(x1x4), s3, s4.
Continuing we may write

4s4 = s1s3−OG(x1x2)OG(x3x4)−OG(x1x3)OG(x2x4)−OG(x1x4)OG(x2x3).

First suppose that the characteristic of K is different from 2. Then 1/4 ∈ K

and so we may use the above identity to write s4 as a polynomial in the other
5 invariants. Therefore, K[V ]G is generated by s1, s2,OG(x1x3),OG(x1x4), s3.

This is the best we can do. If we could get by with only 4 generators, then
K[V ]G would be a polynomial ring. The form of the Hilbert series shows this is
not the case. More directly, recall that the Hilbert series begins H(K[V ]G, λ) =
1 + λ + 4λ2 + 5λ3 + 11λ4 + . . . . Of course, we need the linear generator s1.
We also need three quadratic generators in addition to s2

1 to span the degree
2 invariants. These 4 invariants will generate only a 4 dimensional subspace
of K[V ]3 and thus a fourth generator of degree 3 is required.

Now suppose that K has characteristic 2. In this case, 6 algebra generators
are required. To see this, consider the point v = (1, 1, 1, 1). The first five
generators s1, s2,OG(x1x3),OG(x1x4), s3 all vanish at v. However s4(v) = 1.
Hence s4 cannot be expressed in terms of the other 5 generators. Using degree
arguments it is easy to see that none of the 5 remaining generators can be
expressed in the other 4.
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4.8 The Ring of Invariants of the Regular
Representation of C4

We consider the regular representation of the cyclic group G := C4 of order
4 over a field K. We choose a permutation basis for V and we denote the
corresponding permutation basis for V ∗ by {x1, x2, x3, x4}. So a generator
σ ∈ G maps x1 to x2, x2 to x3, x3 to x4, and x4 to x1.

As we saw in §3.7.2, the Hilbert series of the ring of invariants K[V ]G in
any characteristic is given by

H(K[V ]G, λ) =
1
4

(
1

(1 − λ)4
+

1
(1 − λ2)2

+
2

(1 − λ4)

)

= 1 + λ + 3λ2 + 5λ3 + 10λ4 + 14λ5 + 22λ6 + . . .

=
1 + λ2 + λ3 + 2λ4 + λ5

(1 − λ)(1 − λ2)(1 − λ3)(1 − λ4)

By Göbel’s theorem, we know that K[V ]G is generated by elements of degrees
at most 6. As in the case of the regular representation of the Klein group, we
analyze the ring of invariants as a module over

K[x1, x2, x3, x4]Σ4 = K[s1, s2, s3, s4],

where s� denotes the elementary symmetric functions. Thus if K[V ]G is Cohen-
Macaulay, the generators for K[V ]G as a K[V ]Σ4 -module will have degrees 0,
2, 3, 4, 4, and 5.

By the proof of Göbel’s Theorem (see Remark 4.6.2), we know that the
ring of invariants is generated as a module over K[s1, s2, s3, s4] by the orbit
sums without gaps. In addition to the elementary symmetric functions, the
special orbit sums — just as in the case of the regular representation of the
Klein group — are associated to the decreasing exponent sequences.

(3, 2, 1, 0), (2, 2, 1, 0), (2, 1, 1, 0), (2, 1, 0, 0).

Proceeding just as before to write the Σ4 orbit sums of these and the ele-
mentary symmetric functions as G orbit sums, we find that there are 19 orbit
sums from which to determine module generators:

OΣ4(x1) = s1 = OG(x1)
OΣ4(x1x2) = s2 = OG(x1x2) + OG(x1x3)

OΣ4(x1x2x3) = s3 = OG(x1x2x3)
OΣ4(x1x2x3x4) = s4 = OG(x1x2x3x4)

OΣ4(x
2
1x2) = OG(x2

1x2) + OG(x2
1x3)

OΣ4(x
2
1x2x3) = OG(x2

1x2x3) + OG(x2
1x2x4) + OG(x2

1x3x4)

OΣ4(x
2
1x

2
2x3) = OG(x2

1x
2
2x3) + OG(x2

1x2x
2
3) + OG(x2

1x
2
2x4)
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OΣ4(x
3
1x

2
2x3) = OG(x3

1x
2
2x3) + OG(x3

1x
2
2x4) + OG(x3

1x2x
2
3) + OG(x3

1x
2
3x4)

+ OG(x3
1x2x

2
4) + OG(x3

1x3x
2
4)

In the Cohen-Macaulay case, we will see that

1,OG(x1x2),OG(x2
1x2),OG(x2

1x2x3),OG(x2
1x2x4),OG(x2

1x
2
2x3)

generate K[V ]G as a K[s1, s2, s3, s4]-module.
Here are the identities needed to verify this:

OG(x1x3) = s2 −OG(x1x2)

OG(x2
1x3) = (s1s2 − s3) − s1OG(x1x2)

OG(x2
1x3x4) = (s1s3 − 4s4) −OG(x2

1x2x3) −OG(x2
1x2x4)

OG(x2
1x2x

2
3) = (−s1s4 + s2s3) − s3OG(x1x2))

OG(x2
1x

2
2x4) = −2s1s4 + s3OG(x1x2) −OG(x2

1x
2
2x3)

OG(x3
1x

2
2x4) = (−s2

1s4 + 2s2s4) − s4OG(x1x2) + s2OG(x2
1x2x4)

− s1OG(x2
1x

2
2x3) + OG(x3

1x
2
2x3)

OG(x3
1x3x

2
4) = (−s2

1s4 − s2
3) − s1s3OG(x1x2) − s2OG(x2

1x2x4)

−OG(x3
1x

2
2x3)

OG(x3
1x2x

2
3) = (−s2

1s4 + 2s2s4 − s2
3) + s4OG(x1x2) + s2OG(x2

1x2x3)

−OG(x3
1x

2
2x3)

OG(x3
1x

2
3x4) = (s1s2s3 − 2s2s4) + (−s1s3 + s4)OG(x1x2) − s2OG(x2

1x2x3)

+ OG(x3
1x

2
2x3)

OG(x3
1x2x

2
4) = (2s2s4 − s2

3) − s4OG(x1x2) + s1OG(x2
1x2x3) −OG(x3

1x
2
2x3)

2OG(x3
1x

2
2x3) = s3OG(x2

1x2) − s2OG(x2
1x2x4) + s1OG(x2

1x2x3)

Thus if the characteristic of K is not 2, then the 6 module generators
listed above suffice. However, in characteristic 2, the last equation yields a
K[s1, s2, s3, s4] linear relation

s3OG(x2
1x2) − s2OG(x2

1x2x4) + s1OG(x2
1x2x3) = 0

among the module generators. By considering the Hilbert series we see that in
light of this relation, we need an extra module generator which we may take
to be OG(x3

1x
2
2x3). Thus, in characteristic 2, K[V ]G is not Cohen-Macaulay

and requires 7 secondary generators.
Now we consider algebra generating sets. The identity

s1s3 − s2OG(x1x2) + OG(x1x2)2 −OG(x2
1x2x4) = 4s4

rewrites as
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OG(x2
1x2x4) = s1s3 − s2OG(x1x2) + OG(x1x2)2 − 4s4.

Hence OG(x2
1x2x4) is not required as a generator (in the presence of s4).

Also,

2OG(x2
1x

2
2x3) = −2s1s4 + s1OG(x2

1x2x3) − s2s3 − s2OG(x2
1x2)

+ 2s3OG(x1x2) + OG(x1x2)OG(x2
1x2)

which shows that OG(x2
1x

2
2x3) is decomposable if the characteristic of the field

is not 2.
Together with the above relations these two identities show that F[V ]G is

generated as an algebra by

s1, s2, s3, s4,OG(x1x2),OG(x2
1x2),OG(x2

1x2x3)

and (if the characteristic of K is 2)

OG(x2
1x

2
2x3),OG(x3

1x
2
2x3) .

Thus in characteristics different from 2, we see that

K[V ]G = K[s1, s2,OG(x1x2), s3,OG(x2
1x2),OG(x2

1x2x3), s4].

Note that the largest required generator has degree 4 which is the order of G.
In characteristic 2, we have

s2
1s4 + s2

3 + OG(x1x2)OG(x2
1x2x3) = OG(x3

1x
2
2x3).

Thus OG(x3
1x

2
2x3) is not required as an algebra generator even in characteristic

2. Thus, in characteristic 2, K[V ]G is generated by
{
s1, s2,OG(x1x2), s3,OG(x2

1x2), s4,OG(x2
1x2x3),OG(x2

1x2x4),OG(x2
1x

2
2x3)

}
.

From the Hilbert series, we know that dimK[V ]G5 = 14. However, the extra
relation in characteristic 2 given by

s1OG(x2
1x2x3) − s2s3 − s2OG(x2

1x2) + OG(x1x2)OG(x2
1x2) = 0

(which follows from the above identities) shows that the 8 generators other
than OG(x2

1x
2
2x3) only generate a 13 dimensional subspace of K[V ]5. Thus an

algebra generator of degree 5 is required in characteristic 2.

Remark 4.8.1. The example of the regular representation of C4 over the field
F2 of order 2 is important historically. Pierre Samuel asked the question
whether every unique factorization domain was Cohen-Macaulay. His stu-
dent Marie-José Bertin [9] answered this question in the negative using the
example we have just considered. She showed that this ring of invariants is
not Cohen-Macaulay and since it is the ring of invariants of a p-group, it is a
unique factorization domain. For a good description of this, see [43].
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4.9 A 2 Dimensional Representation of C3, p = 2

We consider a representation V of G = C3 with generator σ on V of dimension
2 over F2. We suppose that the action of σ on V ∗ with basis {x, y} given

σ =
(

0 1
1 1

)

,

Then σ acting on F2[V ] = F2[x, y] sends x to y and sends y to x + y.
It is straightforward to calculate the ring of invariants for G. First we

observe that the Dickson invariants (see §3.3) r = x2 +xy + y2, s = x2y +xy2

form, as always, a homogeneous system for F2[V ]G. Second we observe that
G has index 2 in GL2(F2), and that t = x3 + x2y + y3 is invariant. It isn’t
hard to see using Galois theory that

F2[x, y]G = F2[x2 + xy + y2, x2y + xy2, x3 + x2y + y3],

and, therefore, this ring is a hypersurface. As part of this calculation, we note
t2 = r3 + s2 + rs.

Therefore, we obtain a resolution over the ring A = F2[a, b, c] with
deg(a) = 2, deg(b) = deg(c) = 3, and ρ(a) = x2 + xy + y2, ρ(b) = x2y + xy2,
ρ(c) = x3 + x2y + y3. We obtain

0 → A(c2 + a3 + b2 + bc) → A → F2[x, y]G → 0.

It follows that

H(F2[V ]G, t) =
1 + t2 + t4

(1 − t3)2
.

4.10 The Three Dimensional Modular Representation
of Cp

Suppose p > 2 and let F be a field of characteristic p. Consider the action of
Cp = 〈σ〉 on a three dimensional F vector space V determined by the matrix

σ =

⎛

⎝
1 0 0
1 1 0
0 1 1

⎞

⎠ .

Note that this matrix has order p and thus does indeed afford a three di-
mensional representation of G = Cp. This representation turns out to be the
unique indecomposable representation of Cp of this dimension. We will discuss
this question and related matters later in §7.1.

We will compute the ring of invariants of this representation and see that
it is a hypersurface. We will give two different computations of this ring of
invariants. The first takes advantage of prior knowledge of the Hilbert series
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which reduces the amount of work considerably. The second is longer but does
not rely on any prior knowledge.

We let {x, y, z} denote the basis of V ∗ dual to the standard basis of V . We
begin by observing that some invariants are easily constructed: x is invariant,
as are NG(y) and NG(z). Furthermore, it is not hard to see that d = y2 −
2xz − xy is also invariant. You may well wonder where d came from. There
are two considerations, one coming from the form of the Hilbert series, see
immediately below, and the other from a consideration of what we refer to as
“integral invariants”, see §7.5. In the meantime, we note simply that while the
polynomial expressions for NG(y) and NG(z) depend upon p, the expressions
for x and d do not: the “same” polynomial x, or d, is invariant for all primes.

Theorem 4.10.1.

F[V ]G = F[x,NCp(y),NCp(z), d]

The next two sections are devoted to the two proofs of this theorem.

4.10.1 Prior Knowledge of the Hilbert Series

Our first approach to this example uses the work of Almkvist and Fossum [3].
They have shown that there exists a three dimensional representation of Cp

in characteristic 0 which has the same Hilbert series as the current ring of
invariants F[x, y, z]Cp . Let ξ be a complex (primitive) p-th root of unity and
consider the matrix

τ =

⎛

⎝
ξ−2 0 0
0 1 0
0 0 ξ2

⎞

⎠ .

For p > 2, the matrix τ has order p and the Hilbert series of the associated
representation of Cp can be shown to be the same as the Hilbert series of
the characteristic p representation. Almkvist and Fossum’s work has been
extended and explained by Hughes and Kemper in references [54] and [55].

Lemma 4.10.2. We have

H(F[V ]G, λ) =
∑p−1

i=0 λ2i

(1 − λ)(1 − λp)2
=

1 + λp

(1 − λ)(1 − λ2)(1 − λp)
.

��

The first form of the Hilbert series suggests that there is a homogeneous
system of parameters for F[V ]G consisting of one invariant of degree 1 and two
of degree p, and that there is a fourth invariant of degree 2, whose powers give
module generators for the ring of invariants over the subalgebra generated by
the homogeneous system.

The second form of the Hilbert series suggests that there is a homogeneous
system of parameters for F[V ]G consisting of one invariant of degree 1, one
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invariant of degree 2 and one invariant of degree p, and that there is a fourth
invariant of degree p which generates the ring of invariants as a module over
the subalgebra generated by the homogeneous system.

Both of these suggestions turn out to be correct, but the reader should be
warned that the form of the Hilbert series cannot always be “realized”.

It is easy to find three invariants: first of all x is invariant, and we may form
NG(y) = yp − xp−1y and NG(z) = zp − xzp−1 − . . . . We note that NG(y)
is F-linear in y, but that NG(z) is not. Consideration of this phenomenon
eventually leads to the following.

Lemma 4.10.3. 1. Let x ∈ V ∗ and suppose G is a p-group acting on V ∗

with the property that

(G − 1)x = {(σ − 1)(x) | σ ∈ G}

is a vector space. Then NG(x) is a p-polynomial, that is, is the only powers
of x which occur are of the form xpt

and hence the polynomial is Fp-linear
in x.

2. The coefficients of the various powers of x in the polynomial NG(x) are
the Dickson invariants in the elements of the vector space (G − 1)(x).

3. NG(x) is F-linear in x if and only if (G − 1)(x) is a vector space.
��

By Proposition 4.0.3, the sequence x,N(y),N(z) is a homogeneous system
of parameters for F[V ]Cp . Therefore, F[V ]G is finitely generated as a module
over the subalgebra A = F[x,N(y),N(z)]. As noted above, the form of the
Hilbert series suggests the existence of an invariant of degree 2. We note that
F[V ]2 has dimension 6, and it is fairly easy to compute the action of σ on
F[V ]2 and determine that d = y2 − 2xz − xy and x2 span the homogeneous
invariants of degree 2. We also note that the proof of Proposition 4.0.3 shows
that {x, d,N(z)} is also a homogeneous system of parameters for F[V ]Cp .

What relation holds between the generators above? We observe that dp

and N(y)2 both have terms of the form y2p and this allows the one to be
written as a polynomial expression in x, N(z) and the other. Further, no
lower power of di can be written as a polynomial in x,N(y) and N(z) given
the term y2i in di. Thus

F[x, d,N(y),N(z)] = ⊕p−1
i=0 F[x,N(y),N(z)]di.

Similarly, N(y)2 ∈ F[x, d,N(z) but N(y) /∈ F[x, d,N(z). Hence

F[x, d,N(y),N(z)] = F[x, d,N(z)] ⊕ F[x, d,N(z)]N(y)

Using either of these decompositions we can find H(F[x, d,N(y),N(z)], λ). For
example, from the second decomposition, we see
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H(F[x, d,N(y),N(z)], λ) = H(F[x, d,N(z)], λ)(1 + λp)

=
1 + λp

(1 − λ)(1 − λ2)(1 − λp)
.

Given the computation of Almkvist and Fossum above which computes the
Hilbert series of F[V ]G, we see

H(F[x, d,N(y),N(z)], λ) = H(F[V ]G, λ).

Since F[x, d,N(y),N(z)] ⊆ F[V ]G, these two rings must be equal.
We contrast the preceding with the computation below in which none of

the individual steps are hard, but there are many steps to take.

4.10.2 Without the Use of the Hilbert Series

Without the information encoded in the Hilbert series we must work harder
to compute the ring of invariants. As above, it is easy to construct invariants,
but it is much more difficult to know when to stop. That is, it is hard to
determine which sets of invariants are generating sets in the absence of other
information.

The next theorem tells us that the only invariants in x, y and z which have
degree less than p in z must be polynomials in x, d and NG(y) = N(y).

Theorem 4.10.4. If f ∈ F[V3]Cp and f =
∑j

i=0 fiz
i where fi ∈ F[x, y, d] and

j < p, then f ∈ F[x, d,N(y)].

Proof. The proof of the theorem is by induction on j.
For j = 0, f = f0 ∈ F[x, y, d]. Write

f =
n∑

i=0

aid
i

where ai ∈ F[x, y] and apply delta:

0 = Δ(f) =
n∑

i=0

Δ(ai)di.

Since {x, y, d} is algebraically independent, Δ(ai) = 0. Thus

ai ∈ F[V2]Cp = F[x,N(y)].

For j > 0, we apply delta to f to get

0 = Δ(f) = Δ(fj)zj + σ(fj)Δ(zj) + . . .

Since degz(Δ(zj)) < j, we have Δ(fj) = 0. Rewriting Δ(f) gives
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0 = Δ(fj)σ(zj) + fjΔ(zj) + Δ(fj−1)zj−1 + . . .

or
0 = jfjyzj−1 + Δ(fj−1)zj−1 + terms with smaller z-degree.

Thus fj ∈ Δ(F[x, y, d]) ⊂ (x)F[x, y, d].
Write fj = xh with h ∈ F[x, y, d]. Let d′ = d − zx ∈ F[x, y] so that

zx = d − d′.
Then

fjz
j = h(xz)zj−1 = hdzj−1 − hd′zj−1

and

f = (hd − hd′ + fj−1)zj−1 +
j−2∑

i=0

fiz
i.

Thus, by induction, f ∈ F[x, d,N(y)].
��

Since N(z) is monic when considered as a polynomial in the variable z,
we may divide any polynomial f by N(z) to get f = qN(z) + r where q and
r are unique with degz r < p.

Lemma 4.10.5. If f ∈ RG and f = qN(z) + r with degz r < p, then q, r ∈
RG.

Proof. We have f = σ ·f = (σ ·q)(σ ·N(z))+(σ ·r) = (σ ·q)N(z)+(σ ·r). Since
σ · z = z + y, σ · y = y + x and σ · x = x, it follows that degz(σ · h) = degz(h)
for all h ∈ R. In particular, degz(σ · r) = degz(r) < p. Thus by the uniqueness
of remainders and quotients, we must have σ · r = r and σ · q = q. Hence
σi · r = r and σi · q = q and thus q, r ∈ RG. ��

Consider f ∈ F[x, y, z]G and write f = q ·N(z) + r where degz(r) < p. We
may also write

r =
p−1∑

i=0

riz
i

where ri ∈ F[x, y].
Before proceeding to the proof of Theorem 4.10.1, we have the following

lemma.

Lemma 4.10.6. xi divides ri.

Proof.

r = σ(r) =
p−1∑

i=0

σ(ri)σ(zi)

=
p−1∑

i=0

σ(ri)
i∑

j=0

(
i

j

)

yi−jzj
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Fix j with 0 ≤ j ≤ p−1. Equating the coefficients of zj in the above equations
we get

rj =
p−1∑

i=j

(
i

j

)

yi−jσ(ri).

Equivalently, we have

(j + 1)yσ(rj+1) = −(σ − 1)(rj) +
p−1∑

i=j+2

(
i

j

)

yi−jσ(ri)

Applying σ−1 to this equation we obtain:

(j + 1)σ−1(y)rj+1 = −(σ−1 − 1)(rj) +
p−1∑

i=j+2

(
i

j

)

σ−1(yi−j)(ri) (4.10.1)

Note that σ−1(y) = y − x and σ−1(x) = x. Thus if for some k we have xk

divides rj , then we also have xk+1 divides (σ−1 − 1)(rj). Therefore, if xk+1

divides ri for all i = j+2, . . . , p−1 and also xk divides rj , then Equation 4.10.1
implies that xk+1 divides rj+1.

We proceed by induction. We will prove that xt divides rt and that xt+1

divides ri for all i = t + 2, . . . , p − 1 by induction.
For the initial step, t = 0, we consider Equation 4.10.1 with j = p − 2.

From that equation, we see that x divides rp−1. Then the above remark with
k = 0 and j = p − 3 shows that x divides rp−2. Continuing to apply this
remark we obtain that x divides ri for all i = 1, . . . , p−1 which completes the
initial step of the induction.

For the general step, we assume that xt−1 divides rt−1 and that xt divides
ri for all i = t + 1, . . . , p − 1. But then using the above remark again with
k = t−1 and j = t−1, we obtain that xt divides rt. Now applying the remark
with k = t and j = p − 2 shows that xt + 1 divides rp−2. Next applying the
remark with k = t and j = p − 3 shows that xt + 1 divides rp−3.

Continuing in this fashion we obtain that xt+1 divides ri for all i = t +
1, . . . , p − 1 which completes the proof of the lemma. ��

We now give the proof of Theorem 4.10.1.

Proof. As above, we take f ∈ F[x, y, z]G and write f = qN(z)+r. We consider
elements of F[x, y, z] as polynomials in z. In particular,

d = xz + (
p − 1

2
y2 +

p + 1
2

xy).

By the lemma, we may divide d into r to obtain r = d·g+h where degz(h) = 0.
Then r = σ(r) = d ·σ(g)+σ(h) with degz(σ(h)) = 0. Thus by the uniqueness
of the remainder, we see that g = σ(g) and h = σ(h), i.e., g, h ∈ F[x, y, z]G.
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In summary, we have shown that if f ∈ F[x, y, z]G, then we have f =
q ·N(z)+r = q ·N(z)+d ·g+h where h ∈ F[x, y]G = F[x,N(y)]. By induction
on degree we may show that

g, q ∈ F[x, d,N(y),N(z)]

and thus
h ∈ F[x, d,N(y),N(z)].

��





5

Monomial Orderings and SAGBI Bases

Let S denote the polynomial ring K[x1, . . . , xn]. The set of monomials in S
is M := {xa1

1 xa2
2 · . . . · xan

n | a1, a2, . . . , an ∈ N}. A term in S is an element of
the form cm where c ∈ K and m ∈ M.

Definition 5.0.1. A monomial order is a total order on M such that

1. m > 1 for all m ∈ M \ {1}, and
2. if m1 > m2, then mm1 > mm2 for all monomials m, m1, m2.

The following lemma shows that every monomial ordering is a well-
ordering, i.e., every non-empty set of monomials contains a least element.
This is the key fact we need in order to use monomial orders as the basis of
induction proofs.

Lemma 5.0.2. A monomial ordering is a well-ordering.

Proof. Consider a non-empty set of monomials A ⊆ M and let I be the ideal
of S generated by A. Then the monomials in I are precisely those monomials
in S which are divisible by some monomial of A. Since S is a Noetherian ring,
the ideal I is minimally generated by some finite subset {m1, . . . , mr} of A.

Without loss of generality we assume that m1 is the smallest monomial in
the finite set {m1, . . . , mr}. Since {m1, . . . , mr} generates I, the set of mono-
mials in I is also characterized as those monomials of S which are divisible by
some mi with 1 ≤ i ≤ r. Take any monomial m in A. Then m lies in I and so
there exists i such that mi divides m. Write m = m′mi. Then 1 ≤ m′. This
together with m1 ≤ mi implies m1 ≤ m′m1 ≤ m′mi = m. Therefore, m1 is
less than or equal to every monomial of A. ��

Now let f be any non-zero element of S and write f (uniquely) as a linear
combination of distinct monomials: f = c1m1 + c2m2 + . . . + crmr where
ci ∈ K and mi ∈ M for all i = 1, 2, . . . , r. Without loss of generality, assume
m1 > mi for all i = 2, 3, . . . , r. We say that m1 is the lead monomial of f and
write LM(f) = m1. Similarly, we say that c1m1 is the lead term of f and write

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 5, © Springer-Verlag Berlin Heidelberg 2011
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LT(f) = c1m1, that c1 is the lead coefficient of f and write LC(f) = c1. We
make the conventions that LM(0) = 0, LT(0) = 0 and LC(0) = 0 although we
do not consider 0 a term nor a monomial.

We now give some examples of monomial orderings. In these examples we
will use two different monomials m = xa1

1 xa2
2 ·. . .·xan

n and m′ = x
a′
1

1 x
a′
2

2 ·. . .·xa′
n

n .

Example 5.0.3 (Lexicographic Ordering). Define i ≥ 1 by a1 = a′
1, a2 =

a′
2, . . . , ai−1 = a′

i−1 but ai �= a′
i. Then in the lexicographic ordering, m <Lex

m′ if and only if ai < a′
i.

Example 5.0.4 (Graded Lexicographic Ordering). Suppose a1 + a2 . . . + an �=
a′
1+a′

2 . . .+a′
n, then m <GrLex m′ if and only if a1+a2 . . .+an < a′

1+a′
2 . . .+a′

n.
On the other hand, if a1 + a2 . . . + an = a′

1 + a′
2 . . . + a′

n, then m <grLex m′

if and only if m <Lex m′. Thus if two monomials have different degrees, the
one of lower degree is smaller in the graded lexicographic ordering. For two
monomials of the same degree, the graded lexicographic ordering yields the
same order as the lexicographic ordering.

Example 5.0.5 (Graded Reverse Lexicographic Ordering). There is a j, 1 ≤ j ≤
n, such that an = a′

n, an−1 = a′
n−1, . . . , aj+1 = a′

j+1 but aj �= a′
j . Suppose

a1 + a2 . . . + an �= a′
1 + a′

2 . . . + a′
n, then in the graded reverse lexicographic

ordering, m <GRevLex m′ if and only if a1 + a2 . . . + an < a′
1 + a′

2 . . . + a′
n.

Conversely, if a1 + a2 . . . + an = a′
1 + a′

2 . . . + a′
n, then m <GrevLex m′ if and

only if aj > a′
j .

We might be tempted to define a reverse lexicographic ordering by putting
m <RevLex m′ if and only if aj > a′

j where j is the greatest value of i such
that ai �= a′

i. Unfortunately, this ordering would not be a monomial ordering
since 1 = x0

1x
0
2 · . . . · x0

n > m for all monomials m �= 1.

Example 5.0.6. Let f = 3x1x3 − 5x2
2x4 + 2x3

3 ∈ S = K[x1, x2, x3, x4]. In the
lexicographic order LM(f) = x1x3. In graded lexicographic order LM(f) =
x2

2x4 and with respect to the graded reverse lexicographic ordering LM(f) =
x3

3.

Example 5.0.7 (Weight Orderings). Let U = U1, U2, . . . , Un be a sequence of
n elements of N

n ⊂ R
n which are linearly independent over R. From the

two monomials, we form two integer sequences E = (e1, e2, . . . , en) and E′ =
(e′1, e

′
2, . . . , e

′
n) in N

n where ej is the dot product of Uj with (a1, a2, . . . , an)
and e′j is the dot product of Uj with (a′

1, a
′
2, . . . , a

′
n). Since U1, U2, . . . , Un

span R
n and m �= m′, we must have E �= E′. Define i ≥ 1 by e1 = e′1, e2 =

e′2, . . . , ei−1 = e′i−1 but ei �= e′i. Then we define m <U m′ if and only if ei < e′i.

The first three examples are special cases of a weight ordering. For exam-
ple, if we take U = (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, 0, 0, . . . , 1) then the two
orderings <U and <Lex coincide. We note that the graded lexicographic or-
der and the graded reverse lexicographic order can both be realized as weight
orders.
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The experience of many people has shown that computer computations
done using graded reverse lexicographic order are very often faster than the
same computations done in another monomial order. There are also theoretical
reasons for preferring the graded reverse lexicographic order when studying
the invariants of p-groups. For example, many of the proofs given in Chapter 7
rely upon properties of the graded reverse lexicographic order.

We will assume the reader to be familiar with the elements of the Gröbner
basis theory for ideals.

5.1 SAGBI Bases

In invariant theory, we are interested in subalgebras of S = K[x1, . . . , xn].
This leads us to consider SAGBI bases. The word SAGBI is an acronym for
Subalgebra Analogue of Gröbner Bases for Ideals. The concept of a SAGBI
basis was introduced separately by Robbiano and Sweedler [93] and by Kapur
and Madlener [60].

As the name suggests, the theory of SAGBI bases is very much analogous
to the theory of Gröbner basis. There is one central difference between the two
theories. While we know that every ideal of S = K[x1, x2, . . . , xn] has a finite
Gröbner basis. But as we shall see there exist finitely generated subalgebras
R of S which have no finite SAGBI basis.

Let R be any graded subspace of S = K[x1, x2, . . . , xn]. As we did for
ideals, we denote by LT(R) the vector space

LT(R) := span
K
{LM(f) : f ∈ R} .

One of the most important properties of this subspace is the fact that
H(R, λ) = H(LT(R), λ). Moreover, if R is a subalgebra of S, then LT(R)
is also an algebra which we call the lead term algebra of R.

Lemma 5.1.1. 1. H(R, λ) = H(LT(R), λ).
2. If R is a subalgebra of S, then LT(R) is an algebra.

��

Definition 5.1.2. Let R be a subalgebra of S = K[x1, x2, . . . , xn]. A subset B
of R is a SAGBI basis for R if the algebra generated by {LT (b) | b ∈ B} is
LT(R).

The following example shows how a generating set may fail to be a SAGBI
basis.

Example 5.1.3. Consider the subalgebra R of S = K[x, y, z] generated by the
three functions f1 := xy + y2, f2 := xy3 + yz3 and f3 := 3x3y. We use
the graded reverse lexicographic monomial ordering with x > y > z. Thus
LT(f1) = xy, LT(f2) = xy3 and LT(f3) = 3x3y.
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Notice that 3 LT(f1)4 = 3(xy)4 = (xy3)(3x3y) = LT(f2) LT(f3). This
identity among lead terms gives rise to a corresponding difference, 3f4

1 −f2f3.
Evaluating this difference we find

3f4
1 − f2f3 = 12x3y5 + 18x2y6 + 12xy7 + 3y8 − 3x3y2z3.

Now the lead monomial here, x3y5, can be obtained as LM(f1)2 LM(f2) and
so we consider

3f4
1 − f2f3 − 12f2

1 f2 = −6x2y6 + 3y8 − 3x3y2z3 − 12x2y3z3 − 24xy4z3

− 12y5z3.

Here the lead monomial x2y6 = LM(f2)2 and we consider

3f4
1 − f2f3 − 12f2

1 f2 + 6f2
2 = 3y8 − 3x3y2z3 − 12x2y3z3 − 12xy4z3

− 12y5z3 + 6y2z6.

Thus y8 lies in LT(R). However, y8 is not in the algebra generated by the
three monomials LT(fi), for i = 1, 2, 3. Thus the original monomial relation
LM(f1)4 = LM(f2) LM(f3) has led us to an element

f4 := 3f4
1 − f2f3 − 12f2

1 f2 + 6f2
2

of R whose lead monomial is not a consequence of the lead monomials of f1,
f2, f3.

Definition 5.1.4. Let B be a subset of S = K[x1, x2, . . . , xn]. A tête-a-tête
(over B) consists of two different factorizations of a monomial with all factors
taken from the set {LM(f) | f ∈ B}:

s∏

i=1

LM(fi)ai =
s∏

i=1

LM(fi)bi

where ai ≥ 0, bi ≥ 0 and fi ∈ B for all i = 1, 2, . . . , s. The tête-a-tête is
trivial if the two factorizations share a common factor greater than 1.

Given a tête-a-tête, we may choose non-zero constants c1, c2 ∈ K such that
c1

∏s
i=1 LT(fi)ai = c2

∏s
i=1 LT(fi)bi . We will call the corresponding difference

c1

∏s
i=1 fai

i − c2

∏s
i=1 f bi

i a tête-a-tête difference.

Example 5.1.5. We continue with Example 5.1.3. To the three generators
f1, f2, f3, we must add f4 to our SAGBI basis since its lead term, y8 is not
accounted for by the lead terms of f1, f2, f3.

Now we consider tête-a-têtes among the four polynomials f1, f2, f3, f4.
There is only 1 non-trivial new tête-a-tête given by 3f3

2 − f3f4. Evaluating
this difference we get
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f5 := 3f3
2 − f3f4 = 3x6y3z3 + 12x5y4z3 + 12x4y5z3 + 12x3y6z3 + 9x2y7z3

− 6x3y3z6 + 9xy5z6 + 3y3z9.

Since LM(f5) = x6y3z3 cannot be written as a product of the lead mono-
mials of the f1, f2, f3, f4, we must further extend our SAGBI basis to
{f1, f2, f3, f4, f5}. At this stage, we do not find any new non-trivial tête-a-
têtes among the lead terms of these five elements. As we shall see, this guar-
antees that these five elements form a SAGBI basis for R, the subalgebra they
generate. That is to say that the subalgebra LT(K[f1, f2, f3]) is generated by
the 5 monomials LM(fi) with i = 1, 2, . . . , 5.

With the above examples in mind, we will now describe algorithms asso-
ciated with finding a SAGBI basis. The first, the subduction algorithm, is the
analogue of the reduction algorithm used for Gröbner bases. Given a finite
set B = {f1, f2, . . . , fs} and a non-zero element f , it produces a new element
F = f − P where F is such that its lead term cannot be factored over the
lead monomials of elements of B and P is in the subalgebra generated by B.

Algorithm 5.1.6 (Subduction Algorithm)

1. Initialize: F := f ;
2. While F �= 0 do

If there exists a factorization LT(F ) = c
∏s

i=1 LT(fi)ai

Then P := P + c
∏s

i=1 fai
i ; F := F − c

∏s
i=1 fai

i ;
Else Return F, P ;

3. End While

The “If” statement in the above algorithm can be implemented by a re-
cursive search. In general, this statement can be rather time consuming to
perform.

The result F , produced by the subduction algorithm is called the subduc-
tion of f (over B). Note that in general, it is not unique since it depends upon
the choice of the factorizations chosen each time through the loop.

The next algorithm is not guaranteed to halt on all possible inputs. As we
shall see there are (finitely generated) subalgebras of S = K[x1, x2, . . . , xn]
whose lead term algebras are not finitely generated. Such a subalgebra cannot
have a finite SAGBI basis. If however, the subalgebra, R, generated by B =
{f1, f2, . . . , fs} does have a finitely generated lead term algebra, then the
following algorithm will produce a SAGBI basis B for R.

Algorithm 5.1.7

1. Initialize: B := B;
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2. Repeat
B′ := ∅;
For each non-trivial tête-a-tête difference d over B do

F := the subduction of d over B;
If F �= 0 then B′ := B′ ∪ {F};

End For
B := B ∪ B′;
For each F in B′ do
If the subduction of F over (B \ {F}) is 0

then B := B \ {F};
End For

3. Until B′ = ∅
4. Return B

Example 5.1.8. Let F be a field of characteristic p > 0 and let V2 denote
the two dimensional representation of the cyclic group Cp of order p. If σ
is a generator of Cp, then there is a basis, {x, y}, of V ∗, such that σ(x) =
x and σ(y) = x + y. We consider 2V2 = V2 ⊕ V2 and its coordinate ring
F[2 V2] = F[x1, y1, x2, y2]. Let R denote the ring F[x1, x2, N1, N2, u12] where
Ni = N(yi) = yp

i − xp−1
i yi and u12 = x2y1 − x1y2. We showed in §1.12 that

F[2 V2]Cp = R but we will not need this fact for this example.
First we consider the ring R equipped with the graded reverse lexicographic

ordering with y1 < x1 < y2 < x2. Then LT(N1) = −yix
p−1
i for i = 1, 2 and

LT(u12) = −y2x1.
Define f0 := u12 and inductively define fi := xpi−pi−1

2 fi−1 − x1N
pi−1

2 ∈ R

for i ≥ 1. It is easy to see using induction that fi = −ypi

2 x1 + xpi

2 y1:

fi = xpi−pi−1

2 fi−1 − x1N
pi−1

2

= xpi−pi−1

2 (−ypi−1

2 x1 + xpi−1

2 y1) − x1(y
p
2 − xp−1

2 y2)pi−1

= −ypi

2 x1 + xpi

2 y1.

Thus ypi

2 x1 = LM(fi) ∈ LT(R) for all i ≥ 0.
Conversely, we claim that yj

2 /∈ LT(R) for all j ≥ 1. To see this, assume, by
way of contradiction, that there is an element h ∈ R with LT(h) = yj

2 where
j ≥ 1. Since h ∈ R, we know that h may be written as a linear combination of
products of x1, x2, N1, N2 and u12. Because the monomial yj

2 occurs in h, this
expression for h must include Nm

2 (and we must have j = pm). But that would
imply that LM(h) ≥ LM(Nm

2 ) = x
(p−1)m
2 ym

2 since there is no other way to
factor x

(p−1)m
2 ym

2 over the lead terms of x1, x2, N1, N2, u12. This contradiction
shows that yj

2 /∈ LT(R) for all j ≥ 1. Therefore, any SAGBI basis for R must
be infinite since it must contain ypi

2 x1 = LM(fi) ∈ LT(R) for all i ≥ 0.
We remark that the elements fi arise as tête-a-têtes when the SAGBI

algorithm is run to try to produce a SAGBI basis for this example.
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Example 5.1.9. Here we consider the same ring R = F[x1, x2, N1, N2, u12] as in
the previous example. Again, we will use a graded reverse lexicographic order;
however, this time we will put x1 < y1 < x2 < y2. Thus we have LT(Ni) = yp

i

for i = 1, 2 and LT(u12) = x2y1. Here (as in the previous example) there
is only one non-trivial tête-a-tête among the original five generators. This is
given by (x2y1)p = (x2)p(y1)p. The corresponding tête-a-tête difference is

up
12 − xp

2N1 = xp
2y1x

p−1
1 − yp

2xp
1

which has the same lead term, xp
2y1x

p−1
1 , as does xp−1

2 xp−1
1 u12. Subtracting

this off we get

up
12 − xp

2N1 − xp−1
2 xp−1

1 u12 = −yp
2xp

1 + y2x
p−1
2 xp

1.

Finally,
up

12 − xp
2N1 − xp−1

2 xp−1
1 u12 + xp

1N2 = 0

and thus the lone tête-a-tête subducts to zero. This implies that the minimal
generating set x1, x2, N1, N2, u12 is itself a finite SAGBI basis.

Notice also that we have found the generating relation that the five gener-
ators of this four dimensional ring must satisfy, i.e., R ∼= F[a, b, c, d, e]/I where
I is the principal ideal generated by

ep − bpc − ap−1bp−1e + apd

and deg(a) = deg(b) = 1, deg(c) = deg(d) = p and deg(e) = 2.

5.1.1 Symmetric Polynomials

Here we consider the classical example of symmetric polynomials. Unlike the
usual analysis, we will work over an arbitrary field, K.

Recall from §3.2 the elementary symmetric polynomials s1, s2, . . . , sn in n
variables. The st are implicitly defined by the equation

n∏

j=1

(λ − zi) =
n∑

t=0

(−1)tst(z1, z2, . . . , zn)λn−t

in K[z1, z2, . . . , zn][λ].
Thus explicitly we have

s1(z1, z2, . . . , zn) = z1 + z2 + · · · + zn,

s2(z1, z2, . . . , zn) = z1z2 + z1z3 + · · · + zn−1zn,

...

st(z1, z2, . . . , zn) =
∑

i1<i2<···<it

zi1zi2 · · · zit ,

...
sn(z1, z2, . . . , zn) = z1z2 · · · zn.
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Also s0(z1, z2, . . . , zn) = 1.
Now we consider the symmetric group on n letters: G = Σn and its usual

n dimensional representation, V . It is well known (at least for characteristic
zero) that the elementary symmetric functions in the n elements of a permu-
tation basis for V ∗ generate the polynomial ring K[V ]G. Indeed, we gave a
characteristic free proof of this result in §3.2. Here we will give another proof
of this result and show furthermore that the elementary symmetric functions
are in fact a SAGBI basis for K[V ]G with respect to any monomial order.

We begin by choosing a permutation basis for V and we consider the
dual basis, B, for V ∗. Fix a monomial order, <. We label the n elements
of the B by x1, x2, . . . , xn such that xi > xi+1 in the fixed monomial order
for i = 1, 2, . . . , n − 1. The symmetric group acts on K[V ] by permuting the
elements of B via σ(xi) = xσ(i) for σ ∈ Σn.

Lemma 5.1.10. LT(st) = x1x2 · · ·xt.

Proof. We proceed by induction on t. It is clear that LT(s1) = x1 since x1 > xi

for all i ≥ 2. Suppose now that t ≥ 2 and assume by induction that LT(st−1) =
x1x2 · · ·xt−1. Given any t distinct subscripts, i1, i2, . . . , it, we need to show
that xi1xi2 · · ·xit

≤ x1x2 · · ·xt. Without loss of generality, we may assume
that it > ij for all j = 1, 2, . . . , t − 1. In particular, it ≥ t and thus xit

≤
xt. Since LT(st−1) = x1x2 · · ·xt−1, we know xi1xi2 · · ·xit−1 ≤ x1x2 · · ·xt−1.
Therefore, xi1xi2 · · ·xit−1xit

≤ x1x2 · · ·xt−1xit
. But from xit

≤ xt, we see
that x1x2 · · ·xt−1xit

≤ x1x2 · · ·xt−1xt. Therefore, xi1xi2 · · ·xit
≤ x1x2 · · ·xt.

��

For ease of notation, we define mt := LT(st) for t = 1, 2, . . . , n.
We now proceed to characterize the lead monomials in K[V ]G. Given any

monomial m′ = xa1
1 xa2

2 · · ·xan
n , there is some permutation σ ∈ Σn such that

aσ(1) ≥ aσ(2) ≥ · · · ≥ aσ(n). Then σ(m′) = xb1
1 xb2

2 · · ·xbn
n where bi = σ(i) sat-

isfies b1 ≥ b2 ≥ · · · ≥ bn. We call a monomial whose exponents are ordered in
this way a descending monomial. Clearly, the Σn-orbit of any monomial con-
tains a unique descending monomial. We claim that this descending monomial
is always the largest monomial in the orbit.

To see this, consider a descending monomial m := xb1
1 xb2

2 · · ·xbn
n . Notice

that m =
∏n

t=1 m
bt−bt+1
t where for ease of notation we have bn+1 = 0. Thus

m =
n∏

t=1

LM(st)bt−bt+1

= LM(
n∏

t=1

s
bt−bt+1
t )

= LM(f)

where f :=
∏n

t=1 s
bt−bt+1
t ∈ K[V ]G. If τ(m) is any element of the orbit of m,

then τ(m) is a monomial occurring with non-zero coefficient in f = τ(f) and
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thus τ(m) ≤ m. This shows that the descending monomial m is the greatest
monomial in its orbit.

Since V is a permutation representation, the set consisting of the orbit
sums of all monomials forms a vector space basis for K[V ]G. By the above, the
lead term in the orbit sum of a monomial, m, is the unique descending mono-
mial in the orbit of m. Therefore, the set of all descending monomials is pre-
cisely the set of lead monomials for K[V ]G. Furthermore, the above factoriza-
tion of the descending monomial m into a product of powers of m1, m2, . . . , mn

shows that {s1, s2, . . . , sn} is a SAGBI basis for K[V ]G. Also, note that sub-
duction provides an algorithm for writing any invariant as a polynomial in the
elementary symmetric functions. We record the above results as the following
theorem.

Theorem 5.1.11. Let K be any field. Let V be the usual n dimensional
permutation representation of the symmetric group on n-letters, Σn. Then
K[V ]Σn is the polynomial ring on the n elementary symmetric functions:
K[V ]Σn = K[s1, s2, . . . , sn]. Furthermore, for any monomial ordering on the
permutation basis, the n elementary symmetric functions form a SAGBI basis
for K[V ]Σn . ��

Remark 5.1.12. This theorem is in fact valid over any commutative ring of
coefficients, K, see Bourbaki [11, Ch. 4, Thm. 1, p. 58].

5.2 Finite SAGBI Bases

Unlike the situation for Gröbner bases we cannot always guarantee that a
finite SAGBI basis will exist, even for finitely generated subalgebras. We next
give an example which illustrates this phenomenon by exhibiting a ring of
invariants that fails to have a finite SAGBI basis.

Example 5.2.1. Consider the usual three dimensional representation of the
alternating group A3 over a field K of any characteristic. We will work with a
permutation basis and lexicographic order. Write A3 = 〈σ〉 and let {e1, e2, e3}
be a basis of V such that σ−1(e1) = e3, σ−1(e2) = e1 and σ−1(e3) = e2. Let
{x, y, z} be the dual basis of V ∗. Then σ(x) = y, σ(y) = z and σ(z) = x.

Since this is a permutation representation, the orbit sums form a vector
space basis for K[V ]A3 . These orbit sums are all of one of the following two
forms xayaza or xaybzc +xbycza +xcyazb where a ≥ b and a > c. In the latter
case xaybzc is the lead term of the orbit sum. In particular xr+1zr is the
leading monomial of an invariant for all r = 0, 1, 2, . . . . We will show that this
monomial cannot be written as a product of other lead monomials. Suppose by
way of contradiction that xr+1zr = (xa1zc1)(xa2zc2) where xa1zc1 = LT(f1)
and xa2zc2 = LT(f2) with f1, f2 ∈ K[V ]A3 . Since fi = σ(fi) we see that
xciyai is a monomial occurring in fi and thus xaizci > xciyai . This implies
that ai ≥ ci+1 for i = 1, 2. Therefore r+1 = a1+a2 ≥ (c1+1)+(c2+1) = r+2.
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This contradiction shows that xr+1zr cannot be written as a product of lower
degree lead monomials. This means that every monomial generating set for
the lead term algebra of K[V ]A3 must contain {xr+1zr | r = 0, 1, 2, . . . } and
thus K[V ]A3 has no finite SAGBI basis (with respect to the basis {x, y, z} and
lexicographic order).

We will see below that changing the monomial order cannot help. However,
first we will show that in a certain setting, there always exists a finite SAGBI
basis. In particular, this will mean that if the characteristic of K is 3, then
by changing the basis of V ∗ in the above, we can get a finite SAGBI basis for
K[V ]A3 .

The results in the following sequence were proved by Shank and Wehlau,
see [99].

Proposition 5.2.2. Let A ⊆ F[x1, x2, . . . , xn] be a subalgebra and suppose
there exist h1, h2, . . . , hn ∈ A and positive integers d1, d2, . . . , dn such that
LM(hi) = xdi

i . Then A has a finite SAGBI basis.

Proof. Let H := F[xd1
1 , xd2

2 , . . . , xdn
n ]. Since xdi

i = LM(hi) for i = 1, 2, . . . , n,
we see that H ⊆ LT(A). Furthermore, since xd1

1 , xd2
2 , . . . , xdn

n is a homogeneous
system of parameters for F[x1, x2, . . . , xn], we have that F[x1, x2, . . . , xn] is
a finitely generated H-module containing A as a submodule. Since H is a
Noetherian algebra, this implies that LT(A) is a finitely generated H-module.
Since LT(A) is generated by monomials, this implies that there is a finite
subset of monomials m1, m2, . . . , mr which generate LT(A) as an H-module.
For each i = 1, 2, . . . , r, write mi = LT(fi) with fi ∈ A. Then the set
{h1, h2, . . . , hn} ∪ {f1, f2, . . . , fr} is a SAGBI basis for A. ��

Fix any monomial order on F[V ] = F[x1, x2, . . . , xn] such that x1 < x2 <
· · · < xn. Recall that the representation of G on V is called triangular (with
respect to the chosen basis of V ∗) if LM(σ(xi)) = xi for all i = 1, 2, . . . , n and
for all σ ∈ G.

Theorem 5.2.3. If the representation of G on V is triangular, then F[V ]G

has a finite SAGBI basis.

Proof. Let {x1, x2, . . . , xn} be the basis of V ∗ with respect to which the
representation of G is triangular. Since LM(σ(xi)) = xi for all σ ∈ G,
we see that the norms of the xi satisfy LM(N(xi)) = LM(

∏
σ∈G σ(xi)) =

∏
σ∈G LM(σ(xi)) = x

|G|
i . Therefore, by the preceding proposition, F[V ]G has

a finite SAGBI basis. ��

Combining Proposition 4.0.2 with Theorem 5.2.3 we get the following re-
sult.

Theorem 5.2.4. Suppose that G is a p-group and V is any representation of
G defined over a field F of characteristic p. Then there is a choice of basis
and monomial order such that F[V ]G has a finite SAGBI basis.
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5.3 SAGBI Bases for Permutation Representations

M. Göbel [45] showed that if G acts on K[V ] by permuting the variables then,
using a lexicographic order, the ring of invariants, K[V ]G, has a finite SAGBI
basis if and only if G is a product of symmetric groups, or what is the same
thing, that the permutation group G is generated by reflections. Later [46] he
conjectured that this result should extend to any term order. He was able to
prove the extension for the case of the alternating group in the paper [47].
The conjecture was proved in (various forms in) [91], [72] and [107]. We give
a proof here that uses the geometry of the group representation.

Theorem 5.1.11 showed that the usual permutation representation of Σn

has a finite SAGBI basis. The goal of this section is to prove that this is
essentially the only permutation representation with a finite SAGBI basis.

Definition 5.3.1. We take �k
i=1Ai = {1, 2, . . . , n} to be any partition of the

set {1, 2, . . . , n} into disjoint subsets. The corresponding Young subgroup of
Σn is the group Σ(A1)×Σ(A2)× . . . Σ(Ak) where Σ(Aj) = {τ ∈ Σn | τ(i) =
i for all i /∈ Aj}.

We begin with a result from group theory.

Lemma 5.3.2. Let G be a subgroup of Σn. Suppose that G is generated by
transpositions. Then G is a Young subgroup of Σn. Furthermore, if G acts
transitively on {1, 2, . . . , n}, then G = Σn.

Proof. We prove the second statement first. Suppose that G is a transitive
subgroup of Σn generated by transpositions. Let R denote the set of trans-
positions in G. Without loss of generality, (1, 2) ∈ R. If n = 2, then we are
done. Thus we suppose that n ≥ 3. Since G acts transitively, there must be a
transposition (i1, j1) ∈ R with i1 ≤ 2 and j1 ≥ 3. Without loss of generality,
i1 = 2 and j1 = 3 and thus we may assume that (2, 3) ∈ R. Thus R contains
all permutations on 1, 2, 3. If n = 3, we are done, and thus we may suppose
that n ≥ 4. Again, since G acts transitively, there exists (i2, j2) ∈ R with
i2 ≤ 3 and j2 ≥ 4. Without loss of generality, i2 = 3 and j2 = 4 and thus
we may assume that (3, 4) ∈ R. Continuing in this manner we may assume
that (1, 2), (2, 3), . . . , (n − 1, n) ∈ R. Thus G = Σn which proves the second
assertion of the theorem.

The first assertion follows easily from the second. ��

Suppose that V is a permutation representation of G with permutation
basis {v1, v2, . . . , vn}. Let {x1, x2, . . . , xn} be the dual basis of V ∗. The permu-
tation action of G on V induces a permutation action of G on the monomials
in F[V ]. This in turn induces a permutation action of G on the set of expo-
nents as follows. Let (a1, a2, . . . , an) ∈ N

n be a sequence of exponents. Then
σ((a1, a2, . . . , an)) = (b1, b2, . . . , bn) where σ(xa1

1 xa2
2 · · ·xan

n ) = xb1
1 xb2

2 · · ·xbn
n

(and bi = aσ(i)).
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In this section we will prove the following theorem which was proved in-
dependently by Kuroda [72], Reichstein [91], and Thiéry and Thomassè [107].

Theorem 5.3.3. Suppose that V is a permutation representation of G. Choose
a permutation basis of V and let {x1, x2, . . . , xn} be the dual basis of V ∗. Fix
a monomial ordering on K[x1, x2, . . . , xn]. Then K[V ]G has a finite SAGBI
basis with respect to this fixed order if and only if the action of G on V is
generated by reflections.

Since the only permutations that are reflections are transpositions, apply-
ing Lemma 5.3.2 we obtain the following immediate corollary.

Theorem 5.3.4. Suppose that V is a permutation representation of G. Choose
a permutation basis of V and let {x1, x2, . . . , xn} be the dual basis of V ∗. Fix
a monomial ordering on K[x1, x2, . . . , xn]. Then K[V ]G has a finite SAGBI
basis with respect to this fixed order if and only if G acts on V as a Young
subgroup of Σn.

Now we begin the proof of Theorem 5.3.3. First we suppose that K[V ]G

has a finite SAGBI basis with respect to the permutation basis and the fixed
monomial order. We will show that this implies that the action of G on V is
generated by reflections. Throughout this proof we will work with the usual
Euclidean topology on R

n. We write R≥0 := {x ∈ R | x ≥ 0} and Q≥0 :=
{x ∈ Q | x ≥ 0}.

Definition 5.3.5. A cone in R
n is a subset C of R

n such that λx ∈ C for all
x ∈ C and for all λ ∈ R with λ ≥ 0.

Let cone(S) := {λ1s1 + λ2s2 + · · · + λtst | t ∈ N, si ∈ S, λi ∈ R, λi ≥ 0}
denote the convex cone spanned by S.

Let C denote the convex cone C := cone({(a1, a2, . . . , an) |
∏n

i=1 xai
i ∈

LT(K[V ]G)}) spanned by the exponents of lead terms of elements of K[V ]G.
Let B = {f1, f2, . . . , fr} be a finite SAGBI basis for K[V ]G and let S0 :=

{(a1, a2, . . . , an) |
∏n

i=1 xai
i = LT(f) for f ∈ B}. Then C = cone(S0) which is

a closed subset of R
n since S0 is finite.

Lemma 5.3.6. The union of all the G-translates of C is the entire positive
orthant:

R
n
≥0 =

⋃

σ∈G

σ(C)

Proof. Clearly, ∪σ∈Gσ(C) ⊆ R
n
≥0. Since C is closed, ∪σ∈Gσ(C) is also closed.

Thus it suffices to prove that Q
n
≥0 ⊂ ∪σ∈Gσ(C). Let a = (a1, a2, . . . , an)

be any element of Q
n
≥0. Take t ∈ N such that b := t(a1, a2, . . . , an) =

(b1, b2, . . . , bn) ∈ N
n. Then the orbit sum OG(

∏n
i=1 xbi

i ) ∈ K[V ]G. Let
∏n

i=1 xci
i

denote the corresponding lead term, LT(OG(
∏n

i=1 xai

i )). Then (c1, c2, . . . , cn)=
σ((b1, b2, . . . , bn)) for some σ ∈ G.
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We also know that (c1, c2, . . . , cn) and t−1(c1, c2, . . . , cn) both lie in C.
Thus

(b1, b2, . . . , bn) = σ−1((c1, c2, . . . , cn))

and
(a1, a2, . . . , an) = σ−1((c1/t, c2/t, . . . , cn/t)) ∈ σ−1(C).

Since (a1, a2, . . . , an) was an arbitrary element of Q
n
≥0, this shows that Q

n
≥0 ⊂

∪σ∈Gσ(C). ��

Lemma 5.3.7. Let a ∈ Q
n
≥0 ∩C. Suppose σ ∈ G is such that σ(a) ∈ C. Then

σ(a) = a.

Proof. Since σ(a) ∈ C, we may write σ(a) =
∑r

j=1 λjsj where S0 =
{s1, s2, . . . , sr} and λj ∈ R with λj ≥ 0 for all j = 1, 2, . . . , r. Put
λ := (λ1, λ2, . . . , λr) ∈ R

r
≥0. Consider the set of all solutions A := {z =

(z1, z2, . . . , zr) ∈ R
r | z1s1 + z2s2 + · · ·+ zrsr = σ(a)}. Then A is a non-empty

affine subspace of R
n. If A is zero dimensional, then A consists of the unique

solution λ to a system of rational equations. Thus this unique solution must
have λj ∈ Q for all j = 1, 2, . . . , r. On the other hand, if the dimension of A is
positive, then there exist points of A∩Q

r arbitrarily close to λ. Since λ ∈ R
r
≥0,

we may find a point λ′ = (λ′
1, λ

′
2, . . . , λ

′
r) ∈ A ∩ Q

r
≥0. Thus we have shown

that we may always write σ(a) =
∑r

j=1 γjsj where S0 = {s1, s2, . . . , sr} and
γj ∈ Q with γj ≥ 0 for all j = 1, 2, . . . , r.

Clearing denominators we may further write b := tσ(a) =
∑r

j=1(γ
′
j)sj

where b := tσ(a) and γ′
j := tγj ∈ N for all j = 1, 2, . . . , r. Therefore b =

∏r
j=1 LT(s

γ′
j

j ) is a lead monomial of an invariant. Therefore b ≥ τ(b) for all
σ ∈ G, i.e., tσ(a) ≥ τ(tσ(a)) for all σ ∈ G. This implies that σ(a) ≥ τ(σ(a))
for all τ ∈ G. Thus σ(a) ≥ a.

Similarly a ≥ σ(a) and this proves that a = σ(a). ��

Corollary 5.3.8. Let a lie in the topological interior of C. If σ(a) = a for
some σ ∈ G, then σ = e.

Proof. Choose a small (half-) ball U ′ in C with σ(a) ∈ U ′. Choose a small ball
U ∈ C with a ∈ U . Since σ−1 is continuous, we may choose U small enough to
ensure that U ⊆ σ−1(U ′). Then σ(U) ⊆ U ′. There are infinitely many rational
points in U and U ′. By the preceding lemma, the group element σ must fix
each of these rational points, including a basis of Q

n (and of R
n). Therefore

σ = e. ��

Corollary 5.3.9. ⋃

τ∈G\{σ}

τ(C) �= R
n
≥0

for all σ ∈ G.
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Proof. Take a ∈ Q
n in the topological interior of C. By Corollary 5.3.8, the

isotropy group of a is trivial and thus the G-orbit of a consists of |G| many
distinct elements. By Lemma 5.3.7, no two of these elements can lie in the
same translate of C. Thus all |G| translates of C are required to cover R

n
≥0.

��

Proposition 5.3.10. Let a lie in the topological boundary of C. Then there
exists σ ∈ G with σ �= e such that σ(a) ∈ C.

Proof. Choose an infinite sequence of rational points a1, a2, a3, . . . outside of C
which converge to a. For every i, there exists some σi ∈ G such that σi(ai) ∈ C
and σi �= 1. Choose a subsequence ai1 , ai2 , ai3 , . . . such that σij

= σ for all
j. Then σi1(ai1), σi2(ai2), σi3(ai3), . . . is a sequence in C which converges to
σ(a). Since C is closed, σ(a) ∈ C. ��

Corollary 5.3.11. Let F be a codimension 1 face of the cone C. Let H be
the hyperplane spanned by F . Let σH denote the automorphism of R

n which
is reflection in H. Then σH ∈ G.

Proof. The hyperplane H contains infinitely many rational points. Combining
the previous proposition with Lemma 5.3.7 we see that there is a non-trivial
σ ∈ G which fixes H pointwise. Since σ is a permutation, it preserves distance
and thus we must have σ = σH . ��

Corollary 5.3.12. G is generated by reflections.

Proof. Let G′ denote the subgroup of G generated by all the reflections in G.
Take a point a ∈ Q

n in the topological interior of C and consider its orbit
G · a. By Corollary 5.3.8, this orbit has size |G|. We will show that G′ acts
transitively on this orbit. Choose a point in the orbit, say a′ ∈ G · a. We will
show that a′ lies in the G′-orbit of a.

Let {H1, H2, . . . , Hs} denote the set of reflection hyperplanes correspond-
ing to the reflections in G. This set of reflection hyperplanes, subdivides
R

n into a finite number of connected convex subsets. We consider a path,
Γ : [0, 1] → R

n
≥0 from a to a′. Thus Γ (0) = a and Γ (1) = a′. We choose this

path Γ such that for each reflecting hyperplane Hj , the path meets Hj at most
once, i.e., |Γ−1(Hj)| ≤ 1. Furthermore, we choose Γ to avoid the intersections
of every pair of reflecting hyperplanes Hj , Hk, i.e., we have Γ−1(Hj ∩Hk) = ∅
for all 1 ≤ j < k ≤ s. Write Γ−1(∪s

j=1Hj) = {t1, t2, . . . , tr}. We choose Γ such
that r is minimal. We will prove that a′ lies in the G′-orbit of a by induction
on the number r.

If r = 0, then the path Γ does not cross any of the reflecting hyperplanes.
Thus a and a′ both lie in C. But since a′ ∈ G · a, we must have a = a′ by
Lemma 5.3.7. Thus a′ ∈ G′ · a.

Now we handle the general case r ≥ 1. The point x := Γ ( tr−1+tr

2 ) lies in
some translate C1 of C. There is a unique point a′′ ∈ G · a ∩ C1. Clearly, we
may define a path Γ ′ : [0, 1] → R

n
≥0 from a to a′′ such that Γ ′(t) = Γ (t) for all
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t ∈ [0, tr−1] and with Γ ′(t) lying in the interior of C1 for all t ∈ (tr−1, 1]. Then
Γ ′−1(∪s

j=1Hj) = {t1, t2, . . . , tr−1}. Therefore, by induction, we see that a′′ lies
in the G′-orbit of a. Let H denote the reflecting hyperplane containing Γ (tr).
Then a′′ and a′ lie on opposite sides of H. Furthermore, by Corollary 5.3.11,
we know that the reflection σH is an element of G′. Since σH(a′′) must lie in
C1, we see that σH(a′′) = a′ by Lemma 5.3.7. Thus a′ ∈ G′ · a as required.

Since G′ acts transitively on the G · a, we must have |G′| ≥ |G · a| = |G|.
This proves G = G′ is generated by reflections. ��

This completes the proof of one direction of Theorem 5.3.3, namely that if
V is a permutation representation of G such that K[V ]G has a finite SAGBI
basis, then the action of G on V is generated by reflections.

Now we consider the converse. Let W be an n dimensional permutation
representation of G generated by reflections. Lemma 5.3.2 implies that W ∼=
W1 ⊕ W2 ⊕ · · · ⊕ Wr and G ∼= Σd1 × Σd2 × · · · × Σdr

is a Young subgroup of
Σn where di = dim Wi for i = 1, 2, . . . , r. Therefore, K[W ]G = K[W1]Σd1 ⊗
K[W2]Σd2 ⊗· · ·⊗K[Wr]Σdr . By Theorem 5.1.11, K[Wi]Σdi is a polynomial ring
with a SAGBI basis Bi consisting of di invariants. Thus B = B1�B2�· · ·�Br

is a finite SAGBI basis for K[W ]G. This completes the proof of Theorem 5.3.3.





6

Block Bases

The ideal I of K[V ] generated by the homogeneous invariants of positive
degree, I = K[V ]G+ · K[V ], is called the Hilbert ideal. We have already seen
one use of the Hilbert ideal in the proof of Theorem 3.5.1. Not surprisingly,
the quotient algebra formed with respect to this ideal is also very useful to
consider.

Definition 6.0.1. The ring of coinvariants is the quotient ring

K[V ]G := K[V ]/(K[V ]G+ · K[V ]) .

Since K[V ]G+ ·K[V ] is a graded ideal, K[V ]G is also a graded algebra, and is
easily seen to be Artinian, i.e., dimK(K[V ]G) is finite. The ring of coinvariants
is a classical object of study. One of the first important questions to ask
is which representation of G is given by each of its graded pieces? Another
problem is to find a vector space basis for K[V ]G and then to describe the
multiplication with respect to this basis.

We observe that
K[V ]G ∼= K ⊗K[V ]G K[V ]

so that
K[V ]G ⊗K K[V ]G ∼= K[V ]G ⊗K K ⊗K[V ]G K[V ] ∼= K[V ]

and therefore

H(K[V ]G, λ) · H(K[V ]G, λ) = H(K[V ], λ) .

Example 6.0.2. Let G = Σ3 be the symmetric group on 3 letters, acting in
the usual way on a three dimensional vector space V by permuting the basis
{e1, e2, e3}. Let {x1, x2, x3} be the dual basis of V ∗. Then by Theorem 5.1.11,
K[V ]G = K[s1, s2, s3] where s1 = x1 + x2 + x3, s2 = x1x2 + x1x3 + x2x3

and s3 = x1x2x3. The Hilbert series of K[V ]G is given by H(K[V ]G, λ) =
(1 − λ)−1(1 − λ2)−1(1 − λ3)−1. Of course, H(K[V ], λ) = (1 − λ)−3. Since

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 6, © Springer-Verlag Berlin Heidelberg 2011

99
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s1, s2, s3 is a homogeneous system of parameters, K[V ] is a free K[V ]G-module
with

H(K[V ]G, λ) =
H(K[V ], λ)
H(K[V ]G, λ)

=
(1 − λ)(1 − λ2)(1 − λ3)
(1 − λ)(1 − λ)(1 − λ)

= (1 + λ)(1 + λ + λ2) = 1 + 2λ + 2λ2 + λ3

The elements 1, x1, x2, x1x2, x
2
1, x

2
1x2 (or more properly their natural im-

ages) form a basis for K[V ]G. Note that these six elements are all the monomial
factors of x2

1x2.
Working in K[V ]G, many of the products of these basis elements are obvi-

ous: (x1)2 = x2
1, (x1)(x2) = x1x2, (x1)(x1x2) = x2

1x2, and (x2)(x2
1) = x2

1x2.
Since x2

2 = (x1 + x2)s1 − s2 − x2
1 − x1x2, we have (x2)2 = −x2

1 − x1x2 in
K[V ]G. Since x3

1 = s3−x1s2+x2
1s1, we have (x1)3 = 0 in K[V ]G. Finally, since

x1x
2
2 ≡ (x1)(−x2

1 − x1x2) = −x3
1 − x2

1x2, we have x1x
2
2 = −x2

1x2 in K[V ]G.

Definition 6.0.3. Let α ∈ S = K[x1, x2, . . . , xn] be a monomial and let R ⊂
S be a graded subalgebra (of Krull dimension n). We say that α generates a
block basis for S over R if the set of all monomial factors of α is a vector
space basis of S/R+S. Such a basis consisting of all the monomial factors of
a single monomial is called a block basis.

Let f1, f2, . . . , fn be a homogeneous system of parameters for a Cohen-
Macaulay ring S. Let B denote the algebra B = K[f1, f2, . . . , fn]. Since S is
Cohen-Macaulay, S is a free B-module:

S = ⊕t
j=1Bhj

for some h1, h2, . . . , ht ∈ S. Therefore,

H(S, λ) =
t∑

j=1

H(Bhj , λ) =
t∑

j=1

H(B, λ)λdeg(hj).

Thus H(S, λ)/H(B, λ) =
∑t

j=1 λdeg(hj). From this we see that the polynomial
H(S, λ)/H(B, λ) encodes the degrees of the module generators for S over B.
In particular, if α = xa1

1 xa2
2 · · ·xan

n generates a block basis for S over B, then

H(S, λ)/H(B, λ) =
a1∑

i1=0

a2∑

i2=0

· · ·
an∑

in=0

λi1+i2+···+in

=
a1∑

i1=0

a2∑

i2=0

· · ·
an∑

in=0

λi1λi2 · · ·λin

=

(
a1∑

i1=0

λi1

) (
a2∑

i2=0

λi2

)

· · ·
(

an∑

in=0

λin

)

=
n∏

j=1

1 − λaj+1

1 − λ
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Also, notice that substituting λ = 1 into H(S, λ)/H(B, λ) =
∑t

j=1 λdeg(hj)

yields t, the rank of S as a free B-module.
When K[V ]G = K[f1, f2, . . . , fn] is a polynomial ring, its ring of coinvariant

K[V ]G may be studied as follows. We consider the Hironaka decomposition
of K[V ] as an K[V ]G-module: K[V ] = ⊕t

j=1K[V ]Ghj . In this case, the Hilbert
ideal I is easily described: I = K[V ]G+K[V ] = ⊕t

j=1K[V ]G+hj and thus

K[V ]G = K[V ]/I = ⊕t
j=1Khj .

Thus we see that

H(K[V ]G, λ) = H(K[V ], λ)/H(K[V ]G, λ)

=
n∏

i=1

1
1 − λ

/ n∏

i=1

1
1 − λdeg(fi)

=
n∏

i=1

1 − λdeg(fi)

1 − λ

=
n∏

i=1

(1 + λ + λ2 + · · · + λdeg(fi)−1)

when K[V ]G is a polynomial ring. In particular, evaluating at λ = 1, we
see that, when K[V ]G is polynomial, the rank of K[V ] as a K[V ]G-module is
given by

∏n
i=1 deg(fi). Of course, we have already seen this result in Propo-

sition 3.1.4.

6.1 A Block Basis for the Symmetric Group

Let Sn = K[x1, x2, . . . , xn] and consider the natural action of the symmetric
group Σn on Sn. The Hilbert series of Sn is given by H(Sn, λ) =

∏n
i=1

1
1−λ .

As we have seen in Section 5.1.1, SΣn
n = K[s1, s2, . . . , sn] where deg(si) = i

for i = 1, 2, . . . , n. Thus H(SΣn
n , λ) =

∏n
i=1

1
1−λi . Therefore, H((Sn)Σn

, λ) =
∏n

i=1
1−λi

1−λ .
This shows that Sn is a rank n! free SΣn

n -module as also follows from
Proposition 3.1.3. It also suggests the possibility that the monomial αn =
x2x

2
3 · · ·xn−1

n might generate a block basis for Sn over SΣn
n . We will now show

that this is indeed the case. This result is classical, see Artin’s book [4, p. 41].

Proposition 6.1.1. Let αn = x2x
2
3 · · ·xn−1

n and let B := {β | β divides αn}.
Then

K[x1, x2, . . . , xn] =
⊕

β∈B
K[x1, x2, . . . , xn]Σnβ .
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Proof. Since we know that Sn has rank n! as an SΣn
n -module, and since there

are n! monomials which divide αn, it suffices to prove that the SΣn
n -module

generated by the monomial divisors of αn contains all of Sn. The proof is by
induction on n. For n = 1 we have Σ1 = {e}, α1 = 1 and S1 = SΣ1

1 and
hence the result is trivially true. For the inductive step, we assume that the
divisors of αn−1 form an S

Σn−1
n−1 -module basis for Sn−1. We need to show that

every f ∈ Sn lies in the SΣn
n -module generated by the factors of αn. Recall

the algebra surjection first discussed in §3.2:

θ : Sn → Sn−1

xi 	→
{

xi if i < n

0 if i = n

Recall that s1, s2, . . . , sn denote the elementary symmetric functions in
x1, x2, . . . , xn. We denote by s′1, s

′
2, . . . , s

′
n−1 the elementary symmetric func-

tions in x1, x2, . . . , xn−1. Recall that s′i = θ(si) for i = 1, 2, . . . , n − 1 and
θ(sn) = 0. In particular, θ(SΣn

n ) = S
Σn−1
n−1 .

Clearly, we may assume that f is homogeneous. We proceed by induction
on the degree of f . If deg(f) = 0 then f lies in the SΣn

n -module generated by
1.

Suppose then that deg(f) = m > 0. Write f = a′ + bxn where a′ ∈ Sn−1

and b ∈ Sn. Then θ(f) = a′. By induction on n, there exist (unique)

f ′
β = f ′

β(s′1, s
′
2, . . . , s

′
n−1) ∈ S

Σn−1
n−1 = K[s′1, s

′
2, . . . , s

′
n−1]

such that
a′ =

∑

β divides αn−1

f ′
ββ.

Define
fβ := f ′

β(s1, s2, . . . , sn−1) ∈ SΣn
n

and
a =

∑

β divides αn−1

fββ ∈ Sn.

Then

θ(a) = θ(
∑

β divides αn−1

fββ)

=
∑

β divides αn−1

θ(fβ)β

=
∑

β divides αn−1

f ′
ββ

= a′

= θ(f) .
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Therefore, f − a ∈ ker θ = (xn)Sn. Write f − a = gxn for some g ∈ Sn with
deg(g) = m − 1. By induction on degree, we may write g =

∑
β divides αn

gββ

for some gβ ∈ SΣn
n . Hence we have

f = a + gxn

=
∑

β divides αn−1

fββ +
∑

β divides αn

gβxnβ

We would be done at this stage were it not for the possibility that one of the
monomials xnβ occurring in the above expansion of f might not divide αn.
This can only happen if the exponent of xn in xnβ is exactly n. We handle
this as follows. Recall that

∏n
i=1(t − xi) =

∑n
j=0(−1)jsjt

n−j . Substituting
t = xn into this identity we find 0 =

∑n
j=0(−1)jsjx

n−j
n and thus xn

n =
∑n

j=1(−1)j+1sjx
n−j
n . For each monomial xnβ not dividing αn, we make the

substitution xn
n =

∑n
j=1(−1)j+1sjx

n−j
n . This shows that f lies in the SΣn

n -
module generated by the monomial factors of αn and so completes the proof.


�

It is well-known that the elementary symmetric polynomials generate the
ring of symmetric polynomials. Proposition 6.1.1 gives the deeper result show-
ing how to express any polynomial what so ever in terms of symmetric poly-
nomials.

6.2 Block Bases for p-Groups

The lemma below generalizes Proposition 4.0.3.

Lemma 6.2.1. Let f1, f2, . . . , fn be a sequence of homogeneous elements in
S := K[x1, x2, . . . , xn] with deg(fi) = di for i = 1, 2, . . . , n. Suppose that
with respect to some monomial ordering, LT(fi) = xdi

i for i = 1, 2, . . . , n.
Then f1, f2, . . . , fn is a homogeneous system of parameters in K[V ] and α :=∏n

i=1 xdi−1
i generates a block basis for S over R := K[f1, f2, . . . , fn]

Proof. First we show that f1, f2, . . . , fn is a homogeneous system of parame-
ters in K[V ]. We will show this by proving that the only common zero of all
these n functions evaluated on V := V ⊗K K is the origin, i.e., by applying
Lemma 2.6.3. Let v = (v1, v2, . . . , vn) ∈ V be such that fi(v) = 0 for all
i = 1, 2, . . . , n.

Without loss of generality, x1 < x2 < · · · < xn in the given monomial
ordering. By the multiplicative property of monomial orderings, every mono-
mial of degree di which is less than xdi

i must be divisible by some xj where
j < i. In particular, fi ≡ xdi

i modulo (x1, x2, . . . , xi−1). Thus f1 = xd1
1 and

hence v1 = 0. Therefore f2(v) = vd2
2 which implies that v2 = 0. Continuing in

this manner we see that the only common zero is v = (0, 0, . . . , 0).
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As we observed earlier, we know that

H(R, λ) = (1 − λd1)−1(1 − λd2)−1 · · · · · (1 − λdn)−1

and therefore,

H(S/R+S, λ) =
n∏

i=1

(1 − λ)di

(1 − λ)
=

n∏

i=1

(1 + λ + λ2 + · · · + λdi−1).

From this we see that the rank of S as an R-module is
∏n

i=1 di. Since this rank
is equal to the number of monomial factors of α, it suffices to show that these
factors span S/R+S or equivalently that they generate S as an R-module.

Let S′ denote the R-module generated by the monomial factors of α and
suppose, by way of contradiction, that S′

� S. Choose h ∈ S \ S′ such
that LM(h) is the smallest possible. Write LT(h) = cxa1

1 xa2
2 · · ·xan

n and write
ai = qidi + ri where 0 ≤ ri < di for all i = 1, 2, . . . , n. Then

∏n
i=1 xri

i is a
monomial factor of α and thus

h′ := h − c(
n∏

i=1

fqi

i )(
n∏

i=1

xri
i )

lies in S \ S′ and LT(h′) < LT(h). This contradiction proves the result. 
�
Corollary 6.2.2. Suppose that P is a p-group and that V is a representation
of P . Choose a basis {x1, x2, . . . , xn} of V ∗ with respect to which G is upper
triangular. Then NG

Gx1
(x1),NG

Gx2
(x2), . . . ,NG

Gxn
(xn) is a homogeneous sys-

tem of parameters in F[V ]P and α =
∏n

i=1 xdi−1
i generates a block basis for

F[V ] over F[NG
Gx1

(x1),NG
Gx2

(x2), . . . ,NG
Gxn

(xn) where di = |G|/|Gxi
|.

Proof. This follows immediately since (using the graded reverse lexicographic
ordering with x1 < x2 < · · · < xn) we have LM(NG

Gxi
(xi)) = xdi

i for all
i = 1, 2, . . . , n. 
�
Example 6.2.3. Consider the group of lower triangular matrices,

Un = Un(V ) ⊂ GLn(F).

Choose the dual (upper triangular) basis {x1, x2, . . . , xn} for V ∗ and use the
graded reverse lexicographic order with x1 < x2 < · · · < xn. We define

V (i) := span
F
{x1, x2, . . . , xi} ⊂ V ∗

for 1 ≤ i ≤ n and V (0) := {0}. Then Un(V ) · xi = {xi + y | y ∈ V (i− 1)}. Let
hi denote the norm

hi := NG
Gxi

=
∏

y∈V (i−1)

(xi + y).

Clearly, LT(hi) = xpi−1

i . Then Corollary 6.2.2 asserts that the monomial
xp−1

2 xp2−1
3 · · ·xpn−1−1

n generates a block basis for Fp[V ] over Fp[V ]Un .
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The Cyclic Group Cp

7.1 Representations of Cp in Characteristic p

Let G = Cp denote the cyclic group of order p. In this section, we wish to
study the representation theory of Cp over a field F of characteristic p.

We begin by considering a finite dimensional indecomposable Cp-module,
V . In representation terminology, this means we have a finite dimensional
indecomposable representation ρ : Cp → GL(V ). We fix a generator σ of Cp.
Now since σp = 1, every eigenvalue λ of σ must be a pth root of unity. Thus
0 = λp−1 = (λ−1)p and so λ = 1 is the only pth root of unity in F. Since the
only eigenvalue of σ lies in F, we may choose a basis {e1, e2, . . . , en} of V such
that ρ(σ) is in (lower) Jordan normal form with respect to this basis. If there
are two or more Jordan blocks in this Jordan normal form these blocks yield
a decomposition of V into a direct sum of smaller Cp-modules contradicting
the indecomposability of V . Thus

ρ(σ) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 . . . 0 0
1 1 0 . . . 0 0
0 1 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0
0 0 0 . . . 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Lemma 7.1.1. The matrix above has order p� if and only if p�−1 < n ≤ p�.
In particular, this matrix has order p if and only if 1 < n ≤ p. ��

We note that σ(en) = en and σ(ei) = ei + ei+1 for 1 ≤ i ≤ n − 1. We
call such a basis a triangular basis of Vn and we say that e1 is distinguished.
Notice that the Cp-module generated by e1 is all of Vn.

Definition 7.1.2. For each n with 1 ≤ n ≤ p we denote the indecomposable
Cp-module of dimension n by Vn.

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 7, © Springer-Verlag Berlin Heidelberg 2011

105

http://dx.doi.org/10.1007/978-3-642-17404-9_7


106 7 The Cyclic Group Cp

The preceding discussion, combined with lemma 7.1.1, proves the

Lemma 7.1.3. Over any field of characteristic p, there are exactly pr inequiv-
alent indecomposable representations of Cpr , one of dimension n for each n
less than or equal to pr. Furthermore, we have the following chain of inclu-
sions:

V1 ⊂ V2 ⊂ · · · ⊂ Vpr .

��

The indecomposable representations Vn also occur in the following way.
Consider the action of σ on V2, the indecomposable representation of dimen-
sion 2:

ρ(σ) =
(

1 0
1 1

)

.

We saw in Theorem 1.11.2 that F[V2]Cp = F[x, yp − xp−1y]. In particular, for
0 ≤ d ≤ p − 1, we see that F[V2]

Cp

d is spanned by xd. Thus dim F[V2]
Cp

d = 1
for 0 ≤ d ≤ p − 1 which implies that dim F[V2]d is an indecomposable Cp-
representation for d < p. Since dim F[V2]d = d+1 we must have F[V2]d ∼= Vd+1

for d = 0, 1, . . . , p − 1.
In general, any p-group has only one projective indecomposable module

up to isomorphism in characteristic p, see Benson [7, §3.14]. Here we prove

Lemma 7.1.4. If the indecomposable Cp-module Vr is projective, then r = p.
Thus every projective Cp-module is a free Cp-module.

Remark 7.1.5. We observe that Vp
∼= FCp and that, therefore, Vp is (isomor-

phic to) the regular representation of Cp.

Proof. Let {e1, e2, . . . , ep} be a triangular basis for Vp where e1 is distin-
guished. Consider the submodule Vr = span

F
{ep−r+1, ep−r+2, . . . , ep} where

r < p. Assume, by way of contradiction, that Vr is projective and consider
the short exact sequence of Cp-modules:

0 → W → Vp
ν→ Vr → 0

given by ν(ei) =

{
ep−r+i, if i ≤ r;
0, if i > r;

where W = ker(ν).

If Vr is projective, then this sequence splits and thus Vr must have a
complement M in Vp and we have Vp = Vr ⊕M . But then V

Cp
p = V

Cp
r ⊕MCp

has dimension at least 2. This contradiction proves that Vr is not projective.
��

Remark 7.1.6. Since Vp is projective, its dual, V ∗
p , is an injective module. But

since Vp
∼= V ∗

p , we see that Vp is injective.
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Remark 7.1.7. We note here that if G is a finite group with non-cyclic p-
Sylow subgroups, then there are infinitely many inequivalent indecomposable
representations of G over a field of characteristic p. If p = 2 and the 2-
Sylow subgroups of G are isomorphic to either the Klein 4-group, a dihedral
group, a semi-dihedral group or a generalized quaternion group, then the
representation theory of G over an infinite field F of characteristic 2 is tame.
This means that all but finitely many indecomposable representations of each
fixed dimension can be parameterized by essentially one parameter (running
over F). Of course, over a finite field, there are always only finitely many
representations of a given dimension since GL(n, F) has only finitely many
subgroups for each n and so the notion of tame does not make sense over finite
fields. If the p-Sylow subgroups of G are non-cyclic and not the Klein 4-group,
nor a dihedral group, nor a semi-dihedral group nor a generalized quaternion
group, then the modular representation theory of G is wild. This means that
the problem of classifying the inequivalent indecomposable representations
contains the unsolved problem of simultaneously reducing to Jordan canonical
form two linear operators on a finite-dimensional space. Solving this problem
is considered hopeless. For details about these results, see, for example the
book of Benson [6, § 4.4]. But recall from §3.6 that Symonds has shown that
only finitely isomorphism classes of representations of such a group G occur
in any decomposition of F[V ]G into indecomposable G-modules.

An immediate consequence of Lemma 7.1.3 is that the equivalence class
of an indecomposable Cp-module, V , is entirely determined by dim(V ). In
particular, the indecomposable module V ∗ := hom(V, F) is isomorphic to V
since dim(V ∗) = dim(V ).

Since we are primarily interested in invariants we often concentrate on the
Cp action on V ∗ rather than on V itself. Accordingly we will usually choose
the dual basis {x1, x2, . . . , xn} for V ∗ to the basis {e1, e2, . . . , en} and replace
the previously chosen generator σ by the new generator σ−1 (which will we
again denote by σ. In other words, we choose an upper triangular basis of V ∗

with σ(x1) = x1 and σ(xi) = xi + xi−1 for 2 ≤ i ≤ n. Again, we call xn a
distinguished variable since xn generates the cyclic Cp-module V ∗. Observe
that V

Cp
n has basis {en} and that (V ∗

n )Cp has basis {x1}. Note that if λ ∈ V ∗,
then λ is a distinguished variable for V ∗ if and only if λ restricted to V

Cp
n is

not identically zero.
As in Chapter 1, we consider the twisted derivation Δ : F[V ] → F[V ]

defined as Δ = σ − Id. Then ker(Δ) = F[V ]Cp and for f, f ′ ∈ F[V ], we have
Δ(ff ′) = Δ(f)f ′−σ(f)Δ(f ′). As well, we note that Δp−1 =

∑p−1
i=0 σi = TrCp .

In this notation, we observe that xi = Δn−i(xn).
We note that for such a triangular basis of V ∗

n , that the fixed point x1 is
dual to a distinguished element of Vn. Conversely, the distinguished variable
xn is dual to a fixed vector in Vn.

If W ⊂ V are two G-modules, we say W is a summand of V if there exists
another G-submodule U of V such that V = W ⊕ U . In this case, we say
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that U and W are complements of one another. If V is any finite dimensional
Cp-module, then V can be decomposed into a direct sum of indecomposable
Cp-modules:

V ∼= m1V1 ⊕ m2V2 · · · ⊕ . . . mpVp

where mi ∈ N for all i and mW := W ⊕ W ⊕ · · · ⊕ W
︸ ︷︷ ︸

m summands

. The invariants

F[mW ]Cp , associated to mW , are referred to as vector invariants.

Lemma 7.1.8. If V ∼= m1V1⊕m2V2 · · ·⊕. . . mpVp and V ∼= m′
1V1⊕m′

2V2 · · ·⊕
. . . m′

pVp are two decompositions of V , then mi = m′
i for all 1 ≤ i ≤ p.

Proof. Note that the kernel of Δ : Vi → Vi is V
Cp

i which is one dimensional
for all i. Thus

dim(Δj(Vi)) =

{
0 if j ≥ i,
i − j if j < i.

Therefore, (p − j)mp + (p − 1 − j)mp−1 + · · · + mj+1 = dim(Δj(V )) for all
0 ≤ j ≤ p − 1. Clearly, this system of equations uniquely determines the
coefficients m1, m2, . . . , mp. ��

Remark 7.1.9. We may also prove the above lemma by observing that for each
i, the number of Jordan blocks of size i in the Jordan normal form for the
matrix of σ is mi.

Remark 7.1.10. Each indecomposable Cp-module, Vn, satisfies dimF(Vn)Cp =
1. Therefore, the number of summands occurring in a decomposition of V is
given by m1 + m2 + · · · + mp = dimV Cp .

It is important to observe that such a decomposition is in general not
unique, there are many choices for the individual summands. The following
example gives a simple illustration of this.

Example 7.1.11. Let p ≥ 5 and consider three indecomposable Cp modules:
A = span

F
{a5, a4, a3, a2, a1} ∼= V5, B = span

F
{b5, b4, b3, b2, b1} ∼= V5 and

C = span
F
{c2, c1} ∼= V2. Here we suppose the given bases are triangular with

fixed points a1, b1 and c1. Now define V := A ⊕ B ⊕ C.
The Cp-submodule A′ := span

F
{a5+b5+c2, a4+b4+c1, a3+b3, a2+b2, a1+

b1} is isomorphic to V5. Similarly, B′ := span
F
{a5 + 2b5 + 3c1, a4 + 2b4, a3 +

2b3, a2+2b2, a1+2b1} is isomorphic to V5. Finally, if we take C ′ := span
F
{a2+

b1 − c2, a1 − c1} ∼= V2 then we have another decomposition: V = A′⊕B′⊕C ′.

In the non-modular situation, every indecomposable submodule has a com-
plement. This is not the case in the modular setting as the following example
illustrates.
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Example 7.1.12. We continue with the notation of the previous example. The
submodules A, B, C, A′, B′, C ′, A ⊕ B, A ⊕ C, etc. are all summands of V .
B ⊕ C is a complement of A.

Consider D := span
F
{a3, a2, a1} and E := span

F
{a3 + c1, a2, a1}. These

two modules do not have any complements and so are not summands of V .
Note that while D lies in a summand, A, the submodule E can not be extended
to an indecomposable summand.

In general, the decomposition of a tensor product Vn ⊗ Vm into indecom-
posable summands can be somewhat complicated to derive. It is clear that
V1 ⊗ Vn

∼= Vn and the following lemma shows how to decompose Vp ⊗ Vn.

Lemma 7.1.13. Vp ⊗ Vn
∼= nVp.

Proof. We proceed by induction on n. For n = 1, the isomorphism Vp⊗V1
∼= Vp

is clear. For the general case, we assume the induction hypothesis Vp⊗Vn−1
∼=

(n − 1)Vp and consider the short exact sequence

0 −→ Vn−1 −→ Vn −→ V1 −→ 0

Since Vp is free, hence flat, tensoring with Vp yields a new short exact
sequence:

0 −→ Vp ⊗ Vn−1 −→ Vp ⊗ Vn −→ Vp ⊗ V1
∼= Vp −→ 0

Since Vp is projective, this sequence splits and thus

Vp ⊗ Vn
∼= Vp ⊗ Vn−1 ⊕ Vp

∼= (n − 1)Vp ⊕ Vp
∼= nVp

��

We also have a simple formula for the result of tensoring with a copy of
V2.

Lemma 7.1.14.

Vn ⊗ V2
∼=

⎧
⎪⎨

⎪⎩

V2, if n = 1;
Vn−1 ⊕ Vn+1, if 1 < n < p;
2 Vp, if n = p.

Proof. The case n = 1 is clear and the case n = p is a special case of
Lemma 7.1.13. Suppose then that 1 < n < p. We choose triangular bases
{e1, e2, . . . , en} and {e′1, e′2} for Vn and V2 respectively. Here e1 and e′1 are dis-
tinguished and en and e′2 are Cp-fixed. Define v1 := e1 ⊗ e′1, w1 := (n−1)e1 ⊗
e′2−e2⊗e′1 and vt := Δt−1(v1) for 1 ≤ t ≤ n+1 and wt := Δt−1(w1) for 1 ≤ t ≤
n− 1. It is easy to verify that wt = (n− t)et ⊗ e′2 − et+1 ⊗ e′1 − (t− 1)et+1 ⊗ e′2
for 1 ≤ t ≤ n − 1 and vt = et ⊗ e′1 + (t − 1)et−1 ⊗ e′2 + (t − 1)et ⊗ e′2 for
1 ≤ t ≤ n and vn+1 = nen ⊗ e′2. Since vn+1 and wn−1 are 2 linearly indepen-
dent Cp-fixed vectors, we see that V2 ⊗Vn contains at least 2 indecomposable
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summands. On the other hand, V := span
F
{v1, v2, . . . , vn+1} ∼= Vn+1 and

W := span
F
{w1, w2, . . . , wn−1} ∼= Vn−1. Furthermore, V ∩ W = {0} since

their fixed lines are linearly independent. Finally, considering dimensions we
see that V2 ⊗ Vn = V ⊕ W ∼= Vn+1 ⊕ Vn−1. ��

Remark 7.1.15. A shorter non-constructive proof using the Jordan normal
form of matrices has been given by Hughes and Kemper, [54, Lemma 2.2].

7.2 The Cp-Module Structure of F[Vn]

We now want to consider the symmetric algebra F[V ] as a graded Cp-module,
and as a module over F[V ]Cp . In this section, we treat the case where V = Vn

is indecomposable. In the next section, we will consider decomposable modules
V . Although F[Vn] is infinite dimensional, we have the degree decomposition
F[Vn] =

⊕∞
d=0 F[Vn]d and each F[Vn]d is a finite dimensional Cp-module. Our

goal is to decompose each F[Vn]d as a direct sum: F[Vn]d = md,1V1⊕md,2V2⊕
· · · ⊕ md,pVp. We fix notation by choosing a triangular basis {x1, x2, . . . , xn}
for V ∗

n with distinguished variable xn.
In order to solve the decomposition problem, we will consider F[Vn] not

just as a Cp-module but also as a F[Vn]Cp -module. Suppose that W is an
indecomposable summand of the Cp-module F[Vn]d and f ∈ F[Vn]Cp is a
homogeneous invariant of degree r. Then f ·W is a Cp-submodule of F[Vn]d+r

isomorphic to W . However, as the following example shows, f · W need not
be a summand of F[Vn]d+r.

Example 7.2.1. Consider F[V2] as a Cp-module where F has positive character-
istic p 
= 2. As usual, we denote the generator of Cp as σ and write Δ = σ−1.
Choose a basis {x1, x2} of V ∗

2 = F[V2]1 such that Δx1 = 0 and Δx2 = x1.
Note that {v3 := x2

2, v2 := 2x1x2 +x2
1, v1 := 2x2

1} is a basis of F[V2]2 such that
Δ(v3) = v2, Δ(v2) = v1 and Δ(v1) = 0. Thus F[V2]1 ∼= V2 and F[V2]2 ∼= V3.
Also, x1 ∈ F[V2]

Cp

1 . However, x1 · F[V2]1 ∼= V2 ⊂ F[V2]2 ∼= V3 and x1 · F[V2]1 is
not a summand of F[V2]2.

Note that when p = 2, we have Δ(v2) = v1 = 0. Thus in characteristic 2,
F[V2]2 ∼= V2 ⊕ V1 where span

F
{x2

2, x
2
1} ∼= V2 and span

F
{x2

2 + x1x2} ∼= V1.

7.2.1 Sharps and Flats

Let F[Vn]� denote the principal ideal of F[Vn] generated by NCp(xn). Clearly
we may assume n ≥ 2. Note that degxn

(NCp(xn)) = p and that NCp(xn) is
monic when considered as a polynomial in xn; therefore, we may divide any
given f ∈ F[Vn] by NCp(xn) to obtain f = q ·NCp(xn)+r for some q, r ∈ F[Vn]
with degxn

(r) < p.
Note that if f is invariant, then so are both q and r. To see this, apply

σ to the equation f = q · NCp(xn) + r to get f = σ(q) · NCp(xn) + σ(r).
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Since xn is a distinguished variable, degxn
(σ(r)) = degxn

(r) < p. Thus, by
the uniqueness of remainders, σ(r) = r and therefore σ(q) = q.

We define F[V ]� := {r ∈ F[V ] | degxn
(r) < p}. Note that both F[Vn]� and

F[Vn]� are vector spaces and that as vector spaces, F[Vn] = F[Vn]� ⊕ F[Vn]�.
Furthermore, both F[Vn]� and F[Vn]� are Cp-stable. Therefore, we have the
Cp-module decomposition

F[Vn] = F[Vn]� ⊕ F[Vn]�.

In contrast to Example 7.2.1, we have

Proposition 7.2.2. Let W be an indecomposable summand of F[Vn]d and let
f ∈ F[Vn]Cp be a homogeneous invariant of degree r.

1. If W ∼= Vp, then f · W is a summand of F[Vn]d+r.
2. If f = N(xn), then f · W is a summand of F[Vn]d+p.

Proof. For the first we assertion, we note that f · W is a Cp-submodule of
F[Vn]d+r. Since dim(f · W ) = p, we see that f · W ∼= Vp is an injective
submodule by Remark 7.1.6. Hence the inclusion fW ↪→ F[Vn]d+r splits and
therefore, F[Vn]d+r

∼= f · W ⊕ W ′ for some Cp-module W ′.
For the second assertion, write F[Vn]d = W ⊕W ′ for some Cp-module W ′.

Then

F[Vn]d+p
∼= F[Vn]�d+p ⊕ F[Vn]�d+p

∼= N(xn) · F[Vn]d ⊕ F[Vn]�d+p

∼= N(xn) · W ⊕ N(xn) · W ′ ⊕ F[Vn]�d+p

��

Lemma 7.2.3. The Cp-module F[Vn]�d is free if d + n ≥ p + 1.

Proof. The proof is by (downward) induction on n. For the base case n = p,
we are considering the regular representation Vp and we may choose a basis
{w1, w2, . . . , wp} of V ∗

p which is (transitively) permuted by the action of Cp.
Then the degree d monomials in the variables {w1, w2, . . . , wp} form a vector
space basis for F[Vp]d and this basis of monomials is again permuted by Cp.
Clearly, the only invariant monomials are those of the form (w1w2 · · ·wp)b

for some non-negative integer b. All other monomials subdivide naturally into
Cp-orbits of size p.

Notice that any of the variables wi may be chosen as a distinguished
variable xp for Vp since each generates V ∗

p as a Cp-module. Thus we may
take NCp(xp) = NCp(wi) =

∏
τ∈Cp

τ(wi) = w1w2 · · ·wp. From this we see
that F[Vp]� is spanned by the monomials divisible by w1w2 · · ·wp, i.e., by the
monomials we1

1 we2
2 · · ·wep

p where all ei ≥ 1. Also F[Vp]� is spanned by the
monomials not divisible by w1w2 · · ·wp, i.e., by the monomials we1

1 we2
2 · · ·wep

p
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where ei = 0 for at least one i. In particular, every monomial, other than the
monomial 1, in the basis of F[Vp]� lies in a Cp-orbit of order p. Thus for a ≥ 1
we see that F[Vp]�d is a direct sum of copies of Vp, i.e., is a free Cp-module.

For the general case, we suppose that the result holds for F[Vn+1]� and
that d ≥ (p + 1) − n. Let {x1, x2, . . . , xn+1} be a triangular basis for V ∗

n+1

where xn+1 is distinguished. Consider the short exact sequence of Cp-modules

0 −→ F[Vn+1]�d
μ−→ F[Vn+1]�d+1

θ−→ F[Vn]�d+1 −→ 0 .

Here μ is given by multiplication by the Cp-fixed variable x1 and θ is induced

by θ(xi) =

{
0, if i = 1;
xi−1, if i ≥ 2.

Now F[Vn+1]�d and F[Vn+1]�d+1 are both free

by the induction hypothesis. Thus by Remark 7.1.6, we see that F[Vn+1]�d is
injective. Thus the above sequence splits and F[Vn]�d+1 is projective. But by
Lemma 7.1.4, this means that F[Vn]�d+1 is free. ��

Theorem 7.2.4. Let d be a non-negative integer and write d = qp + r where
0 ≤ r ≤ p − 1. Then F[Vn]d ∼= F[Vn]r ⊕ k Vp as Cp-modules for some non-
negative integer k.

Proof. The proof is by induction on q. If q = 0 the result is trivially true.
Suppose d ≥ p (so q is at least 1) and consider the Cp-equivariant homomor-
phism

μ : F[Vn]d−p−→F[Vn]�d
given by multiplication by NCp(z) for a distinguished variable z. The map μ
is onto by definition of F[Vn]� and is injective since F[Vn] is a domain. Thus μ
is an isomorphism. Also, since d ≥ p, we know, by Lemma 7.2.3, that F[Vn]�d
is free and so we may write F[Vn]�d ∼= s Vp for some s. Thus

F[Vn]d ∼= F[Vn]�d ⊕ F[Vn]�d
∼= F[Vn]d−p ⊕ s Vp

∼= (F[Vn]r ⊕ t Vp) ⊕ s Vp

for some t where the last isomorphism follows from the induction hypoth-
esis. Hence F[Vn]d ∼= F[Vn]r ⊕ k Vp. Furthermore, we may compute k =((

n+d−1
d

)
−
(
n+r−1

r

))
/p by comparing dimensions. ��

Example 7.2.5. We consider p = 11 and n = 4. What are we able to say at
this point about the decomposition of F[V4]d? According to Theorem 7.2.4,
if we know the decomposition of F[V4]d into indecomposable representations
for 1 ≤ d ≤ 10, then we know the decomposition of F[V4]d for all values of
d. Furthermore, by Lemma 7.2.3, we know that F[V4]d = F[V4]�d is free for
d = 8, 9 and 10. As well, we have F[V4]0 = F = V1 and F[V4]1 = V4. In order
to complete the calculation for d = 2, 3, 4, 5, 6 and 7, it suffices to compute
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the matrix representing the action of σ on F[V4]d for these values of d and
rewrite them in Jordan Normal Form. This is a straightforward problem of
Gaussian elimination. Using a MAGMA script to do this we obtained the
results summarized in the following table.

d dimension Non-Free Summands Free Summands
0 1 V1

1 4 V4

2 10 V3 ⊕ V7

3 20 V4 ⊕ V6 ⊕ V10

4 35 V1 ⊕ V5 ⊕ V7 2 V11

5 56 V4 ⊕ V8 4 V11

6 84 V7 7 V11

7 120 V10 10 V11

8 165 15 V11

9 220 20 V11

10 286 26 V11

Now, suppose we wish to know the decomposition of F[V4]d for some large
value of d. For d = 126 for example, we observe that 126 ≡ 5 (mod 11)
and thus F[V4]126 ∼= V4 ⊕ V8 ⊕ 4 V11 ⊕ k V11, where k = 31768 again by
Theorem 7.2.4.

Note that one can use these arguments to compute the Hilbert series of
F[V4]Cp . That is, we know that the coefficient of λa is equal to the number
of summands in F[V4]d. For example, the coefficient of λ126 is 31774. This
example is revisited in detail in Example 13.0.2.

7.3 The Cp-Module Structure of F[V ]

We now extend these ideas to decomposable Cp-modules, V . This is not too
difficult since most of the ideas extend in a straightforward manner.

In order to simplify things, we first observe that if V1 is a summand of V ,
say V = V1 ⊕ V ′, then

F[V ] = F[V1 ⊕ V ′] = F[V1] ⊗ F[V ′] ,

and more importantly,

F[V ]Cp = F[V1] ⊗ F[V ′]Cp .

Thus we may easily describe F[V ] and F[V ]Cp once we have understood F[V ′]
and F[V ′]Cp . Therefore, by induction, we may assume that V contains no
summand isomorphic to V1. Such a representation V is said to be reduced.

Let V be a reduced finite dimensional representation of Cp and decompose
V into a direct sum of indecomposable summands:
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V = Vn1 ⊕ Vn2 ⊕ · · · ⊕ Vnm
.

Choose a distinguished variable zi ∈ V ∗
ni

for each i = 1, 2, . . . ,m. Then the
set {zi,j := Δj(zi) | 0 ≤ j ≤ ni − 1, 1 ≤ i ≤ m} is a vector space basis for V ∗.
We let Ni = NCp(zi) =

∏
τ∈Cp

τ · zi denote the norm of zi for i = 1, 2, . . . ,m.
Let f ∈ F[V ]Cp . Since N1 is monic, when considered as a polynomial in the

single variable z1, we may divide N1 into f to obtain the unique decomposition
f = f1N1 + r1 where the remainder r1 has degree at most p − 1 in the
variable z1. Next, we divide r1 by N2 to obtain a unique decomposition:
f = f1N1 + f2N2 + r2 where degz1

(f2) < p, degz1
(r2) < p and degz2

(r2) < p.
Continuing in this manner we obtain a unique decomposition

f = f1N1 + f2N2 + . . . + fmNm + r

where degzi
(fj) < p for all i < j and degzi

(r) < p for all i. We note
that r is unchanged under a reordering of the norms. Therefore, the set
{N1, N2, . . . , Nm} is a Gröbner basis for the ideal they generate and r is the
normal form of f , see [1, Theorem 1.6.7, p. 34]. We will call this the norm de-
composition of f . Note that the norm decomposition depends upon the choice
and order of the zi but is otherwise unique.

Proposition 7.3.1. Suppose f ∈ F[V ]Cp and consider its norm decomposi-
tion: f = f1N1 + f2N2 + . . . + fmNm + r. Then f1, f2, . . . , ft, r ∈ F[V ]Cp .

Proof. Applying σ we have that f = σ(f1) · N1 + σ(f2) · N2 . . . + σ(fm) ·
Nm + σ(r). Since degzi

(σ(r)) = degzi
(r) and degzi

(σ(fj)) = degzi
(fj) for all

i and j, the uniqueness of the norm decomposition shows that σ(r) = r and
σ(fj) = fj for all j. ��

As before, denote by F[V ]� the ideal of F[V ] generated by the norms
N1, N2, . . . , Nm, and F[V ]� := {r ∈ F[V ] | degzi

(r) < p for all i = 1, 2, . . . , m}.
Thus F[V ]� is the set of functions f having all coefficients fi = 0 in its norm
decomposition. Note that again F[V ]� and F[V ]� are both Cp-stable and we
have the sharps and flats Cp-module decomposition

F[V ] = F[V ]� ⊕ F[V ]�.

The decomposition V = Vn1 ⊕ Vn2 ⊕ · · · ⊕ Vnm
induces an isomorphism

F[V ] ∼= F[Vn1 ]⊗F[Vn2 ]⊗· · ·⊗F[Vnm
]. This isomorphism in turn yields an N

m

multi-grading on F[V ] given by the degrees in each Vni
:

F[V ](d1,d2,...,dm) = F[Vn1 ]d1 ⊗ F[Vn2 ]d2 ⊗ · · · ⊗ F[Vnm
]dm

.

The action of Cp preserves this grading and thus F[V ]Cp , F[V ]� and F[V ]�

each inherit this grading. The following general version of Theorem 7.2.4 fol-
lows.
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Theorem 7.3.2 (Periodicity Theorem). Let V = Vn1 ⊕ Vn2 ⊕ · · · ⊕ Vnm
.

Let d1, d2, . . . , dm be non-negative integers and write di = qip + ri where 0 ≤
ri ≤ p − 1 for i = 1, 2, . . . ,m. Then

F[V ](d1,d2,...,dm)
∼= F[V ](r1,r2,...,rm) ⊕ k Vp

as Cp-modules for some non-negative integer k.

Proof. We will induct on m. Write V = Vn1 ⊕ W for W = Vn2 ⊕ · · · ⊕ Vnm
.

By induction, we have

F[V ](d1,d2,...,dm)
∼= F[Vn1 ]d1 ⊗ F[W ](d2,...,dm)

∼= (F[Vn1 ]r1 ⊕ sVp) ⊗ (F[W ](r2,...,rm) ⊕ tVp)
∼= F[V ](r1,...,rm) ⊕ kVp

as claimed. ��

Finally, we want to generalize Lemma 7.2.3. It is easy to see that

F[V ]�(d1,d2,...,dt)
∼= F[Vn1 ]

�
d1

⊗ F[Vn2 ]
�
d2

⊗ · · · ⊗ F[Vnm
]�dm

.

Using Lemma 7.1.13 we see by Lemma 7.2.3 that F[V ]�(d1,d2,...,dm) is free
if di + ni ≥ p + 1 for some i with 1 ≤ i ≤ m. In particular, if d = d1 + d2 +
· · · + dm > mp − (n1 + n2 + · · · + nm), then some di must exceed p − ni and
therefore, F[V ]�d is free. This proves following result.

Proposition 7.3.3. Suppose V is a reduced Cp-module with m = dim V Cp .
Let d be a positive integer with d > m(p − 2). Then F[V ]d ∼= F[V ]�d ⊕ k Vp for
some k.

7.4 The First Fundamental Theorem for V2

This section is devoted to finding generators for the vector invariants of V2,
i.e., for F[mV2]Cp for all m ≥ 1.

In 1990, Richman [92] conjectured a set of generators for F[mV2]Cp . Camp-
bell and Hughes [19] proved Richman’s conjectured generating set is correct
in 1997. Their proof itself is somewhat difficult and relies upon a deep result
of Wilson concerning the rank of 0-1 matrices in characteristic p.

Here we give a new proof of the first fundamental theorem due to Camp-
bell, Shank and Wehlau [21]. This new proof enjoys a number of advantages.
The new proof yields a description of the Cp-module structure of F[mV2].
This description is quite explicit and easily computable. The new proof also
provides a SAGBI basis for the ring of invariants. Thirdly, the new proof is
simpler and in particular avoids the use of Wilson’s theorem.

We will prove the following.
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Theorem 7.4.1. Let G = Cp act on V = mV2. Let {yi, xi} denote a basis
for the ith copy of V ∗

2 in V ∗ where σ(yi) = yi + xi and σ(xi) = xi. The ring
of invariants F[mV2]Cp is generated by the following invariants:

1. xi for i = 1, 2, . . . , m.
2. N(yi) = yp

i − xp−1
i yi for i = 1, 2, . . . ,m.

3. uij = xiyj − xjyi for 1 ≤ i < j ≤ m.
4. TrCp(ya1

1 ya2
2 . . . yam

m ) where 0 ≤ ai < p for i = 1, 2, . . . ,m.

Moreover, this set of generators is a SAGBI basis for the ring of invariants
with respect to the graded reverse lexicographic order determined by y1 > x1 >
y2 > · · · > xm.

A theorem such as this giving explicit algebra generators for all vector
invariants of a fixed representation is called a first fundamental theorem. A
second fundamental theorem would give a generating set for the algebraic
relations among such generators.

Remark 7.4.2. It was shown by Shank and Wehlau [99] that the invariants
of the form TrCp(ya1

1 ya2
2 . . . yam

m ) with a1 + a2 + · · · + am ≤ 2(p − 1) are not
required in a minimal generating set, nor in a SAGBI basis. However, none of
the other invariants listed in Theorem 7.4.1 can be omitted.

Proof. We now begin the proof of Theorem 7.4.1. Let A denote the ring gen-
erated by the invariants given in the statement,

A := F[xi,N(yi), uij , Tr(yA) | 1 ≤ i < j ≤ m, 0 ≤ ai < p] .

We need to show that F[mV2]
Cp

d ⊆ Ad for all d ≥ 0. We proceed by induction
on d.

The case d = 0 is clear since F[mV2]0 = F. Now consider the gen-
eral case d > 0. Take f ∈ F[mV2]

Cp

d and write f = f � + f � where
f � =

∑m
i=1 fiN(yi) with fi ∈ F[mV2]

Cp

d−p. By induction, each of the fi ∈ A

and thus f � ∈ A. Hence we may assume from now on that f = f �. Suppose
f = f � ∈ F[mV2]

Cp

(d1,d2,...,dm) where d1 + d2 + · · · + dm = d. If there exists i

with di ≥ p then since degyi
(f) < p we see that xi divides f . Hence f = xif

′

where f ′ ∈ F[mV2]
Cp

d−1. Again, by induction, this implies that f ′ and hence f
lies in A. Therefore, we may assume that di < p for all i = 1, 2, . . . , m.

We now recall the polarization and restitution operators defined in §1.9.
We will take f ∈ F[mV2]d and consider its full polarization P(f) = f(1,1,...,1).
We will also exploit the restitution map

R = R(d1,d2,...,dm) : F[d V2](1,1,...,1) → F[mV2](d1,d2,...,dm)

defined by

R(f) = f(v1, . . . ,v1︸ ︷︷ ︸
d1

,v2, . . . ,v2︸ ︷︷ ︸
d2

, . . . ,vm, . . . ,vm︸ ︷︷ ︸
dm

)
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where d = d1 + d2 + · · · + dm.
We have R(P(f)) = λf where λ = d1!d2! · · · dm!. Since each di < p we see

that f = R(F ) where F = P(1,1,...,1)(λ−1f)) ∈ F[d V2]
Cp

(1,1,...,1). We will show
that f ∈ Ad by considering the lead monomials of f and F .

We are using {xj , yj} to denote the usual co-ordinate functions for the jth

copy of V2 in mV2. We have F[d V2] = F[d1V2 ⊕ d2V2 ⊕ · · · ⊕ dmV2]. We let

{xj1, yj1, xj2, yj2, . . . , xjdj
, yjdj

}

denote the co-ordinate functions on dj V2. We will use the graded reverse
lexicographic order on F[mV2] with y1 > x1 > y2 > x2 > · · · > ym > xm.
Similarly, we use the graded reverse lexicographic order on d V2 determined
by

y11 > x11 > y12 > x12 > · · · > x1d1 > y21 > · · · > xddm

Thus

xjk < yjk, x(j+1)k < xjk, y(j+1)k < yjk, xj(k+1) < xjk and yj(k+1) < yjk.

With this term order we have the following lemma.

Lemma 7.4.3. Let d1, d2, . . . , dm be non-negative integers with 0 ≤ di < p

for i = 1, 2, . . . ,m. Suppose F ∈ F[d V2]
Cp

(1,1,...,1) is a multi-linear invariant of
degree d = d1 + d2 + · · ·+ dm. Then LM(F ) ∈ {LM(P(f) | f ∈ A(d1,d2,...,dm)}.

We defer the proof of Lemma 7.4.3 until §7.4.2. Instead, we show why
Lemma 7.4.3 suffices to prove the invariants listed in Theorem 7.4.1 do form
a generating set for the ring of invariants. To see this, assume by way of
contradiction, that f is a homogeneous element of F[mV2]Cp \ A. By the
above, we have that f = f � is homogeneous of multi-degree (d1, d2, . . . , dm)
where di < p for all i = 1, 2, . . . ,m. Suppose f is such that LM(P(f)) is
minimal among those f = f � ∈ F[mV2]Cp \ A. Write f = RP(λ−1f) where
λ = d1!d2! · · · dm! ∈ F. By Lemma 7.4.3, there exists h ∈ A(d1,d2,...,dm) with
LT(P(h)) = LT(P(λ−1f)). Define F ′ := P(λ−1f)−P(h). Therefore, we have
LM(F ′) = LM(P(λ−1f−h)) < LM(P(λ−1f)). By the choice of f , this implies
that λ−1f −h ∈ A. Thus f = λ(λ−1f −h)+λh ∈ A. This contradiction shows
that the invariants listed in the statement of Theorem 7.4.1 do indeed form a
generating set for the ring of invariants. ��

We will prove that these invariants are not just a generating set but indeed
a SAGBI basis at the end of §7.4.2.

7.4.1 Dyck Paths and Multi-Linear Invariants

Before we can prove Lemma 7.4.3, we need to describe the multi-linear Cp-
invariants. This amounts to giving a description of the decomposition of the
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Cp-module ⊗dV2 into indecomposable Cp-modules. Each such summand con-
tains a fixed line and these are the multi-linear invariants we seek.

Define non-negative integers μd
p(k) by the direct sum decomposition of the

Cp-module ⊗dV2 over Fp:

d⊗
V2

∼=
p⊕

k=1

μd
p(k)Vk .

We have the following lemma.

Lemma 7.4.4. Let p ≥ 3. Then

μ0
p(k) = δ1

k and μ1
p(k) = δ2

k,

and

μd+1
p (k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

μd
p(2), if k = 1;

μd
p(k − 1) + μd

p(k + 1), if 2 ≤ k ≤ p − 2;
μd

p(p − 2), if k = p − 1;
μd

p(p − 1) + 2μd
p(p), if k = p;

for d ≥ 1.

Proof. The initial conditions are clear. The recursive conditions follow imme-
diately from the three equations from Lemma 7.1.14:

V1 ⊗ V2 = V2

Vk ⊗ V2 = Vk−1 ⊕ Vk+1 for all 2 ≤ k ≤ p − 1
Vp ⊗ V2 = 2Vp.

��

We now introduce certain combinatorial objects that we will use to de-
scribe the decomposition of ⊗dV2 into indecomposable summands. At the end
of this section, we provide an example illustrating the correspondence between
invariants and these combinatorial objects.

A Dyck path of length d is a lattice path in the first quadrant of the xy-
plane from (0,0) to (d, 0) comprised of a sequence of steps each of the form
(1,1) or (1,-1). Steps of the form (1,1) are called rises and denoted by R. Steps
of the form (1,−1) are called falls and denoted by F .

A Dyck path is encoded by a Dyck word which is a sequence of R’s and
F ’s with an equal number of each. The condition that the path remain in the
first quadrant, i.e., on or above the x-axis corresponds to the restriction on
the word that among the first t symbols there are never more F ’s than R’s
for all 1 ≤ t ≤ d.

If Γ = γ1γ2 . . . γd is a Dyck word, then for each t with 1 ≤ t ≤ d, the initial
portion of the word, γ1γ2 . . . γt, is a partial Dyck word and the corresponding
t steps are called a partial Dyck path.
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The path height or height of a (partial) Dyck path is q if the path touches
but does not cross the line y = q. We will say that a partial Dyck path from
(0,0) to (t, h) has finishing height h.

An initially Dyck path of escape height q and length d is a partial Dyck path
from (0,0) to (t, q) for some t ≤ d followed by an entirely arbitrary sequence
of d− t steps each step being a rise or a fall. Thus an initially Dyck path may
wander after touching the line y = q and in particular is not confined to the
first quadrant. We denote the set of initially Dyck paths of escape height q
and length d by IDPd

q

We let PDPd
≤q denote the set of all partial Dyck paths of length d and

height at most q. We write PDPd
≤q(h) to denote the set of partial Dyck paths

of length d, height at most q and finishing height h.
We will abuse notation and terminology occasionally by identifying a Dyck

path with its corresponding word and vice versa. We will denote the set of all
finite words (without any restrictions) that can be formed using the alphabet
{R,F} by {R,F}∗.

Let νd
q (h) := |PDPd

≤q(h)| for 1 ≤ h ≤ q. We also define ν̄d
q := |IDPd

q |. With
this notation we have the following lemma.

Lemma 7.4.5. Let q ≥ 2. Then

ν0
q (h) = δ0

h and ν1
q (h) = δ1

h ,

ν̄0
q (h) = 0 and ν̄1

q (h) = 0 ,

and

νd+1
q (h) =

⎧
⎪⎨

⎪⎩

νd
q (1), if h = 0;

νd
q (h − 1) + νd

q (h + 1), if 1 ≤ h ≤ q − 1;
νd

q (q − 1), if h = q;

and
ν̄d+1

q = νd
q−1(q − 1) + 2ν̄d

q

for all d ≥ 1.

Proof. All of these equations are easily seen to hold except perhaps the final
one. Its left-hand term ν̄d+1

q = |IDPd+1
q | is the number of initial Dyck paths of

length d+1 and escape height q. We divide such paths into two classes: those
which first achieve height q on their final step and those which achieve height
q sometime during the first d steps. Paths in the first class are partial Dyck
paths of length d, height at most q − 1 and finishing height q − 1 followed by
a rise on the (d + 1)st step. There are νd

q−1(q − 1) = |PDPd
≤q−1(q − 1)| such

paths. The second class consists of initial Dyck paths of escape height q and
length d followed by a final step which may be either a rise or a fall. Clearly,
there are 2|IDPd

q | = 2ν̄d
q paths of this kind. ��
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Corollary 7.4.6. For all d ∈ N, all primes p ≥ 2 and all k = 1, 2, . . . , p − 1
we have

μd
p(k) = νd

p−2(k − 1) and μd
p(p) = ν̄d

p−1 .

Proof. Comparing the recursive expressions and initial conditions for μd
p(k)

and νd
p−2(k − 1) and for μd

p(p) and ν̄d
p−1 given in the previous two lemmas

makes the result clear for p ≥ 5.
For p = 2, it is easy to see that μd

2(1) = νd
0 (0) = δ0

d for d ≥ 0 and
μd

2(2) = 2d−1 = ν̄d
1 for d ≥ 1.

For p = 3 and k = 1, 2, we have μd
3(k) = νd

1 (k−1) =

{
1, if k + d is odd;
0, if k + d is even.

Hence μd
3(3) = �2d−1

3 � for d ≥ 0. From the recursive relation ν̄d+1
2 = νd

1 (1) +
2ν̄d

2 we see that ν̄d
2 = �2d−1

3 � = μd
3(3). ��

Given an arbitrary word Γ = γ1γ2 · · · γt ∈ {R,F}∗ we define a multi-linear
monomial Λ(Γ ) = z1z2 · · · zt ∈ F[t V2] by taking zi = xi if γi = R and zi = yi

if γi = F.
We will show that for k = 1, 2, . . . , p− 1, each element of Λ(PDPd

≤p−2(k))
is the lead term of an invariant which spans the fixed line of a summand iso-
morphic to Vk of ⊗dV2. Further, we will show that each element of Λ(IDPd

p−1)
is the lead term of an invariant in the image of the transfer.

Consider a partial Dyck path of length d, height at most p−1 and finishing
height k. Let Γ = γ1γ2 · · · γd denote the corresponding partial Dyck word. We
wish to match each of the falls γj with a rise γπ(j). We do this recursively as
follows. Choose the smallest value of j such that γj is a fall which we have
not yet matched with a rise. Let i be maximal such that i < j, γi = R and
i 
= π(�) for all � < j. Then we declare that π(j) = i. Let I1 := {j | γj = F},
I2 := π(I1) and I3 := {1, 2, . . . , d} \ (I1 ∪ I2). Note that |I3| = k and γi = R
for all i ∈ I3. We define θ(Γ ) =

(∏
j∈I1

uπ(j),j

)∏
i∈I3

xi. We also define

θ′(Γ ) =
(∏

j∈I1
uπ(j),j

)∏
i∈I3

yi.
This construction associates to each partial Dyck path of length d, height

at most p− 1 and finishing height k a multi-linear invariant θ(Γ ) ∈ F[d V2]Cp .
Also,

LM(θ(Γ )) =

⎛

⎝
∏

j∈I1

LM(uπ(j),i)

⎞

⎠
∏

i∈I3

xi

=

⎛

⎝
∏

j∈I1

xπ(j)yj

⎞

⎠
∏

i∈I3

xi

= Λ(Γ ).

Next, we suppose Γ = γ1γ2 · · · γd is a word corresponding to a initially
Dyck path of escape height p − 1 and length d. Then there exists t with 1 ≤
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t ≤ d such that Γ ′ := γ1γ2 · · · γt corresponds to a partial Dyck path of finishing
height p − 1. Let t be minimal with this property and let Γ ′ := γ1γ2 · · · γt.
We define θ(Γ ) := Tr(θ′(Γ ′)

∏d
i=t+1 zi) where zi = xi if γi = R and zi = yi if

γi = F.
Thus we have associated a multi-linear invariant θ(Γ ) ∈ TrCp(F[d V2]) to

each initially Dyck path of escape height p − 1 and length d. We have

TrCp(θ′(Γ ′)) =

⎛

⎝
∏

j∈I1

uπ(j),j

⎞

⎠TrCp(
∏

k∈I3

yk) =

⎛

⎝
∏

j∈I1

uπ(j),j

⎞

⎠
∏

k∈I3

xk

since |I3| = p − 1. Thus

LM(TrCp(θ′(Γ ′))) =

⎛

⎝
∏

j∈I1

LM(uπ(j),j)

⎞

⎠
∏

k∈I3

xk =

⎛

⎝
∏

j∈I1

xπ(j)yj

⎞

⎠
∏

k∈I3

xk .

Therefore,

LM(TrCp(θ(Γ ))) =

⎛

⎝
∏

j∈I1

xπ(j)yj

⎞

⎠
∏

k∈I3

xk

m∏

i=t+1

zi = Λ(Γ )

where zi = xi if γi = R and zi = yi if γi = F.
We have

Proposition 7.4.7. Let γ ∈ PDPd
≤p−2 � IDPd

p−1. Then

1. LM(θ(γ)) = Λ(γ).
2. If γ ∈ PDPd

≤p−2(h), then the invariant θ(γ) lies in F[d V2]
Cp

(1,1,...,1)
∼=

(⊗dV2)Cp and has length h + 1 for all 0 ≤ h ≤ p − 2.
3. If γ ∈ IDPd

p−1, then the invariant θ(γ) lies in F[d V2]
Cp

(1,1,...,1)
∼= (⊗dV2)Cp

and has length p.
4. The set θ

(
PDPd

≤p−2 � IDPd
p−1

)
is a basis for F[d V2]

Cp

(1,1,...,1)
∼= (⊗dV2)Cp .

Proof. We have already seen that LM(θ(γ)) = Λ(γ) and that Λ(γ) ∈
F[d V2]

Cp

(1,1,...,1). If γ ∈ PDPd
≤p−2(h), then

Δh−1(θ′(Γ )) = Δh−1
( ∏

j∈I1

uπ(j),j

∏

i∈I3

yi

)
=

( ∏

j∈I1

uπ(j),j

)
Δh−1

( ∏

i∈I3

yi

)

=
( ∏

j∈I1

uπ(j),j

)
(h − 1)!

∏

i∈I3

xi = (h − 1)! θ(Γ ).

Therefore, �(θ(Γ )) ≥ h.
Since the lead terms of the invariants in the image of θ are distinct, we

see that the image of θ is a linearly independent set. This shows that the
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image of θ is a basis for (⊗dV2)Cp since | �p−2
h=0 PDPd

≤p−2(h) � IDPd
p−1| =

∑p−2
h=0 νd

p−2(h) + ν̄d
p−1 =

∑p−1
h=1 μd

p(h) + μd
p(p) = dimF(⊗dV2)Cp . Furthermore,

this equality shows that θ(IDPd
p−1) is a basis for TrCp(⊗dV2) and that each

element of θ(PDPd
≤p−2(h)) spans the fixed line of one summand of ⊗dV2 iso-

morphic to Vh. ��

7.4.2 Proof of Lemma 7.4.3

In this section we combine some of the above results in order to prove
Lemma 7.4.3. After giving this proof we also prove the final assertion of Theo-
rem 7.4.1.

We maintain the notation of the previous two sections.
We will use the following lemma which is easy to prove.

Lemma 7.4.8. Suppose γ1 and γ2 are two monomials in F[mV2](d1,d2,...,dm)

with γ1 > γ2. Then LM(P(γ1)) > LM(P(γ2)).

For ease of notation, we will write TrCp(ya) = TrCp(ya11
11 ya12

12 · · · yamdm

mdm
)

where a = (a11, a12, . . . , amdm
).

Proof (of Lemma 7.4.3).
Suppose F ∈ F[d V2]

Cp

(1,1,...,1) is a multi-linear invariant of degree d.
By Proposition 7.4.7, we may write

LM(F ) =
∏

(i,j)∈B1

xij

∏

(i,j,k,�)∈B2

LM(uij,k�)
∏

a∈B3

LM(TrCp(ya))

for some index sets B1, B2 and B3. Define

f :=
∏

(i,j)∈B1

R(xij)
∏

(i,j,k,�)∈B2

R(uij,k�)
∏

a∈B3

R(TrCp(ya)) .

Note that R(xij) = xi, R(uij,k�) = ui,k (or 0 if i = k). Also, since R is
Cp-equivariant,

R(TrCp(ya11
11 · · · yamdm

mdm
)) = R

(
p−1∑

k=0

σk(ya11
11 · · · yamdm

mdm
)

)

=
p−1∑

k=0

σkR(ya11
11 · · · yamdm

mdm
)

= TrCp(R(ya11
11 · · · yamdm

mdm
)

= TrCp(yα1
1 yα2

2 · · · yαm
m )

where αi =
∑di

j=1 aij ≤ di < p for 1 ≤ i ≤ m. Thus f ∈ A.
Let Γ1 := LM(F ). By Lemma 7.4.8, Γ1 = LM(P(γ1)) = LM(P(f)) where
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γ1 = R(Γ1) =
∏

(i,j)∈B1

xi

∏

(i,j,k,�)∈B2

ui,k

∏

a∈B3

TrCp(R(ya)) = LM(f) .

Hence f ∈ A with LM(F ) = LM(P(f)) as required. ��

Proof (of the second assertion of Theorem 7.4.1). We need to prove that the
invariants listed in Theorem 7.4.1 are in fact a SAGBI basis for the ring of
invariants. Let f ∈ F[mV2]Cp . Dividing f by each N(yi) we may reduce to the
case where f = f �. Furthermore, if f is divisible by any xi, we may replace f

by f/xi. Thus we may reduce to the case where f = f � ∈ F[mV2]
Cp

(d1,d2,...,dm)

with 0 ≤ di < p for all i = 1, 2, . . . , m.
Next, we note that the above proof demonstrates something stronger

than the statement given in Lemma 7.4.3. The proof shows that for ev-
ery f ∈ F[mV2]

Cp

(d1,d2,...,dm), the lead monomial LM(P(f)) lies in the alge-
bra generated by {LM(P(xi) | 1 ≤ i ≤ m} ∪ {LM(P(uij)) | 1 ≤ i < j ≤
m} ∪ {LM(P(TrCp(ya1

1 ya2
2 · · · yam

m ))) | 0 ≤ ai < p for i = 1, 2, . . . ,m}. From
this it follows immediately that the invariants listed in Theorem 7.4.1 form a
SAGBI basis. This completes the proof of Theorem 7.4.1. ��

We will now give an example to illustrate the ideas in the above proof of
Theorem 7.4.1.

Example 7.4.9. We take p = 5 and m = 3 and consider invariants of multi-
degree (1, 1, 2). In symbols, we are considering F[3 V2]C5

(1,1,2). We have the full
polarization P : F[3 V2](1,1,2) → F[4 V2](1,1,1,1). To avoid double subscripts,
we will abuse notation by using the bases {x1, y1, x2, y2, x3, y3} of (3 V2)∗ and
{x1, y1, x2, y2, x3, y3, x4, y4} of (4V2)∗. Here P(z) = z for z ∈ {x1, y1, x2, y2}
and P(x3) = x3 + x4 and P(y3) = y3 + y4. Accordingly, R(z) = z for z ∈
{x1, y1, x2, y2, x3, y3} and R(x4) = x3 and R(y4) = y3.

This full polarization equivariantly embeds F[3 V2](1,1,2)
∼= V2 ⊗ V2 ⊗

S2(V2) ∼= V2 ⊗ V2 ⊗ V3 into V2 ⊗ V2 ⊗ V2 ⊗ V2. The image of this embed-
ding is spanned by the 12 elements z1z2z2 where z1 ∈ {x1, y1}, z2 ∈ {x2, y2}
and z3 ∈ {x3x4, x3y4 + y3x4, y3y4}.

By Lemma 7.4.5, we see that there are 5 partial Dyck paths of length
d = 4 and height at most p − 2 = 3. The partial Dyck words corresponding
to these 5 paths are Γ1 = RFRF, Γ2 = RRFF, Γ3 = RRRF, Γ4 = RRFR and
Γ5 = RFRR. Furthermore, there is one word corresponding to an initially
Dyck path of length d = 4 and escape height p − 1 = 4. This is the word
Γ6 = RRRR. The paths corresponding to the first 5 words have finishing
heights 0,0,2, 2 and 2 respectively. Of course, the final word, Γ6, corresponds to
a path which achieves height p−1 = 4. This means that ⊗4V2

∼= 2 V1⊕3 V3⊕V5.
This decomposition can also be found using Lemma 7.4.4.

Applying Λ, we get Λ(Γ1) = x1y2x3y4, Λ(Γ2) = x1x2y3y4, Λ(Γ3) =
x1x2x3y4, Λ(Γ4) = x1x2y3x4, Λ(Γ5) = x1y2x3x4, and Λ(Γ6) = x1x2x3x4.
We recognize these 6 monomials as the lead terms of the 6 invariants:
F1 := θ(Γ1) = u12u34, F2 := θ(Γ2) = u14u23, F3 := θ(Γ3) = x1x2u34,
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F4 := θ(Γ4) = x1u23x4, F5 := θ(Γ5) = u12x3x4, and F6 := θ(Γ6) =
x1x2x3x4 = −Tr(y1y2y3y4).

Note that u13u24 = u12u34 + u14u23, x2u13x4 = x1u23x4 + x3u12x4 and
x1x3u24 = x1x2u34 + x1x4u23 are not required as basis elements.

Restituting these 6 invariants we get R(F1) = 0, f2 := R(F2) = u13u23,
R(F3) = 0, f4 := R(F4) = x1u23x3, f5 := R(F5) = u12x

2
3, and f6 := R(F6) =

x1x2x
2
3 = −Tr(y1y2y

2
3). The two invariants F1 and F3 restitute to 0 since

these two invariants do not lie in P(F[3 V2](1,1,2)).
Note that f4 = Δ2(1

2
y1u23y3) and f5 = Δ2(1

2
u12y

2
3) and thus f4 and

f5 both lie inside copies of V3. Also, f6 = Δ4(−y1y2y
2
3) spans the fixed

line in a copy of V5. Therefore, we see that {f2, f4, f5, f6} forms a basis for
F[3 V2]C5

(1,1,2)
∼= (V2 ⊗ V2 ⊗ S2(V2))C5 ∼= (V2 ⊗ V2 ⊗ V3)C5 ∼= (V1 ⊕ 2 V3 ⊕ V5)C5 .

7.5 Integral Invariants

In this section, we describe natural invariants in characteristic 0 which map
to elements of F[Vn]Cp under mod p reduction. Much of this discussion follows
the paper of Shank [98].

Consider

σ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 . . . 0 0
1 1 0 . . . 0 0
0 1 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0
0 0 0 . . . 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

an n × n matrix with entries in the field of rational numbers Q. Then σ
generates an infinite cyclic subgroup of SL(n, Q). We denote this subgroup
by Z. Let Wn denote the n dimensional Q vector space on which σ and hence
Z acts. Let {x1, x2, . . . , xn} denote the basis of W ∗

n dual to the standard basis..
We consider the ring of invariants Q[Wn] = Q[x1, . . . , xn]Z. Note that since Z

is infinite, we have no reason to expect that this ring of invariants is finitely
generated. Surprisingly, it turns out to be so.

Remark 7.5.1. By way of explaining this latter remark, consider the group
H ∼= Z generated by

σ =
[
1 0
1 1

]

so that

H =
{[

1 0
i 1

]

| i ∈ Z

}

.

This group sits naturally in SL2(C). The Zariski closure of H is the group

Ga(C) =
{[

1 0
z 1

]

| z ∈ C

}

.
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Here we use the notation Ga(C) to emphasize that this group is isomorphic to
the group of complex numbers under addition. Let V be any representation
of SL2(C) and let C

2 denote the standard 2-dimensional representation of
SL2(C) with basis {e1, e2}. Consider the algebra map

ρ : C[V ⊕ C
2] → C[V ]

taking f to the function ρ(f) given by ρ(f)(v) = f(v, e2). We note immediately
that Ga(C) = {τ ∈ SL2(C) | τ(e2) = e2}. Roberts, [94], proved that the map
ρ restricted as follows

C[V ⊕ C
2]SL2(C) → C[V ]Ga(C)

is an isomorphism of algebras. Since the former ring of invariants is known
to be finitely generated by Hilbert’s famous result, so also is the latter. For
the case needed here where G = SL2(C), the finite generation of the ring
of invariants was first proved by Gordan [48] or [49]. It is also true that
Q[V ]Z = Q[V ]Ga(Q).

Famously, there is a unique n-dimensional irreducible representation of
SL2(C) which can be given by the natural action of SL2(C) on

{
Xn−1, Xn−2Y, . . . , Y n−1

}
,

where (C2)∗ has basis {X,Y }. This identification provides a map from SL2(C)
to GL(Wn ⊗C). Under this map and with an appropriate choice of basis, the
matrix [

1 0
1 1

]

is carried to ⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 . . . 0 0
1 1 0 . . . 0 0
0 1 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0
0 0 0 . . . 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

There are excellent references for this material: the primer of Kraft and Procesi
[70], and the book of Procesi [90].

Given an element f of Q[Wn]Z, we may clear denominators by multiply-
ing by an appropriate integer m to obtain f ′ = mf ∈ Z[x1, . . . , xn]Z. Then
reduction modulo p gives a map from Z[x1, . . . , xn]Z to Fp[x1, . . . , xn]Cp ⊆
F[x1, . . . , xn]Cp = F[Vn]Cp . Any element of F[Vn]Cp that may be constructed
in this manner is called a integral invariant. Note the abuse of notation here
in which {x1, . . . , xn} is used to denote the dual bases over both Q and Fp

and σ is used to represent a generator of both Z and Cp.



126 7 The Cyclic Group Cp

Classical invariant theorists have long recognized the difficulty of describ-
ing C[V ⊕C

2]SL2(C). Even today, the description is complete for only a handful
of representations. The material above indicates that describing the integral
invariants of Fp[Vn]Cp is equivalent.

The invariant x1 ∈ Q[Vn]Z is associated to the invariant x1 ∈ F[Vn]Cp

for every field F of characteristic p and representation Vn of Cp for n ≥ 1.
Similarly,

x2
2 − 2x1x3 − x1x2 ∈ Q[Wn]Z

is associated to an infinite family of invariants x2
2 − 2x1x3 − x1x2 ∈ F[Vn]Cp

for every field F of characteristic p and representation Vn of Cp for n ≥ 3.
Shank, [97] and [98], conjectured that every ring of invariants of a Cp-

representation, F[Vn]Cp , is generated by the three classes of invariants: norms,
transfers and integral invariants. By norms here we mean only the norm N(xn)
of the distinguished variables xn ∈ V ∗

n .
In order to discuss integral invariants comprehensively, we introduce the

(non-finitely generated) ring Q[V∞] := Q[x1, x2, x3, . . . ] over Q having in-
finitely many generators of degree 1. Of course, for any n ∈ N, we have the
surjective map θ : Q[V∞] → Q[Vn] given by

θ(xi) =

{
xi if i ≤ n,

0 if i > n.

The integers, Z, with generator σ, act on Q[V∞] via the left action generated by

σ(xi) =

{
xi + xi−1 if i ≥ 2,

x1 if i = 1.
As usual, we will use Δ to denote the operator

σ − Id.
We will equip Q[V∞] with the graded lexicographic ordering with x1 <

x2 < x3 < . . ..

Lemma 7.5.2. Suppose n ≥ m > 1. Let β ∈ K[Vm−1] be a monomial and
write β := xi1

1 xi2
2 · · ·xim−1

m−1 . Then βxm−1 and βxm are consecutive monomials
of K[Vn] in the monomial ordering, i.e., if γ is a monomial of K[Vn] with
βxm−1 < γ ≤ βxm, then γ = βxm.

Proof. Write γ = xj1
1 xj2

2 · · ·xjn
n and let a denote the least integer such that

ia + δm−1
a 
= ja. Since βxm−1 < γ ≤ βxm, we must have deg(γ) = deg(β) + 1

and thus βxm−1 < γ implies that ia + δm−1
a > ja. If a < m − 1, then ia > ba

would imply that βxm < γ, contradicting the hypotheses. If a > m − 1,
then im−1 + 1 = jm−1 would imply that γ > βxm, again contradicting the
hypothesis. Therefore, a = m − 1 and we have i1 = j1, i2 = j2, . . . , im−2 =
jm−2 and im−1 + 1 
= jm−1.

From, βxm−1 < γ we see jm−1 < im−1 + 1. Conversely, from γ ≤ βxm, we
see that jm−1 ≥ im−1. Therefore, jm−1 = im−1. Finally, from γ ≤ βxm, we
conclude that jm ≥ 1 and since deg(γ) = deg(β) + 1, we must have jm = 1
and γ = βxm. ��
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Lemma 7.5.3. Let f be any non-zero polynomial in K[x1, x2, . . . , xn]. Then
LT(Δ(f)) < LT(f).

Proof. It is easy to see that LT(Δ(β)) < β for any monomial β. Applying this
to each term in f we see that LT(Δ(f)) < LT(f). ��

Theorem 7.5.4. Suppose that n ≥ m > 1 and that β is a monomial in
K[x1, x2, . . . , xm−1]. Then βxm /∈ LT(K[x1, x2, . . . , xn]Z).

Proof. Suppose that f ∈ K[x1, x2, . . . , xn] with LT(f) = βxm. Write f =
βxm + f ′. Then LT(f ′) < βxm, i.e, by Lemma 7.5.2, LT(f ′) ≤ βxm−1. Now
Δ(f) = βxm−1+Δ(β)xm+Δ(β)xm−1+Δ(f ′). We will show that LT(Δ(f)) =
βxm−1 
= 0 and thus f /∈ K[x1, x2, . . . , xn]Z.

First, we see that LT(Δ(f ′)) < LT(f ′) ≤ βxm−1. Secondly, Δ(β) < β
implies that Δ(β)xm−1 < βxm−1. Finally, LT(Δ(β)) < β implies that
LT(Δ(β)xm) < βxm and thus by Lemma 7.5.2 we get

LT(β)xm = LT(Δ(β)xm) ≤ βxm−1.

Since xm does not divide βxm−1, we see that LT(Δ(β)xm) 
= βxm−1 and
therefore, LT(Δ(β)xm) < βxm−1. Thus LT(Δ(f)) = βxm−1 
= 0 as claimed.

��

In contrast to Theorem 7.5.4, we have the following.

Theorem 7.5.5. Consider a monomial

β = xa1
1 xa2

2 · · ·xam−1
m−1 ∈ F[x1, x2, . . . , xm−1].

Let am ≥ 2 and n ≥ 1+
∑m

�=1 a�(�−1). Then there exists f ∈ K[x1, x2, . . . , xn]Z

with LT(f) = βxam
m .

Proof. Suppose first that either K has characteristic 0 or that am < p :=
characteristic(K). Then

LT(Δ(βxam
m )) = amβxm−1x

am−1
m .

We define
f1 := βxam

m − amβxm−1x
am−2
m xm+1

and note that
LT(Δ(f1)) < amβxm−1x

am−1
m .

For j ≥ 2, if Δ(fj−1) 
= 0, then we will define fj inductively from fj−1 as
follows. Write

LT(Δ(fj−1)) = γxk
r

where k ≥ 1 and γ ∈ K[x1, x2, . . . , xr−1]. Then define

fj := fj−1 − γxk−1
r xr+1.
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Thus
LT(Δ(fj)) < γxk

r = LT(Δ(fj−1))

and therefore, the sequence LT(Δ(f1)), LT(Δ(f2)), . . . is strictly decreasing.
However, this may not guarantee that the algorithm terminates since the
number of variables involved is increasing at the same time. However, since

LT(fj) = βxam
m

for all j, all that remains to show is that the algorithm terminates with some
fj ∈ K[x1, x2, . . . , xn]Z.

To see that the algorithm does indeed terminate and that the final in-
variant uses at most n variables, we introduce the concept of the weight of a
monomial. A monomial

λ = xb1
1 xb2

2 · · ·xbs
s

has weight, wt(λ) :=
∑s

�=1 �b�. It is easy to see that every monomial ap-
pearing in Δ(λ) has weight strictly smaller than wt(λ). Also, note that
wt(γxk−1

r xr+1) = wt(γxk
r ) + 1. Thus every monomial occurring in each fj

has weight at most wt(βxam
m ). Furthermore, each of these monomials also has

degree
∑m

�=1 am. Thus if
λ = xb1

1 xb2
2 · · ·xbs

s

with bs ≥ 1 appears in some fj , then
∑s

�=1 b� =
∑m

�=1 a� and
∑s

�=1 �b� ≤∑m
�=1 �a�. From this we see that the largest value of s that can occur corre-

sponds to the monomial xt
1xn where t = (

∑m
�=1 a�)− 1 and t + n =

∑m
�=1 �a�.

Thus

n =
m∑

�=1

�a� − (
m∑

�=1

a�) + 1 = 1 +
m∑

�=1

a�(� − 1).

In fact, it can be shown that this monomial always does occur with non-zero
coefficient in the invariant f .

Finally, we consider the case where am ≥ p := characteristic(K) > 0.
Dividing am by p we may write am = qp + r where 0 ≤ r < p. By the above,
there exists h ∈ F[x1, x2, . . . , xn]Z with LT(h) = βxr

m. Since LT(N(xm)) = xp,
we see that N(xm)qh is invariant and has lead term βxam

m , as required. ��

Definition 7.5.6. The algorithm used in the above proof to construct an in-
variant with given lead term was introduced in [98] and is known as Shank’s
algorithm.

When we apply Shank’s algorithm to the lead term xi−1
2 , we produce

invariants si−1 ∈ F[Vn]Cp for each i, 3 ≤ i ≤ n. This family of invariants plays
an important role in our analysis of the fraction fields associated to the rings
of invariants, hence we will refer to them as the Shank invariants.

The algorithm yields the following invariants:



7.5 Integral Invariants 129

si−1 = xi−2
2 v0 + x1x

i−3
2 v1 + · · · + xi−3

1 x2vi−3 + xi−2
1 vi−2

=
i−1∑

j=0

xj
ix

i−2−j
2 vj

where v0 = x2, and v1 = −(i−1)x3. It is not hard to see that, for 1 ≤ j ≤ i−3,
we have

vj = αj,3x3 + · · · + αj,j+2xj+2,

while
vi−2 = αi−2,2x2 + αi−2,3x3 + · · · + αi−2,ixi,

for coefficients αj,k ∈ F. Here are some examples:

s2 = x2(x2) − x1x2 + x1(−2x3)
s3 = x2

2(x2) + x1x2(−3x3) + x2
1(−x2 + 3x4)

s4 = x3
2(x2) + x1x

2
2(−4x3) + x2

1x2(2x3 − 6x4)
+x3

1(−x2 − 2x3 − 6x4 − 8x5)

Of course, as an alternative to the work of Shank, we could proceed to show
that the requirement that Δ(si−1) = 0 gives us a system of equations in the
unknowns αj,k which can be shown to have a (unique monic) solution over
the integers.

The following lemma ensures that we may isolate xi from the expression
for si−1 once we have inverted x1.

Lemma 7.5.7. The coefficient of the term xi−2
1 xi in the integral invariant

si−1 is invertible in Fp.

Proof. The lemma follows through the calculation of the coefficients of the
following monomials occurring in Δ(si−1):

Monomial Coefficient
xi−2

1 xi−1 αi−1,i + αi−2,i−1

xi−3
1 x2xi−2 αi−2,i−1 + 2αi−3,i−2

...
...

xi−j−1
1 xj−1

2 xi−j αi−j,i−1−j + jαi−2−j,i−j

...
...

x2
1x

i−4
2 x3 α2,4 + (i − 3)α1,3,

and now Shank’s algorithm tells us that α1,3 = −(i − 1). We may conclude
that the coefficient of xi−2

1 xi is

(−1)i(i − 3)!(i − 1),

which is invertible for 3 ≤ i ≤ n ≤ p, as required. ��
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7.6 Invariant Fraction Fields and Localized Invariants

We have good descriptions of the fraction field of a ring of invariants since
we may apply Galois theory. But how much information can we expect to
obtain about the ring of invariants from its fraction field? This question was
examined by Campbell and Chuai [16] and is recalled here. See also §4.3.

We think of the fraction field as the localization of the ring away from the
prime ideal (0). Our approach is to begin by considering a ring localized at a
fixed point of the Cp-action.

First, let us consider the case V = Vn over a field F of characteristic p. We
have

F[Vn] = F[x1, x2, . . . , xn]

such that σ(xi) = xi + xi−1, subject to the convention x0 = 0. We use the
Shank polynomials

si−1 = xi−1
2 + · · · + αi−2,2x

i−1
1 x2 + · · · + (−1)i(i − 1)(i − 3)!xi−2

1 xi .

Since, by Lemma 7.5.7, the coefficient of xi−2
1 xi is invertible in F, this equation

can be solved for xi in the localized ring F[Vn]x1 . For example, we have s2 =
x2

2 − x1x2 − 2x1x3, which we solve for

x3 =
−1
2x1

(s2 − x2
2 + x1x2).

Inductively, we may assume that x3, . . . , xn can be written as functions of
x±1

1 , x2 and the invariant rational functions si−1, 3 ≤ i ≤ n. That is, we have
proved

Proposition 7.6.1.

F[Vn]x1 = F[x±1
1 , x2, si−1

∣
∣ 3 ≤ i ≤ n].

Consequently,

F[Vn]Cp
x1

= F[x±1
1 , N(x2) = xp

2 − xp−1
1 x2, si−1

∣
∣ 3 ≤ i ≤ n]

and
F(Vn)Cp = F(x1, N(x2), si−1

∣
∣ 3 ≤ i ≤ n).

The proposition reveals clearly the limitations of this method. We note
that the invariant fraction field is generated by dim(V ) elements. Further,
the ring of invariants localized at the single invariant x1 is also generated
by dim(V ) many elements. That is, as soon as just one suitable element is
inverted, the complex and subtle structure of the ring of invariants collapses to
this relatively simple structure: no traces are needed to generate the localized
rings and all of the generators needed are of degree p or less.

In the event V has more than one non-trivial summand, say
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Vn ⊕ Vm ⊂ V

with n, m > 1, we need a particular kind of integral invariant, the degree 2
determinant invariants. Let {x1, x2, . . . , xn} be a triangular basis for V ∗

n with
xn distinguished. Similarly let {y1, y2, . . . , ym} denote a triangular bases for
V ∗

m with ym distinguished. Then u = uVn,Vm
= x1y2 − x2y1 is invariant, and

there is one such an invariant for every pair of non-trivial summands in the
indecomposable decomposition of V .

There is one more family of invariants that are needed, again associated to
a representation with more than one non-trivial summand, say Vn ⊕ Vm ⊂ V
with bases as above and n ≤ m. Suppose f = f(x1, . . . , xn) ∈ F[Vn]Cp has
degree d. One of the polarizations of f , fd−1,1, has multi-degree (d − 1, 1)
in Vn ⊕ Vn. We consider the second copy of Vn here as being embedded as
a Cp-submodule of Vm. Thus we may interpret fd−1,1 as a bi-homogeneous
polynomial of degree d − 1 in the variables x1, x2, . . . , xn and degree 1 in
y1, y2, . . . , yn. With this interpretation, we denote fd−1,1 by f1. We are inter-
ested only in applying this construction to the Shank invariants. In the three
examples above, these are

(s2,n,m)1 = −x2y1 + 2x2y2 − 2x3y1 + x1(−y2 − 2y3)
(s3,n,m)1 = 6x4x1y1 − 3x3x2y1 − 3x3x1y2 + 3x2

2y2

−3x2x1y3 − 2x2x1y1 + x2
1(−y2 + 3y4)

(s4,n,m)1 = −24x5x
2
1y1 + 16x4x2x1y1 + 8x4x

2
1y2

−18x4x
2
1y1 − 4x3x

2
2y1 − 8x3x2x1y2 + 4x3x2x1y1

+2x3x
2
1y2 − 6x3x

2
1y1 + 4x3

2y2 − 4x2
2x1y3

+8x2x
2
1y4 + 2x2x

2
1y3 − 3x2x

2
1y1 − x3

1(−y2 − 2y3 − 6y4 + 8y5),

Note the abuse of notation here: s2,n,m = s2,Vn,Vm
. Note as well that si,n,m is

only defined for i ≤ min(n, m).
Again, it is critical to note that the coefficient of xi−1

1 yi in (si,n,m)1 is
invertible in F. This follows from Lemma 7.5.7.

Decompose V as V = k1V1 ⊕ k2V2 ⊕ · · · ⊕ kpVp and choose a triangular
basis for V ∗

{xi,j,n | 1 ≤ i ≤ n, 1 ≤ j ≤ kn, 1 ≤ n ≤ p}

with the property that σ(xi,j,n) = xi,j,n + xi−1,j,n, subject to the convention
that x0,j,n = 0. Thus

F[V ] = F[xi,j,n | 1 ≤ i ≤ n, 1 ≤ j ≤ kn, 1 ≤ n ≤ p]

Now we choose the largest m for which km > 0 and fix a particular copy
V�,m of Vm. Let {x1, x2, . . . , xm} denote the usual basis for V ∗

�,m. Set x1 =
x1,�,m and x2 = x2,�,m. Then σ(x1) = x1 and that σ(x2) = x2 + x1.
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For each other distinct non-trivial summand Vn, then, we have n ≤ m
and we choose the usual basis {y1, . . . , yn}, that is, we have σ(yi) = yi + yi−1

with y0 = 0. We consider the polarized Shank invariants (si−1,n,m)1 for 3 ≤
i ≤ n − 1, each of which has a term xi−2

1 yi which occurs with coefficient
(−1)i(i− 1)(i− 3)!, invertible in F. As above, we may inductively solve for yi,
3 ≤ i ≤ n, in the localized ring F[V ]x1 . Finally, we consider the determinant
invariant

un,m = uVn,Vm
= x1y2 − x2y1

and note that we have
y2 =

1
x1

(un,m + x2y1).

Hence we have proved the following

Theorem 7.6.2. Let V = k2 V2 ⊕ · · · ⊕ kpVp be any reduced representation of
Cp. Choose a triangular basis {xi,j,n | 1 ≤ i ≤ n} for the jth copy of V ∗

n for
j = 1, 2, . . . , kn for n = 2, 3, . . . p. Fix a choice x1 = x1,�,m and x2 = x2,�,m

for some � and m the largest m for which km > 0. Then

F[V ]x1 = F[x±1
1 , x2, x1,j,n, un,m, (si,n,m)1

∣
∣ 1 ≤ j ≤ kn, 2 ≤ n ≤ p]

and

F(V )Cp = F(x±1
1 , N(x2), x1,j,n, un,m, (si,n,m)1

∣
∣ 1 ≤ j ≤ kn, 2 ≤ n ≤ p) .

7.7 Noether Number for Cp

In this section, we will present a theorem of Fleischmann, Sezer, Shank and
Woodcock which gives exact values for the Noether number of the ring of
invariants of any representation of Cp. Here we will follow their proof closely.
However, we will change it in order to make it self-contained, The proof given
below does not rely on results from [100].

Recall that we say that V is reduced if V does not contain a copy of V1 as
a summand.

Theorem 7.7.1. Let V be a non-trivial reduced representation of Cp, the
cyclic group of order p defined over a field F of characteristic p > 0. Let
s be the maximum dimension of an indecomposable summand of V . (Thus
2 ≤ s ≤ p.) Then

β(V,Cp) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p, if V ∼= V2 or V ∼= 2 V2;
(p − 1) dim(V Cp), if V ∼= mV2 for m ≥ 3;
(p − 1) dim(V Cp) + 1, if s = 3;
(p − 1) dim(V Cp) + p − 2, if s ≥ 4.



7.7 Noether Number for Cp 133

Note that dim V Cp is the number of indecomposable summands in V .
If s = 2, then the result follows from the Theorem 7.4.1 (and Re-

mark 7.4.2). Thus we suppose that s ≥ 3.
We begin the proof of Theorem 7.7.1 by developing lower bounds for

β(V,Cp). To do this, we consider the two Cp-representations U = V4 ⊕ mV2

and W = V3 ⊕ mV2. Choose a triangular basis {w0, z0, y0, x0} for the sub-
module V ∗

4 of U∗ and triangular bases {yi, xi} (i = 1, 2, . . . , m) for the du-
als of the m summands isomorphic to V2. Thus Δ(w0) = z0, Δ(z0) = y0,
Δ(yi) = xi and Δ(xi) = 0 for i = 0, 1, . . . ,m. Then {w0, z0, y0, x0} � {yi, xi |
i = 1, 2, . . . ,m} is a basis for U∗. Viewing W as a Cp submodule of U we may
take {z0, y0, x0} � {yi, xi | i = 1, 2, . . . ,m} as a basis for W ∗.

Lemma 7.7.2. Take U = V4 ⊕ mV2 and W = V3 ⊕ mV2 as above. Then
TrCp((w0y1y2 · · · ym)p−1zp−2

0 ) is an indecomposable element of F[U ]Cp and
TrCp((z0y1y2 · · · ym)p−1y0) is an indecomposable element of F[W ]Cp.

Proof. We consider U first. Put Fm := TrCp((w0y1y2 · · · ym)p−1zp−2
0 ).

We proceed by induction on m. For m = 0, we are concerned with F[V4]Cp .
Shank [98] found a set of generators for F[V4]Cp . We describe this computation
at length in Chapter 13. We will use the graded reverse lexicographic order
on F[V4] determined by w0 > z0 > y0 > x0. Using Lemma 9.0.2, we can show
that LT(F0) = −z2p−3

0 . The (non-minimal) generating set for F[V4]Cp given by
Shank includes invariants whose lead term is of the form zi

0 precisely for the
values i = p− 1, p, . . . , 2p− 3 (including F0). Furthermore, the only invariant
among the generators whose lead term is divisible by w0 is N(w0) with lead
term wp

0 . This shows that the largest (with respect to the graded reverse
lexicographic order) monomial in LT(F[V4]Cp)d is strictly smaller than zd

0 for
all d = 1, 2, . . . , p− 2. In particular, there can be no (sequence of) tête-a-têtes
among the generators yielding invariants with lead term zd

0 for d ≤ p−1. This
shows that F0 is indecomposable since its lead term cannot be expressed as a
product of lead terms of lower degree invariants. The reader may find a more
detailed version of this argument in [96].

For the general case m ≥ 1, we assume the induction hypothesis that Fm−1

is a non-zero indecomposable element of F[V4 ⊕ (m − 1)V2]Cp . We consider
the Cp submodule U ′ = V4 ⊕ (m − 1)V2 ⊕ V1 of U whose dual has basis
{w0, z0, y0, x0, y1, x1, . . . , ym−1, xm−1, xm}. The inclusion of U ′ into U induces
a surjective, multi-degree preserving, Cp-equivariant algebra map π : F[U ] →
F[U ′] determined by π(ym) = xm, π(ym−1) = xm−1 and fixing all the other
variables. Now

π(Fm) = π(
∑

σ∈Cp

σ((z0y1y2 · · · ym−1ym)p−1yp−2
0 ))

=
∑

σ∈Cp

π(σ((z0y1y2 · · · ym−1ym)p−1yp−2
0 ))

=
∑

σ∈Cp

σ(π((z0y1y2 · · · ym−1ym)p−1yp−2
0 ))
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=
∑

σ∈Cp

σ((z0y1y2 · · · ym−1xm)p−1yp−2
0 )

= xp−1
m

∑

σ∈Cp

σ((z0y1y2 · · · ym−1)p−1yp−2
0 )

= xp−1
m TrCp((z0y1y2 · · · ym−1)p−1yp−2

0 )
= xp−1

m Fm−1 .

Note that since Fm−1 
= 0, this shows that Fm 
= 0. Assume by way of con-
tradiction that Fm is decomposable in F[U ]Cp and write Fm =

∑r
i=1 figi for

some multi-homogeneous invariants fi, gi ∈ F[U ]Cp

+ . Thus each of the products
figi has multi-degree (2p−3, p−1, p−1, . . . , p−1). Let xai

m denote the largest
power of xm which divides fi for i = 1, 2, . . . , r. Similarly, let xbi

m denote the
largest power of xm which divides gi. Thus ai+bi = p−1 for all i = 1, 2, . . . , r.
Therefore, writing fi = xai

mf ′
i and gi = xbi

mg′i we have π(Fm) = xp−1
m

∑r
i=1 f ′

ig
′
i

with f ′
i and g′i in F[U ′]Cp . Hence Fm−1 :=

∑r
i=1 f ′

ig
′
i. Since Fm−1 is inde-

composable, one of the f ′
i or g′i, say f ′

i , must be a non-zero constant, c.
Thus π(fi) = cxp−1

m and therefore, fi has multi-degree (0, 0, 0, . . . , 0, p − 1).
Hence fi ∈ F[ym, xm]Cp

p−1 = F[yp
m − xp−1

m ym, xm]p−1 = span
F
{xp−1

m }. But then
π(fi) = 0 contradicting the fact that f ′

i = c. This contradiction shows that
Fm is indecomposable in F[U ]Cp .

The proof that TrCp((z0y1y2 · · · ym)p−1y0) is indecomposable in F[W ]Cp

is similar. We proceed by induction as above using Lemma 7.7.2 and using
Theorem 4.10.1 to handle the base case. ��

Corollary 7.7.3. Let V be a non-trivial reduced representation of Cp. Let s
be the maximum dimension of an indecomposable summand of V . Suppose
s ≥ 3. Then

β(V,Cp) ≥
{

(p − 1) dim(V Cp) + 1, if s = 3;
(p − 1) dim(V Cp) + p − 2, if s ≥ 4.

Proof. We treat the case s = 4 first. Put m := dim(V Cp) − 1 and U :=
V4 ⊕ mV2. Decompose V as V = Vr0 ⊕ Vr1 ⊕ · · · ⊕ Vrm

where r0 ≥ 4 and
ri ≥ 2 for i = 1, 2, . . . , m. For each i = 0, 1, 2, . . . ,m, choose a distinguished
variable Xi ∈ V ∗

ri
. We determine a Cp-equivariant surjection φ : V ∗ → U∗ by

requiring that φ(X0) = w0 and φ(Xi) = yi for i = 1, 2, . . . , m. This induces a
Cp-equivariant surjection, which we also call φ mapping F[V ] onto F[U ]. Thus
φ(Δj(Xi)) = Δj(φ(Xi)) for all i and j. Restricting to invariants we get an
algebra map φ : F[V ]Cp → F[U ]Cp .

Since φ is an algebra homomorphism and since

φ(TrCp((X0X1X2 · · ·Xm)p−1Δ(X0)p−2)) = TrCp((w0y1y2 · · · ym)p−1zp−2
0 )

is indecomposable in F[U ]Cp , it follows that
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TrCp((X0X1X2 · · ·Xm)p−1Δ(X0)p−2)

is indecomposable in F[V ]Cp . Therefore, β(V,Cp) ≥ (m + 1)(p − 1) + p − 2.
The case s = 3 is proved similarly. ��

Our next goal is, of course, to show that any invariant whose degree exceeds
the bound given in Corollary 7.7.3 must be decomposable.

Accordingly, we consider a degree a with a ≥ (m+2)(p−1). By the discus-
sion preceding Theorem 7.3.2, we see that every f ∈ F[V ]G may be written as
f = f � +f � where f � ∈ F[V ]�a and f � ∈ F[V ]�a. Since f � ∈ F[V ]�a, we may write
f � =

∑m+1
i=1 fiNCp(zi) with fi ∈ F[V ]Cp

a−p. Therefore, f is indecomposable if
and only if f � is indecomposable. Thus we concentrate our attention on f �.
Since F[V ]�a is free, (F[V ]�a)Cp = TrCp(F[V ]a). Thus to prove Theorem 7.7.1,
it suffices to show that every homogeneous invariant of the form TrCp(h) of
degree at least (m + 2)(p − 1) is decomposable.

In order to study the image of the transfer, we consider F[V ] as an
F[V ]Cp-module. Since F[V ] is integral over F[V ]Cp , we know that F[V ] is
a finitely generated F[V ]Cp -module, i.e., there exist h1, h2, . . . , ht ∈ F[V ]
such that F[V ] = F[V ]Cph1 + F[V ]Cph2 + · · · + F[V ]Cpht. By the graded
Nakayama lemma 2.10.1, we may find a homogeneous minimal such set of
generators h1, h2, . . . , ht by lifting back to F[V ] any homogeneous basis for
the maximal homogeneous ideal in the ring of coinvariants F[V ]Cp

= F[V ]/J
where J is the Hilbert ideal. We define γ(V ) = max{d | (F[V ]Cp

)d 
= {0}}.
Hence for a homogeneous minimal set of generators, h1, h2, . . . , ht, we have
γ(V ) = max{deg(hi) | 1 ≤ i ≤ t}, Thus γ is the degree of the Hilbert series
H(F[V ]Cp

, λ) (which is in fact a polynomial).
Given any homogeneous h ∈ F[V ], we may write h = f1h1+f2h2+· · ·+ftht

with f1, f2, . . . , ft ∈ F[V ]Cp and deg(h) = deg(fi) + deg(hi) for i = 1, 2, . . . , t.
Therefore, TrCp(h) = f1 TrCP

(h1)+f2 TrCP
(h2)+· · ·+ft TrCP

(ht). This shows
that if deg(h) > γ(V ), then TrCp(h) is a decomposable invariant.

Our next step is to get upper bounds (which will turn out to be sharp) for
γ(V ). As above, we let s denote the maximum dimension of an indecomposable
summand of V . We will show that

γ(V ) =

{
(p − 1) dim(V Cp) + 1, if s = 3;
(p − 1) dim(V Cp) + p − 2, if s ≥ 4.

As we noted above, γ(V ) = deg(H(F[V ]Cp
, λ). Thus

γ(V ) = deg(H(F[V ], λ) − deg(H(J, λ)
= deg(H(F[V ], λ) − deg(H(LT(J), λ)
= deg(H(F[V ]/ LT(J), λ).

This is true regardless of which monomial order is used to determine lead
terms.
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Thus γ(V ) is the highest degree of a monomial not lying in LT(J). We will
use this characterization to determine γ(V ).

We consider the case s = 3 first. For this case, we may write V =
m1V2⊕m2V3 where m2 ≥ 1. We choose distinguished variables y1, y2, . . . , ym1

and zm1+1, zm1+2, . . . , zm1+m2 . We define yi = Δ(zi) for m1 + 1 ≤ i ≤
m1 + m2 and xi = Δ(yi) for 1 ≤ i ≤ m1 + m2. Then we have F[V ] =
F[zm1+1, zm1+2, . . . , zm1+m2 , y1, y2, . . . , ym1+m2 , x1, x2, . . . , xm1+m2 ]. We fix a
graded reverse lexicographic order with respect to these variables and satis-
fying y1 < zi for m1 + 1 ≤ i ≤ m1 + m2 and xi < yi for all 1 ≤ i ≤ m1 + m2.

It is easily verified that di = y2
i −2xizi−xiyi is invariant with LT(di) = y2

i

for all m1 + 1 ≤ i ≤ m1 + m2. Similarly, the polarizations of di given by
dij = yiyj − xizj − zjxi − xiyj are also invariant and satisfy LT(dij) = yiyj

for all m1 + 1 ≤ i < j ≤ m1 + m2. The linear monomials x1, x2, . . . , xm1+m2

are all invariant. Finally, zp
i = LT(NCp(zi)) ∈ LT(J) for all 1 ≤ i ≤ m1

and yp
i = LT(NCp(yi) ∈ LT(J) for all m1 + 1 ≤ i ≤ m1 + m2. From this

it is clear that a monomial not lying in LT(J) cannot be divisible by any
xi, nor by any yiyj with i, j ≥ m1 + 1, nor by any zp

i , nor by any yp
i . This

shows that the highest degree monomials which may lie outside LT(J) are
those of the form (y1y2 · · · ym1zm1+1 · · · zm1+m2)

p−1yj with j > m1. Therefore,
γ(m1V2⊕m2V3) ≤ (m1+m2)(p−1)+1 = (p−1) dim(V Cp)+1 which completes
the proof for the case s = 3.

The proof for the case s ≥ 4 is similar. In this case, we will need two small
technical lemmas in order to bound γ(V ).

Before stating and proving these lemmas, we fix some notation. As above,
we write V = Vd1 ⊕ Vd2 ⊕ · · · ⊕ Vdm

and we choose a distinguished variable zi

in each V ∗
di

. We then consider the basis B := {zij | 1 ≤ i ≤ m, 0 ≤ j < di}
of V ∗ where zij := Δj(zi) for all j = 0, 1, . . . , di − 1 and i = 1, 2, . . . ,m.
We also define B′ := {zij | 1 ≤ i ≤ m, 1 ≤ j < di} = B \ {z1, z2, . . . , zm}
and the polynomial ring R := F[B′] = F[zij | 1 ≤ i ≤ m, 1 ≤ j < di]. Let
α be any monomial of degree p in R. Write α = u1u2 . . . up−1 and define
α′ = w1w2 . . . wp−1 to be the monomial of degree p− 1 in F[V ] where ws ∈ B
and Δ(ws) = us for s = 1, 2, . . . , p − 1. We fix a graded reverse lexicographic
order on F[V ] (and R) with zij < zik whenever j > k.

Let S be any subset of {1, 2, . . . , p−1}. We will denote {1, 2, . . . , p−1}\S
by S′. We define XS :=

∏
s ∈ Sws and XS′ :=

∏
s ∈ S′ws so that for all

subsets S, we have XSXS′ = α′. Fix a generator σ of Cp and consider the
function

F :=
p−1∑

t=0

p−1∏

j=1

(wj − σt(wj))

=
∑

τ∈Cp

p−1∏

j=1

(wj − τ(wj)) .
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Lemma 7.7.4.

F =
∑

S⊆{1,2,...,p−1}

(−1)|S|XS′ TrCp(XS) .

Proof. For each t we have

p−1∏

j=1

(wj − σt(wj)) =
∑

S⊆{1,2,...,p−1}

(−1)|S|XS′σt(XS)

Thus

F =
p−1∑

t=0

p−1∏

j=1

(wj − σt(wj))

=
p−1∑

t=0

∑

S⊆{1,2,...,p−1}

(−1)|S|XS′σt(XS)

=
∑

S⊆{1,2,...,p−1}

(−1)|S|XS′

p−1∑

t=0

σt(XS)

=
∑

S⊆{1,2,...,p−1}
(−1)|S|XS′ TrCp(XS)

��

The function F defined above satisfies the following.

Lemma 7.7.5.
LT(F ) = −α .

In particular, α ∈ LT(J).

Proof. Since σt(wj) = wj + tΔ(wj)+
(

t
2

)
Δ2(wj) + · · · = wj + tuj + . . . we see

that LT(wj −σt(wj)) = −tuj for all t ≥ 1 and all j. Therefore, if 1 ≤ t ≤ p−1
we have LT(

∏p−1
j=1(wj − σt(wj)) =

∏p−1
j=1 LT(wj − σt(wj)) =

∏p−1
j=1 −tuj =

(−t)p−1α = α. For t = 0, we have wj − σ0(wj) = 0. Therefore, F is the sum
of p − 1 non-zero summands, each of which has lead term α. Thus LT(F ) =
(p − 1)α = −α. ��

Note that zp
i = LT(NCp(zi)) ∈ LT(J) for all 1 ≤ i ≤ m. Thus we have

shown that the monomials of largest degree which may lie outside LT(J) are
those monomials of the form (z1z2 · · · zm)p−1α′ where α′ = u1u2 · · ·up−2 is
some monomial in R of degree p − 2. Thus γ(V ) ≤ m(p − 1) + p − 2. This
completes the proof of Theorem 7.7.1.
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7.8 Hilbert Functions

Hughes and Kemper [54] provide an explicit formula for the calculation of
the Hilbert series of an arbitrary representation of Cp in characteristic p as
follows. We have that

V = Vn1+1 ⊕ Vn2+1 ⊕ · · · ⊕ Vnk+1

where each Vn�+1 is an indecomposable Cp-module of dimension n� + 1, 0 ≤
n� < p. We define a function DV (ξ, t) ∈ C[t] as

DV (ξ, t) =
k∏

�=1

⎛

⎝1 − ξpn�tp

1 − tp

ni∏

j=0

(1 − ξn�−2j)−1

⎞

⎠ .

Theorem 7.8.1. Let M(2p) ⊂ C denote the set of 2p-th roots of unity. Then,
for V and DV as just defined, the Hilbert series of F[V ]Cp is given by

H(F[V ]Cp , t) =
∑

ξ∈M(2p)

1 + ξ

2p
DV (ξ, t).

If all of the n� are even, then the formula simplifies to

H(F[V ]Cp , t) =
1
p

∑

ξ∈M(p)

k∏

�=1

n�∏

j=0

(1 − ξn�−2jt)−1.

Furthermore, the multiplicity of Vn in F[V ] as a Cp-module is given by

∑

ξ∈M(2p)

ξ − ξ−1

2p
DV (ξ, t), if n < p,

while the multiplicity of Vp in F[V ] as a Cp-module is given by

∑

ξ∈M(2p)

1 + ξ

2p
ξpDV (ξ, t) .

Remark 7.8.2. Suppose that V is a sum of odd dimensional indecomposables

V k
i=1 := ⊕Vni+1 where all ni are even.

Fix a primitive p-th root of unity ξ ∈ C. Define the matrices

M� = diag(ξn� , ξn�−2, . . . , ξ, 1, ξ−1, . . . , ξ(n�−2), ξ−n�) ∈ GLn�+1(C)

and set
M = diag(M1, M2, . . . , Mk) ∈ GLdim(V )(C).
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We obtain a non-modular representation of Cp by mapping a generator to M .
We may use Molien’s theorem Theorem 3.7 to determine the Hilbert series
of C[M ]Cp . It is a remarkable fact that this Hilbert series is the same as
the Hilbert series of F[V ]Cp . Both Almkvist [2] and Hughes and Kemper [54]
believe this to be a “combinatorial accident”.
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Polynomial Invariant Rings

In this chapter, we study representations of groups which have polynomial
rings of invariants. In characteristic 0, this happens if and only if the group is
a reflection group. Recall 1.5.1

Definition 8.0.1. Suppose V is a representation of G defined over a field K

of any characteristic. We say that σ ∈ G is a reflection on V if the dimension
of V σ is dim(V ) − 1, that is, e �= σ fixes a hyperplane pointwise.

A reflection σ ∈ GL(V ) is said to be a transvection if it is not diagonaliz-
able. If it is diagonalizable, it is said to be a homology.

Building on work of Shephard and Todd [101], and Chevalley [22], Serre
proved

Theorem 8.0.2. If K[V ]G is a polynomial ring, then G is generated by re-
flections.

Lemma 8.0.3. Suppose V is a representation of G defined over a field F of
characteristic p > 0. If σ ∈ G is a reflection whose order is pr, then σ has
order p.

Proof. Choose any element v ∈ V lying outside of the hyperplane V σ. Then
σ(v) = λv +w for some λ ∈ F and w ∈ V σ. Now σ�(v) = �λv +(λ�−1 +λ�−2 +
· · · + 1)w. Therefore, σpr

(v) = λpr

v + ((λpr−1 + λpr−2 + · · · + 1)w = v. In
particular, λpr

= 1 and so as a (pr)th-root of unity, λ = 1. Thus σp(v) = v.
Therefore, σp fixes all of V pointwise as claimed. ��

Definition 8.0.4. Let P be a p-subgroup of GL(V ) where V is an n di-
mensional vector space over the field F of characteristic p. We say that P
is a Nakajima group (with respect to B) if there exists an ordered basis
B = {x1, x2, . . . , xn} of V ∗ such that

1. σ(xi)−xi ∈ span{x1, x2, . . . , xi−1} for all i = 1, 2, . . . , n and for all σ ∈ P ,
i.e., in the basis B, P is an upper triangular group, and
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2. P = PnPn−1 · · ·P1 := {σnσn−1 · · ·σ1 | σi ∈ Pi} where Pi := {σ ∈ P |
σ(xj) = xj for all j �= i}.

If P is a Nakajima group, we call the basis B a Nakajima basis.

An example of a Nakajima basis is given in Example 8.0.8.

Lemma 8.0.5. For i < j, Pi normalizes Pj, that is, PiPj = PjPi. ��

From this it follows that the set PnPn−1 · · ·P2P1 is in fact a subgroup of
P . It is also clear that Pi ∩ Pj = {e} for all i �= j.

Lemma 8.0.6. Suppose that B = {x1, x2, . . . , xn} is a basis of V ∗ and that
P is a finite subgroup of GL(V ). As above, let Pk = {σ ∈ P | σ(xj) =
xj for all j �= k}. Then every element γ ∈ PnPn−1 · · ·P1 has a unique expres-
sion of the form γ = σnσn−1 · · ·σ1 with σi ∈ Pi for i = 1, 2, . . . , n.

Proof. We proceed by induction on n with the case n = 1 being trivial.
Suppose the result holds for n − 1 and assume σnσn−1 · · ·σ1 = τnτn−1 · · · τ1

where σi, τi ∈ Pi for i = 1, 2, . . . , n. Let τ denote the element τ−1
n σn =

τn−1τn−2 · · · τ1σ
−1
1 σ−1

2 · · ·σ−1
n−1. Then

τ(xi) =

{
τ−1
n σn(xi) = xi if i < n;

τn−1τn−2 · · · τ1σ
−1
1 σ−1

2 · · ·σ−1
n−1(xi) = xn, if i = n.

Thus τ ∈ P1 ∩ P2 ∩ · · · ∩ Pn = {e} and therefore τn = σn. This implies
σn−1σn−2 · · ·σ1 = τn−1τn−2 · · · τ1. Applying the induction hypothesis yields
τi = σi for all i = 1, 2, . . . , n − 1. ��

Theorem 8.0.7. Let P be a p-subgroup of GL(V ) and suppose that B =
{x1, x2, . . . , xn} is an ordered basis of V ∗ with respect to which P is an upper
triangular subgroup of GL(V ∗). Then G is a Nakajima group with Nakajima
basis B if and only if F[V ]P = F[N1, N2, . . . , Nn] where Ni = NP

Pxi
(xi).

Proof. First we assume that B is a Nakajima basis for P . Since

P = PnPn−1 · · ·P1,

Lemma 8.0.6 implies that

|P | =
n∏

k=1

|Pk|.

Since
σnσn−1 · · ·σ1(xk) = σk(xk)

where σi ∈ Pi for i = 1, 2, . . . , n, we see that P · xk = Pk · xk. Furthermore,
if σk, τk ∈ Pk are such that σk(xk) = τk(xk), then σ−1

k τk(xk) = xk and thus
σ−1

k τk = P1 ∩P2 ∩ · · · ∩Pn = {e}. This shows that |Pk · xk| = |Pk|. Therefore,
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deg Nk = |P ·xk| = |Pk ·xk| = |Pk| and thus
∏n

k=1 deg(Nk) =
∏n

k=1 |Pk| = |P |.
By Proposition 4.0.3, N1, N2, . . . , Nn is a homogeneous system of parameters
for F[V ]P . Therefore, by Corollary 3.1.6, F[V ]P = F[N1, N2, . . . , Nn].

The proof of the opposite direction follows immediately from Theo-
rem 8.0.11 below. ��

Example 8.0.8. Define

σ(a, b, c, d) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
a 0 0 1 0 0 0
0 b 0 0 1 0 0
0 0 c 0 0 1 0
d d d 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and let G denote the subgroup of GL(V ) given by these matrices as a, b, c and
d vary over Fp. We first saw this group in §1.1.1. The action of σ(a, b, c, d) on
V ∗ is given by the matrix

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 −a 0 0 −d
0 1 0 0 −b 0 −d
0 0 1 0 0 −c −d
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

with respect to the basis B dual to the standard basis. It is clear that P1 =
P2 = P3 = {e} while

P4 = {σ(a, 0, 0, 0) | a ∈ Fp} ,

P5 = {σ(0, b, 0, 0) | b ∈ Fp} ,

P6 = {σ(0, 0, c, 0) | c ∈ Fp} and
P7 = {σ(0, 0, 0, d) | d ∈ Fp} .

It is also clear that the Abelian group G = P7P6 · · ·P1, and so B is a Nakajima
basis for G and thus F[V ]G is a polynomial ring.

By way of contrast in this next example, we return to the group H defined
in §1.1.1 as the transpose of the G of the previous example acting on V .

Example 8.0.9. The transpose of σ(a, b, c, d) has the form
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σ(a, b, c, d) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 a 0 0 d
0 1 0 0 b 0 d
0 0 1 0 0 c d
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We consider the group H ⊂ GL(V ) given by these latter matrices as a, b, c
and d vary over Fp. Following our usual convention, we rewrite the ac-
tion of H on V in lower triangular form. The matrix just given is written
with respect to the standard basis {e1, e2, . . . , e7}. Re-ordering this basis as
{e4, e5, e6, e7, e1, e2, e3} and re-writing the matrix accordingly we obtain

σ(a, b, c, d) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
a 0 0 d 1 0 0
0 b 0 d 0 1 0
0 0 c d 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We will show that F[V ]H is not Cohen-Macaulay. We define α = σ(1, 0, 0, 0),
β = σ(0, 1, 0, 0), γ = σ(0, 0, 1, 0) and δ = σ(0, 0, 0, 1).

Let K be the subgroup generated by α, β and γ. We label the basis dual to
the basis {e5, e6, e7, e1, e2, e3, e4} as {x1, x2, x3, x, y1, y2, y3} so that (V ∗)G =
span {x1, x2, x3, x}. Define Ni(t) = tp −xp−1

i t. By Nakajima’s Theorem 8.0.7,
we have

F[V ]K = F[x1, x2, x3, x, N1(y1), N2(y2), N3(y3)].

Now define Δ = δ−1. The rest of this example flows from Example 4.0.4. We
calculate

Δ(Ni(yi)) = x(xp−1 − xp−1
i ) = Ni(x)

and hence
uij := (xp−1 − xp−1

i )Nj − (xp−1 − xp−1
j )Ni

is H-invariant for 1 ≤ i < j ≤ 3. It is easy to verify that

x1u23 − x2u13 + x3u12 = 0

and that {x1, x2, x3} is a partial homogeneous system of parameters in F[V ]
and hence also in F[V ]H . Assume by way of contradiction that F[V ]H is Cohen-
Macaulay. Then x1, x2, x3 is a regular sequence in F[V ]H and therefore, since
x3u12 ≡ 0 (mod x1, x2), we have

u12 = f1x1 + f2x2
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for some f1, f2 in F[V ]H . Clearly we may assume that the fi’s are homogeneous
of degree 2p − 2. As a K-invariant of this degree, we must have f1 = h0 +
h1N1(y1) + h2N2(y2) + h3N3(y3), where hj ∈ F[x1, x2, x3, x] for 0 ≤ j ≤ 3.
Further, as a H-invariant, we have

0 = Δ(f1) = h1Δ(N1(y1)) + h2Δ(N2(y2)) + h3N3(y2)) .

Rewriting this expression we have

(h1 + h2 + h3)xp−1 = h1x
p−1
1 + h2x

p−1
2 + h3x

p−1
3 .

Expanding the right hand side as a linear combination of monomials we see
that any non-zero term is a scalar multiple of a monomial from one of the
hi’s times the monomial xp−1

i . But any such term must be divisible by xp−1.
Therefore, the degree of hi is at least p − 1, and so h1 = h2 = h3 = 0, from
which we see f1 ∈ F[x1, x2, x3, x]. The same argument applies to f2. But this
would mean u12 ∈ F[x1, x2, x3, x], a contradiction.

Lemma 8.0.10. Let S and T be subgroups of a group K. Then the cardinality
of the set ST := {st | s ∈ S, t ∈ T} is given by

|ST | =
|S||T |
|S ∩ T | .

Proof. Let S := {si | 1 ≤ i ≤ [S : S ∩T ]} be a set of left coset representatives
for S ∩ T in S and let T := {tj | 1 ≤ j ≤ [T : S ∩ T ]} be a set of left
coset representatives for S ∩ T in T . Define the set L := {sixtj | si ∈ S, x ∈
S ∩ T, tj ∈ T }. We see ST = L since clearly ST ⊆ L and L ⊆ ST . Suppose
sixtj = si′x

′tj′ where si, si′ ∈ S, tj, tj′ ∈ T and x, x′ ∈ S ∩ T . Therefore,
s−1
i′ six = x′tj′t−1

j ∈ S ∩ T . Therefore, s−1
i′ si, tj′t−1

j ∈ S ∩ T and thus si = si′

and tj = tj′ . Hence x = x′. This shows that every element of ST can be
written uniquely in the form sixtj with si ∈ S, tj ∈ T and x ∈ S ∩ T . Hence
|ST | = [S : S ∩ T ] · |S ∩ T | · [T : S ∩ T ] = |S|

|S∩T | · |S ∩ T | · |T |
|S∩T | = |S||T |

|S∩T | . ��

The following Theorem is due to Yinglin Wu [114].

Theorem 8.0.11. Let P be a p-subgroup of GL(V ). Suppose F[V ]P is a poly-
nomial ring on the norms of the elements of some basis B = {y1, y2, . . . , yn}
of V ∗:

F[V ]P = F[NP
Py1

(y1),NP
Py2

(y2), . . . ,NP
Pyn

(yn)] .

Then there exists an ordering of B with respect to which P is a Nakajima
group.

Proof. We begin by showing that

|Py1 | · |Py2 | · · · |Pyr | = |W1| · |W2| · · · |Wr−1| · |Py1 ∩ Py2 ∩ · · · ∩ Pyr |

for all r = 2, 3, . . . , n where Wi := (Py1 ∩Py2 ∩· · ·∩Pyi)Pyi+1 for 1 ≤ i ≤ n−1.
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For r = 2, we need to show that |Py1 | · |Py2 | = |Py1Py2 | · |Py1 ∩ Py2 |. This
is immediate from Lemma 8.0.10. Now we proceed by induction on r. Hence
we assume that

|Py1 | · |Py2 | · · · |Pyr
| = |W1| · |W2| · · · |Wr−1| · |Py1 ∩ Py2 ∩ · · · ∩ Pyr

| .

Multiplying both sides of this equation by |Pyr+1 | gives

|Py1 |·|Py2 | · · · |Pyr
|·|Pyr+1 | = |W1|·|W2| · · · |Wr−1|·|Py1∩Py2∩· · ·∩Pyr

|·|Pyr+1 | .

Applying Lemma 8.0.10 with S = Py1 ∩ Py2 ∩ · · · ∩ Pyr
and T = Pyr+1 we get

|Py1∩Py2∩· · ·∩Pyr
|·|Pyr+1 | = |(Py1∩Py2∩· · ·∩Pyr

)Pyr+1 |·|Py1∩Py2∩· · ·∩Pyr+1 |

and therefore,

|Py1 | · |Py2 | · · · |Pyr+1 | = |W1| · |W2| · · · |Wr| · |Py1 ∩ Py2 ∩ · · · ∩ Pyr+1 | ,

as required.
In particular, since Py1 ∩ Py2 ∩ · · · ∩ Pyn = {e} we see that

|Py1 | · |Py2 | · · · |Pyn
| = |W1| · |W2| · · · |Wn−1| .

The hypothesis F[V ]P = F[NP
Py1

(y1),NP
Py2

(y2), . . . ,NP
Pyn

(yn)] implies that
∏n

i=1 deg(NP
Pyi

(yi)) = |P | by Corollary 3.1.6. Since deg(N(yk)) = |P |/|Pyi
| for

all i, we have that
∏n

i=1 |P |/|Pyi | = |P | and therefore,
∏n

i=1 |Pyi | = |P |n−1.
Thus

∏n−1
i=1 |Wi| = |P |n−1. Since each of the sets Wi is a subset of P , we

must have Wi = P for all i = 1, 2, . . . , n − 1. In particular, (Py1 ∩ Py2 ∩
· · · ∩ Pyn−1)Pyn

= P , i.e., PnPyn
= P and thus |PnPyn

| = |P |. But, again by
Lemma 8.0.10, |PnPyn

| = |Pn|·|Pyn |
|Pn∩Pyn | = |Pn| · |Pyn

| and hence |Pn| · |Pyn
| = |P |.

Since B is unordered we similarly obtain |Pk|·|Pyk
| = |P | for all k = 1, 2 . . . , n.

Therefore,

n∏

k=1

|Pk| =
n∏

k=1

|P |
|Pyk

| =
|P |n

∏n
k=1 |Pyk

| =
|P |n

|P |n−1
= |P | .

Applying Lemma 8.0.6 shows that |P | = |PnPn−1 · · ·P1| and therefore,
P = PnPn−1 · · ·P1. It only remains to show that there is some ordering of B
with respect to which the group P is upper triangular.

Define V ∗
0 := {0} and V ∗

k := {v ∈ V ∗ | (σ − 1)v ∈ V ∗
k−1 for all σ ∈ P}

for all k ≥ 1. Let s be minimal such that V ∗
s = V ∗. Choose an ordered basis

{x1, x2, . . . , xn} of V ∗ which is compatible with the flag {0} = V ∗
0 ⊂ V ∗

1 ⊂
· · · ⊂ V ∗

s = V ∗. Thus for each k with 1 ≤ k ≤ s, there exits a j such that
{x1, x2, . . . , xj} is a basis of V ∗

k . Thus P is upper triangular with respect to
the basis {x1, x2, . . . , xn}.

Write xi =
∑n

j=1 αij yj for i = 1, 2, . . . , n. For 1 ≤ k ≤ s, define
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Wk := span{yj ∈ B | αij �= 0 for some i with xi ∈ V ∗
k } .

We claim that Wk = V ∗
k for all k = 1, 2, . . . , s. Take xi ∈ V ∗

k . Then xi =∑n
j=1 αij yj with yj ∈ Wk for all j with αij �= 0. Thus xi ∈ Wk. Therefore

V ∗
k ⊆ Wk.

For the opposite inclusion, let yj ∈ Wk. Then there exists some t such that
xt ∈ V ∗

k and αtj �= 0. Take any σ ∈ P . We want to show that (σ−1)yj ∈ V ∗
k−1.

Write σ = σnσn−1 · · ·σ1 with σa ∈ Pa for a = 1, 2, . . . , n. Since Pa normalizes
Pb when a < b, we may write σ = σkσ′

nσ′
n · · ·σ′

j+1σj−1 · · ·σ1 where σ′
a ∈ Pa for

a = j +1, j +2, . . . , n. Thus (σ− 1)yj = σjσ
′
nσ′

n · · ·σ′
j+1σj−1 · · ·σ1(yj)− yj =

(σj − 1)yj . But (σj − 1)xt = (σj − 1)(
∑n

i=1 αtiyi) = αtj(σj − 1)yj . Since
(σj − 1)xt ∈ Vk−1 and since αtj �= 0, this shows that (σ − 1)yj = (σj − 1)yj ∈
Vk−1. Therefore, yj ∈ Vk. Thus, Wk ⊆ V ∗

k .
This shows that we may order the yj in such a way that B is compatible

with the flag {0} = V ∗
0 ⊂ V ∗

1 ⊂ · · · ⊂ V ∗
s = V ∗. Using this ordered basis for B

we see that P is upper triangular. Hence P is a Nakajima group with respect
to this ordered basis. ��

In 1980, H. Nakajima [83] working over the prime field proved that, if
Fp[V ]P is polynomial, then P is a Nakajima group. In the next section, we
give an example, due to Stong, which shows that Nakajima’s result cannot be
extended naively to other fields.

8.1 Stong’s Example

Here we give an example due to R Stong that shows that Nakajima’s Theorem
does not extend to larger fields. We work over the field Fq with q = p3. We
may suppose the field Fq has basis over Fp consisting of {1, ω, μ}. Let H be
the group generated by the matrices

⎛

⎝
1 1 0
0 1 0
0 0 1

⎞

⎠ and

⎛

⎝
1 0 1
0 1 0
0 0 1

⎞

⎠ ,

and let G be the group generated by H and the matrix

σ =

⎛

⎝
1 ω μ
0 1 0
0 0 1

⎞

⎠ ,

with respect to the basis {x, y, z} of V ∗. We note that both groups are gener-
ated by reflections, but that G is not a Nakajima group, since we cannot choose
a basis of V ∗ with respect to which each generating reflection is concentrated
in a single column.

It is not hard to see that Fq[V ]H = Fq[x,N(y), N(z)], where N(y) =
yp−xp−1y and N(z) = zp−xp−1z. We calculate σ(N(y)) = N(y)−(ωp−ω)xp,
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and σ(N(z)) = N(z)−(μp−μ)xp. From here we can construct two G invariants
f1 = (μp−μ)N(y)−(ωp−ω)N(z) and f2 = N(y)p−(ωp−ω)(p−1)N(y)xp(p−1).
Using Lemma 2.6.3 it is not hard to see that {x, f1, f2} form a homogeneous
system of parameters, and thus by Corollary 3.1.6 that Fq[V ] = Fq[x, f1, f2]
is a polynomial ring.

We may also use Theorem 3.9.2 to see immediately that Fq [V ]G must be
a polynomial ring.

8.2 A Counterexample

For non-modular groups, we have the characterization of Shephard and Todd
which asserts that F[V ]G is a polynomial ring if and only if the action of
G on V is generated by reflections. It is known that this characterization
fails for modular representations. For example, the representation described
in Example 11.0.3 is generated by reflections but its ring of invariants is not
polynomial. One of the most important open questions in modular invariant
theory is to give a geometric characterization of modular representations of
finite groups having a polynomial ring of invariants.

In 1982, V. Kac [57] made the following conjecture.

Conjecture 8.2.1. Let K be an algebraically closed field. Then K[V ]G is a poly-
nomial ring if and only if each isotropy group Gv for v ∈ V is generated by
reflections.

In this section, we describe an unpublished counter-example to Kac’s con-
jecture due to Campbell, Hughes and Shank in 1995. We note that Exam-
ple 11.0.3 is also an example of such a reflection group whose ring of invari-
ants is not polynomial. In their classification of irreducible reflection groups,
Kemper and Malle [63, Example 2.2] also gave a counter-example.

Let F be an algebraically closed field of characteristic p and consider

G =

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
a c 1 0
c b 0 1

⎞

⎟
⎟
⎠ | a, b, c ∈ Fp

⎫
⎪⎪⎬

⎪⎪⎭
.

G is a subgroup of GL4(F) isomorphic to C3
p . Note that G is a reflection

group since it is generated by the following three reflections:

α−1 :=

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
1 0 1 0
0 0 0 1

⎞

⎟
⎟
⎠ , β−1 :=

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 1 0 1

⎞

⎟
⎟
⎠ , γ−1 :=

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
1 1 1 0
1 1 0 1

⎞

⎟
⎟
⎠ .

Theorem 8.2.2. For all v ∈ V , the isotropy group Gv is a reflection group.
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Proof. Let v = (a1, a2, b1, b2) ∈ V . It is clear that if a1 = a2 = 0, then Gv = G.
If a1 = 0 and a2 �= 0, then Gv is generated by α. If a1 �= 0 and a2 = 0 then
Gv is generated by β. Finally, if a1 �= 0 and a2 �= 0, then Gv is generated by

the reflection

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
a2
a1

−1 1 0
−1 a1

a2
0 1

⎞

⎟
⎟
⎠ .

Each of these subgroups is a reflection group and thus all of the isotropy
subgroups are reflection groups. ��

Remark 8.2.3. Since each proper non-trivial isotropy subgroup is generated
by a single transvection, the ring of invariants for each of these groups is a
polynomial algebra.

Theorem 8.2.4. F[V ]G is not a polynomial algebra.

Proof. Let {x1, x2, y1, y2} denote the basis of V ∗ dual to the canonical basis
of V . Thus α(y1) = y1 + x1 and β(y2) = y2 + x2. If F[V ]G were a polynomial
algebra, it would have four generators and the product of the degrees of the
generators would be |G| = p3. Observe that x1 and x2 are invariant and that
dimK F[V ]G1 = 2. Thus if F[V ]G is a polynomial algebra, it has one generator
in degree p and one in degree p2. We will show that F[V ]G does not have a
generator in degree p.

Consider the subgroup H of G generated by α and β. Then H is a Nakajima
group isomorphic to Cp × Cp and F[V ]H ∼= F[x1, x2, N1, N2] where N1 =
yp
1 − xp−1

1 y1 and N2 = yp
2 − xp−1

2 y2. Since F[V ]G ⊆ F[V ]H , the degree p
elements of F[V ]G are contained in the vector space spanned by N1, N2 and
the monomials in x1 and x2 of degree p. Since γ(N1) = N1 + (xp

2 − xp−1
1 x2)

and γ(N2) = N2+(xp
1−xp−1

2 x1) we see that γ does not fix any non-zero linear
combination of N2 and N1. Hence F[V ]G does not have a generator in degree
p and is not a polynomial algebra. ��

Remark 8.2.5. We show in Example 10.0.11 that F[V ]G is a hypersurface ring
with two generators x1 and x2 of degree 1, a generator x1N1 + x2N2 of de-
gree p + 1 and two generators NG

H(N1) and NG
H(N2) of degree p2. Note that

Proposition 11.0.1 can also be used to show this.

8.3 Irreducible Modular Reflection Groups

In this section, we recall the work of Kemper and Malle [63]. Suppose G is
represented on V over a field F of characteristic p dividing the order of G and
that V is irreducible as a G-module. Of course, in modular representation the-
ory, the irreducible representations are essentially few and far between, as we
have just seen for Cp. Nevertheless, such representations have been classified.
Using the classification, Kemper and Malle have proved the following
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Theorem 8.3.1. Suppose V is an irreducible representation of the modular
group G. Then F[V ]G is a polynomial ring if and only if G is generated by
reflections and if W is any non-trivial subspace of V , then F[V ]GW has a
polynomial ring of invariants.

We note that F[V ]GW polynomial implies that GW is generated by reflections.

Remark 8.3.2. As observed by Kemper and Malle, the theorem is equivalent
to the following. Suppose v is any point of V = F ⊗F V , where F denotes
the algebraic closure of F, and that Gv denotes the stabilizer of v. Then
F[V ]G is polynomial if and only if G is generated by reflections and F[V ]Gv is
polynomial.

Remark 8.3.3. Kemper and Malle, see [68], also proved that the invariant field,
F(V )G, of an irreducible reflection group is purely transcendental.

It is not sufficient to assume that each Gv is a reflection group.

Example 8.3.4. Let G = Σ6 act on its 4-dimensional irreducible representation
V in characteristic 2. Then Gv is generated by reflections for all non-zero
v ∈ V , but F[V ]G is not polynomial.

8.3.1 Reflection Groups

As noted above, a reflection σ ∈ GL(V ) is said to be a transvection if it is not
diagonalizable. If it is diagonizable, it is said to be a homology.

We denote by RLn(F) the subgroup of GLn(F) generated by its reflections.
Similarly, we let RUn(F) denote the subgroup of GUn(F), the unitary group of
dimension n over F, generated by its reflections. Then RLn(F) contains SLn(F)
as a subgroup of index 2. Similarly respectively RUn(F) contains SUn(F) as
a subgroup of index 2.

We denote by GOn(F) the general orthogonal group over F and by SOn(F),
the special orthogonal group over F. And we denote by Ω±

n (F) the commutator
subgroup of GOn(F). Finally, we denote by Gi the i-th group in the list of
finite reflection groups given by Shephard and Todd [101] and by Wp(Gi) the
mod p reduction of its reflection representation. The irreducible subgroups
of GLn(F) generated by reflections were classified by Wagner [109] and by
Zalesskĭı, and Serežkin [115], for n ≥ 3.

Theorem 8.3.5. Let V be a vector space of dimension n ≥ 3 over F of char-
acteristic p > 2 and let G denote a subgroup of GL(F) generated by reflections
such that V is irreducible and primitive as a G-module. Then one of the fol-
lowing holds:

1. G = RLn(F), or G = RUn(F);
2. Ω±

n (F) � G ⊆ GO±
n (F), G �= SO±

n (F);
3. G = Σn+1 for p � (n + 1);
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4. G = Σn+2 for n ≥ 5 and p � (n + 2);
5. G = Wp(Gi) for 23 ≤ i ≤ 37, i �= 25, 26, 32 and p � |G| or p ∈ {3, 5, 7}

corresponds to the columns marked p or np in [69, Table 6.3];
6. p = 5, n = 3 and G is the group 3 · A7 × 2 (sometimes denoted EJ3(5));
7. p = 3, n = 4 and G is the group 4 ·L3(4) : 22 (sometimes denoted J4(4)).

8.3.2 Groups Generated by Homologies of Order Greater than 2

These groups and representations were classified by Mitchell in characteristic
0 and by Wagner in positive characteristic, see [108].

Theorem 8.3.6. Let V be a vector space of dimension n ≥ 3 over F of char-
acteristic p > 2 and let G denote a subgroup of GL(F) generated by pseudo-
reflections, containing homologies of order greater than 2 such that V is irre-
ducible and primitive as a G-module. Then one of the following holds:

1. SLn(F) ⊂ G ⊂ GLn(F) or SUn(F ⊂ G ⊂ GUn(F), G �= RLn(F), RUn(F);
2. G = Wp(G25) and p �= 3;
3. G = Wp(G26) and p �= 2, 3;
4. G = Wp(G32) and p �= 3.

8.3.3 Groups Generated by Transvections

There is no analogue for these groups in characteristic 0. We refer to [58].

Theorem 8.3.7. Let V be a vector space of dimension n over F, a finite field
of characteristic p. Let G denote a subgroup of GL(F) generated by transvec-
tions such that V is irreducible and primitive as a G-module. Then one of the
following holds:

1. G = SLn(F), Spn(F), SUn(F) and p �= 2, n �= 3 ;
2. G = SOn(F), p = 2 and n ≥ 4 is even;
3. G = Σn+1 or Σn+2, p = 2 and n ≥ 6 is even;
4. G = Σn+2 for n ≥ 5 and p � (n + 2);
5. G = SL2(F), p = 5 and n = 3;
6. p = 2, n = 3 and G is the group 3 · A6;
7. p = 2, n = 6 and G is the group 3 · U4(3) : 22.
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The Transfer

In this chapter, we consider in detail the transfer (also called the trace) map
introduced in §1.2. Let H be a subgroup of the finite group G. Choose a set of
left coset representatives for H in G. We denote this set of representatives by
G/H. Thus G = �σ∈G/HσH is a decomposition of G into left cosets. There
is an extensive theory considering the relative versions of the results of this
chapter, see Fleischmann [38] or Fleischmann and Shank [41].

As in §1.2, we define the relative transfer

TrG
H : K[V ]H −→ K[V ]G

f �−→
∑

σ∈G/H

σ(f) .

To see that the image of TrG
H lies in K[V ]G, let f ∈ K[V ]H and take an ar-

bitrary group element σ0 ∈ G. Write G/H = {σ1, σ2, . . . , σr} where r is the
index of H in G. Then {σ0σ1, σ0σ2, . . . , σ0σr} is another set of left coset rep-
resentatives for H in G. Therefore, there exist τ1, τ2, . . . , τr ∈ H such that
{σ0σ1, σ0σ2, . . . , σ0σr} = {σ1τ1, σ2τ2, . . . , σrτr}. Therefore, σ0(TrG

H(f)) =
σ0(

∑r
i=1 σi(f)) =

∑r
i=1 σ0σi(f) =

∑r
i=1 σiτi(f) =

∑r
i=1 σi(f) = TrG

H(f).

Lemma 9.0.1. The map TrG
H is independent of the choice of coset represen-

tatives. ��

The most important of these maps is the map TrG
{e} which we denote by

TrG.
In general, the transfer map does not behave well with respect to products.

However, if f1 ∈ F[V ]G and f2 ∈ F[V ]H then we have

TrG
H(f1f2) =

∑

σ∈G/H

σ(f1f2) =
∑

σ∈G/H

σ(f1)σ(f2)

=
∑

σ∈G/H

f1σ(f2) = f1

∑

σ∈G/H

σ(f2) = f1 TrG
H(f2).

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 9, © Springer-Verlag Berlin Heidelberg 2011
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Thus TrG
H is an F[V ]G-module homomorphism. Also, note that the transfer

map preserves degree.
Notice that if f ∈ F[V ]G, then TrG

H(f) =
∑

σ∈G/H σ(f) = |G|
|H|f = [G :

H]f . Thus the composition

F[V ]G ↪→ F[V ]H
TrG

H−→ F[V ]G

is just multiplication by [G : H]. Therefore, if [G : H] is invertible in F, then

1
[G : H]

TrG
H : K[V ]H → K[V ]G

is a projection operator. This projection onto the invariants is known as the
Reynolds Operator. In particular, using the Reynolds Operator, we see that
for non-modular representations, we have F[V ]H = F[V ]G ⊕ (ker TrG

H). For
this reason, the transfer is well understood and accordingly less interesting in
the non-modular case.

The following well-known lemma is very useful in studying the image of
the transfer for modular groups.

Lemma 9.0.2. Let q = pr be a prime power and suppose that � is a positive
integer. Then

∑

c∈Fq

c� =
{
−1, if q − 1 divides �;

0, if q − 1 does not divide �.

Proof. It is sufficient to sum over the non-zero elements of Fq. Let η be a
generator for the group of units of Fq. Hence Fq \ {0} = {η0, η, η2, . . . , ηq−2}
and, therefore,

∑

c∈Fq

c� =
q−2∑

i=0

(ηi)� =
q−2∑

i=0

(η�)i.

Every non-zero element of Fq, including in particular η�, is a root of the
polynomial xq−1−1 = (x−1)(1+x+ . . .+xq−2). If q−1 divides �, then η� = 1
and the sum is q − 1. If q − 1 does not divide �, then η� �= 1 and therefore, η�

is a root of 1 + x + . . . + xq−2. Hence if q − 1 does not divide �, then the sum
is zero. ��

Remark 9.0.3. In the above lemma, � is a positive integer. However, it will be
convenient to consider the case where � = 0. In that case, the sum,

∑
c∈Fq

c0,
involves 00 and so is not well-defined. In most of the applications we will use,
the sum will most naturally be 0 and so we will consider 00 to be equal to 1.
Thus even though q− 1 does divide � when � = 0, the sum in our applications
will be 0.
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Example 9.0.4. We consider the two dimensional irreducible representation,
V2, of the cyclic group of order p over a field F of characteristic p. We choose
a basis {x, y} for V ∗

2 and a generator σ of Cp such that σ(y) = y + x and
σ(x) = x.

Since the ring of invariants F[V2]Cp = F[x,N = yp−xp−1y] is a polynomial
subring, we have that F[V2] = F[x, y] is a free F[V2]Cp -module. In fact, it is
easy to see that F[V2] = ⊕p−1

j=0F[V2]Cp yj . We use this Hironaka decomposition
to study the transfer map:

TrCp : F[V2] = ⊕p−1
j=0F[V2]Cp yj → F[V2]Cp .

We have TrCp =
∑p−1

i=0 σi and therefore, TrCp(f(x, y)) =
∑p−1

i=0 f(x, y + ix).
It is easy to show that σi(y) = y + ix. Thus σi(yj) = (y + ix)j and therefore

TrCp(yj) =
p−1∑

i=0

(y + ix)j

=
p−1∑

i=0

j∑

t=0

(
j

t

)

yt−j(ix)t

=
j∑

t=0

(
j

t

)

yt−jxt(
p−1∑

i=0

it) .

Thus by Lemma 9.0.2, we see that TrCp(yj) = 0 unless j = p− 1 in which
case we have TrCp(yp−1) =

(
p−1
p−1

)
y0xp−1(

∑p−1
i=0 ip−1) = −xp−1.

Given f ∈ F[V2], we write f =
∑p−1

j=0 fjy
j where fj ∈ F[V2]Cp for each

j = 0, 1, . . . , p − 1. Then TrCp(f) =
∑p−1

j=0 TrCp(fjy
j) =

∑p−1
j=0 fj TrCp(yj) =

−fp−1x
p−1. Thus the image of TrCp is the principal ideal of F[V2]Cp generated

by xp−1.

Example 9.0.5. Take G to be the symmetric group on 3 letters and K to be
any field. Let G act on V = K

3 by permuting the basis {e1, e2, e3} of V .
Write {x, y, z} for the dual basis of V ∗. Then G also permutes {x, y, z}. Then
K[V ]G = K[s1, s2, s3] where s1 = x + y + z, s2 = xy + xz + yz and s3 = xyz.

We have G = {e, (12), (13), (23), (123), (132)} where for example (123) ·
ae1 + be2 + ce3 = ae2 + be3 + ce1 and (123) · y = z.

Then TrG(f) = f + (12) · f + (13) · f + (23) · f + (123) · f + (132) · f . Thus
TrG(f(x, y, z)) = f(x, y, x) + f(y, x, z) + f(z, y, x) + f(x, z, y) + f(y, z, x) +
f(z, x, y).

Let N denote the normal subgroup of index 2 in G, the alternating group
on 3 letters. Thus TrN (f) = f + (123) · f + (132) · f = f(x, y, z) + f(y, z, x) +
f(z, x, y).

The coset decomposition of G with respect to N is G = N � (12)N =
{e, (123), (132)} � {(12), (13), (23)}. We have TrG

N (f) = f + (12) · f for f ∈
F[V ]N . Thus TrG

N (f(x, y, z)) = f(x, y, z) + f(y, x, z).
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Now consider the subgroup H = {e, (12)} of G of order 2 which fixes e3

and z. Then TrH(f) = f + (12) · f = f(x, y, z) + f(y, x, z).
Decomposing G as a union of left H-cosets gives

G = H � (123)H � (132)H = {e, (12)} � {(123), (13)} � {(132), (23)}.

Hence
TrG

H(f) = f + (123) · f + (132) · f
for f ∈ F[V ]H . Therefore, TrG

H(f(x, y, z)) = f(x, y, z) + f(y, z, x) + f(z, x, y).
To study the full transfer homomorphism, TrG, we exploit the block basis

and corresponding Hironaka decomposition given in Proposition 6.1.1:

K[V ] ∼= K[V ]G ⊕ K[V ]G x ⊕ K[V ]G y ⊕ K[V ]G xy ⊕ K[V ]G x2 ⊕ K[V ]G x2y .

Let f ∈ K[V ] and write f = f0 + f1x + f2y + f3xy + f4x
2 + f5x

2y where
fi ∈ K[V ]G for all i = 0, 1, . . . , 5.

It is easy to compute that

TrG(1) = |G| = 6,

TrG(x) = TrG(y) = 2(x + y + z) = 2s1,

TrG(xy) = 2(xy + xz + yz) = 2s2,

TrG(x2) = 2(x2 + y2 + z2) = 2(s2
1 − 2s2), and

TrG(x2y) = (x2y + x2z + xy2 + xz2 + y2z + yz2) = s1s2 − 3s3 .

Thus

TrG(f) = TrG(f0 + f1x + f2y + f3xy + f4x
2 + f5x

2y)
= TrG(f0) + TrG(f1x) + TrG(f2y) + TrG(f3xy) + TrG(f4x

2)
+TrG(f5x

2y)
= f0 TrG(1) + f1 TrG(x) + f2 TrG(y) + f3 TrG(xy) + f4 TrG(x2)

+f5 TrG(x2y)
= 6f0 + 2f1s1 + 2f2s1 + 2f3s2 + 2f4(s2

1 − 2s2)
+f5(s1s2 − 3s3) .

Lemma 9.0.6. For G a finite group, if N ≤ H ≤ G is a sequence of subgroups
of G, then TrG

N = TrG
H ◦TrH

N .

We may use right cosets to define another useful map. If H is a subgroup
of G, choose a set Ω of right coset representatives for H in G. and define

T̂rG
H : K[V ] → K[V ] by T̂rG

H(f) =
∑

σ∈Ω σ(f). This map depends upon the
choice of coset representatives used. However, for all possible choices we have
the following factorization of TrG

N .

Lemma 9.0.7. Let N be a normal subgroup of the finite group G and suppose

H is another subgroup of G with N ≤ H ≤ G. Then TrG
N = TrH

N ◦T̂r
G

H .
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Proof. Write Ω = σ1, σ2, . . . , σr for the right coset representatives of H in G

chosen to define the map T̂rG
H . Then we have the decomposition G = �r

i=1Hσi

of G into right H-cosets.
Let H = �s

j=1τjN be a decomposition of H into left N -cosets. Then
G = �r

i=1�s
j=1 τjNσi. Since N is normal in G, this gives G = �r

i=1�s
j=1τjσiN .

Thus for any f ∈ K[V ]N ,

TrG
N (f) =

r∑

i=1

s∑

j=1

τjσi(f) =
s∑

j=1

r∑

i=1

τjσi(f) =
s∑

j=1

τjT̂r
G

H(f) .

We claim that
∑s

j=1 τjT̂r
G

H(f) = TrH
N (T̂r

G

H(f)). In order to see this, we only

need show that T̂r
G

H(f) lies in the domain of TrG
N , i.e., that T̂r

G

H(f) is N -
invariant. To see this, let n ∈ N be arbitrary and note that f is N -invariant.

Thus writing ni = σ−1
i nσi ∈ N we have n · T̂r

G

H(f) = n ·
∑r

i=1 σi(f) =
∑r

i=1(nσi)(f) =
∑r

i=1 σini(f) =
∑r

i=1 σi(f) = T̂r
G

H(f), as required. ��

The following corollary is immediate.

Corollary 9.0.8. TrG
N (K[V ]N ) ⊆ TrH

N (K[V ]N ).

Example 9.0.9. We continue with Example 9.0.5. Examples of factorizations
of TrG include TrG(f) = TrG

N (TrN (f)) = TrG
H(TrH(f)) and TrG(f) =

TrH(T̂r
G

H(f)) for f ∈ K[V ]. This latter factorization gives TrG(f(x, y, z)) =
TrH(h(x, y, z)) = h(x, y, z) + h(y, x, z) where for one choice of coset represen-

tatives, we have h(x, y, z) = T̂r
G

H(f(x, y, z)) = f(x, y, z)+f(y, z, x)+f(z, y, x).

As we noted above, the transfer map TrG
H is a homogeneous F[V ]G-module

homomorphism. In particular, its image, TrG
H(F[V ]H), is a graded F[V ]G-

submodule of F[V ]G, that is to say, the image of the transfer, TrG
H(F[V ]H), is a

homogeneous ideal of F[V ]G. We will be interested in describing the algebraic
subset, X, of V//G (more precisely, its lift π−1

V,G(X) ⊂ V ) corresponding to
this ideal.

We will assume throughout the rest of this chapter that the base field has
positive characteristic p unless stated otherwise.

Theorem 9.0.10. Let N be a normal subgroup of the finite group G and
suppose F has characteristic p. Then

VV (TrG
N (F[V ]N )) =

⋃

order(σN)=p

V
σ

where the union is over all quotient group elements σN ∈ G/N of order p.
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Proof. First, we prove

V(TrG
N (F[V ]N )) ⊇ ∪order(σN)=pV

σ
.

Let v ∈ ∪order(σN)=pV
σ
, i.e., suppose there exists σ ∈ G \ N , with σp ∈ N

and σv = v.
Let H denote the subgroup of G generated by N and σ. Thus [H : N ] = p.

Take f ∈ F[V ]N . Then

TrH
N (f) =

p−1∑

i=0

σi(f)

and

(TrH
N (f))(v) =

p−1∑

i=0

f(σ−iv) =
p−1∑

i=0

f(v) = pf(v) = 0.

By the previous corollary, (TrG
N (f))(v) = 0 also. Therefore,

v ∈ VV

(
TrG

N (F[V ]N )
)
.

Next, we prove the opposite inclusion, V(TrG
N (F[V ]N )) ⊆ ∪order(σN)=pV

σ
.

Take v ∈ V \ ∪order(σN)=pV
σ
. By Corollary 2.1.3, there exists h ∈ F[V ] such

that

h(w) =

{
1 if w ∈ Nv,
0 if w ∈ Gv \ Nv.

Notice that it can happen that σ /∈ N but σv ∈ Nv, i.e., σv = τv for
some τ ∈ N and some σ ∈ G \ N . In this case, τ−1σ ∈ Gv and therefore,
σ ∈ N · Gv where since N is normal in G, the set N · Gv is a subgroup of G.
Conversely, if σ is any element of N ·Gv, then there exist τ ∈ N and σ1 ∈ Gv

such that σ = τσ1 and thus σv = τv ∈ Nv. In conclusion, for σ ∈ G, we have
σv ∈ Nv if and only if σ ∈ N · Gv.

Let f :=
∏

τ∈N τ(h) ∈ F[V ]N . For all τ ∈ N , we have τ−1w ∈ Nv if and
only if w ∈ Nv and thus

f(w) =
∏

τ∈N

h(τ−1w) =

{
1 if w ∈ Nv,
0 if w ∈ Gv \ Nv.

Let G = �t
i=1σiN be a decomposition of G into left N -cosets. Then

(TrG
N (f))(v) =

t∑

i=1

f(σ−1
i v) = |{i | σ−1

i v ∈ Nv}|

= |{i | σ−1
i ∈ N · Gv}| = |{i | σi ∈ N · Gv}| .

Consider a right coset Nσ of N and suppose this right coset meets N ·Gv.
Then we have τ1σ = τσ1 where τ1, τ ∈ N and σ1 ∈ Gv. Now let τ2σ be any
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other element of the coset Nσ. Then τ2σ = τ2τ
−1
1 τσ1 is also in N · Gv. Thus

if the coset Nσ meets N · Gv, it is contained in N · Gv. Since N is normal,
every right coset is also a left coset: Nσ = σN , and thus we see that

N · Gv =
⊔

σi∈N ·Gv

σiN .

Therefore,

(TrG
N (f))(v) = |{i | σi ∈ N · Gv}| = |N · Gv

N
|

= | Gv

N ∩ Gv
| by the second isomorphism theorem for groups

= |Gv

Nv
| .

Thus it remains to prove that p does not divide the index of Nv in Gv.
Assume by way of contradiction that p does divide [Gv : Nv]. Then there
exists σ1 ∈ Gv such that σ1Nv has order p in Gv

Nv
, i.e., σ1 ∈ Gv \ Nv and

σp
1 ∈ Nv. Since Nv = Gv ∩ N , we see that σ1 /∈ N . Thus σ1N has order p

as an element of G/N . Also, v ∈ V
σ1 since σ1 ∈ Gv. This contradicts our

original assumption on v and this contradiction shows that p does divide |Gv

Nv
|.

Therefore (TrG
N (f))(v) �= 0 and hence v /∈ VV (TrG

N (F[V ]N )). ��

Of course, the most important case of the above Corollary is when N =
{e}. In that case we have

VV

(
TrG(F[V ])

)
=

⋃

order(σ)=p

V
σ
.

Thus the subvariety of V corresponding to the ideal of F[V ] generated by the
elements in the image of the transfer consists of precisely those points x in V
for which p divides the order of the isotropy group Gx.

Example 9.0.11. We continue with Example 9.0.9. We have seen that the im-
age of TrΣ3 is the ideal in K[V ]Σ3 = K[s1, s2, s3] generated by 6, 2s1, 2s2, 2(s2

1−
2s2), s1s2 − 3s3. Thus if the characteristic of K is not 2 nor 3, then TrΣ3 is
surjective.

If K has characteristic 2, then the image of the transfer is the principal
ideal generated by

s1s2 − s3 = (x + y + z)(xy + xz + yz) − xyz

= x2y + x2z + xy2 + xz2 + y2z + yz2

= x2(y + z) + x(y + z)2 + yz(y + z)
= (y + z)(x2 + xy + xz + yz)
= (y + z)(x(x + y) + z(x + y))
= (y + z)(x + y)(x + z)
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Thus the image of the transfer vanishes precisely on the union of planes:
V

(12) ∪ V
(13) ∪ V

(23)
= {(a, a, c) ∈ V | a, c ∈ K} ∪ {(a, b, a) ∈ V | a, b ∈

K} ∪ {(a, b, b) ∈ V | a, b ∈ K}.
Now we consider the situation when the characteristic of K is 3. In that

case, the image of the transfer is generated by the two invariants s1 and s2.
Taking the two equations x+y +z = 0 and xy +xz +yz = 0 and substituting
z = −(x + y) into the second gives

0 = xy − x(x + y) − y(x + y)
= −(x2 + xy + y2)
= −(x2 − 2xy + y2)
= −(x − y)2

Thus if both s1 and s2 vanish at a point v = (a, b, c) ∈ V , we must have
a = b and similarly, b = c. Therefore, we find that in characteristic 3, the
ideal TrΣ3(K[V ]) cuts out the line {(a, a, a) ∈ V | a ∈ K}. Of course, this line
is precisely the set of points of V fixed by the subgroup N = {e, (123), (132)}
of order p = 3.

For any σ ∈ G, we denote by Pσ the ideal of F[V ] generated by the set
(σ − 1)V ∗ := {σ · x − x | x ∈ V ∗}.
Lemma 9.0.12. Let σ ∈ G. Then

VV (Pσ) = V
σ
.

In fact,
Pσ = IF[V ](V

σ
).

Proof. First, let v ∈ V
σ

and take x ∈ V ∗. Then ((σ − 1) · x)(v) = (σ · x)(v)−
x(v) = x(σ−1v) − x(v) = x(v) − x(v) = 0. Thus v ∈ VV (Pσ).

For the opposite inclusion, take v ∈ VV (Pσ) and consider a basis

{x1, x2, . . . , xn}

of V ∗. Write v = (v1, v2, . . . , vn) and

w := σ−1v = (w1, w2, . . . , wn)

in terms of (the dual of) this basis. Then

0 = ((σ − 1) · xi)(v) = (σ · xi)(v) − xi(v) = xi(σ−1v) − xi(v)
= xi(w) − xi(v) = wi − vi

for all i = 1, 2, . . . , n. Therefore v = w = σ−1v and thus v ∈ V
σ
.

Having shown VV (Pσ) = V
σ
, the final statement in the lemma is equiv-

alent to the assertion that Pσ is a radical ideal. Since Pσ is generated by
homogeneous elements of degree 1, it is in fact a (homogeneous) prime ideal
and thus is certainly radical. ��
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Since Pσ is a prime ideal, by the “lying over” Theorem 2.5.2 (1), Pσ∩F[V ]G

is also a prime ideal. Let f, h ∈ F[V ]. Then (σ − 1)(fh) = σ(f)σ(h) − fh =
σ(f)σ(h)−σ(f)h+σ(f)h−fh = σ(f) · (σ−1)(h)+h · (σ−1)(f) ∈ Pσ. Hence
(σ − 1)F[V ] ⊂ Pσ.

Specializing of the result of Theorem 9.0.10 to the case N = {e}, we have
the following equality of ideals:

√
Im TrG = (∩order(σ)=pPσ) ∩ F[V ]G.

Proposition 9.0.13. Let G be a permutation group. Then Im TrG is a radical
ideal.

Proof. Recall that {OG(m) | m is a monomial of F[V ]} is a vector space basis
for F[V ]G. Since for any monomial, m, TrG(m) = |Gm|OG(m), we see that the
set {OG(m) | m is a monomial of F[V ], p does not divide |Gm|} is a vector
space basis for ImTrG.

Suppose that f ∈
√

Im TrG and write fr ∈ Im TrG. Express the invariant
f as a linear combination of orbit sums: f =

∑t
i=1 ciOG(mi) where ci ∈ F

and mi is a monomial in F[V ] for all i = 1, 2, . . . , t. Choose m ∈ N large
enough that pm ≥ r. Then fpm

=
∑t

i=1 cpm

i OG(mpm

i ) ∈ Im TrG. Since V is a
permutation representation, it follows that Gm = Gms for all monomials m of
F[V ] and for all positive integers s. Thus

∑t
i=1 cpm

i OG(mpm

i ) ∈ Im TrG implies
that cpm

i = 0 for all i for which p divides |Gmi
|. Hence f =

∑t
i=1 ciOG(mi)

expresses f as a linear combination of elements of Im TrG and thus f ∈ Im TrG.
��

Suppose now that G = 〈τ〉 is a cyclic permutation group with p dividing
|G|. Define σ := τ |G|/p. Then the subgroup generated by σ contains all the
elements of order p in G. Every element of order p in G is of the form σr

for some r with 1 ≤ r < p. Clearly, V
σ ⊆ V

σr

. If we choose integers s ≥ 1
and t ≤ 0 such that rs + pt = 1, then (σr)s = σ(σp)−t = σ and we see
that V

σr

⊆ V
σ
. Therefore, VV

(
TrG(F[V ])

)
=

⋃p−1
r=1 V

σr

= V
σ
. which is a

subspace of V and hence is an irreducible variety. Thus ImTrG =
√

Im TrG

is a prime ideal.
We may give the same argument algebraically as follows. Consider such

an element of G of order p which we again write as σr where 1 ≤ r < p.
From the factorization σr − 1 = (1 + σ + σ2 + · · ·+ σr−1)(σ − 1), we see that
(σr−1)V ∗ ⊆ (σ−1)V ∗ and therefore, Pσr ⊆ Pσ. Again, writing (σr)s = σ for
an appropriate positive integer s shows that Pσ = P(σr)s ⊆ Pσr . Hence Pσ =

Pσr for all r = 1, 2, . . . , p − 1. Therefore, Im TrG =
√

Im TrG = (∩p−1
r=1Pσr) ∩

F[V ]G = Pσ ∩ F[V ]G is a prime ideal.
We record this result as

Proposition 9.0.14. If G is a modular cyclic permutation group, then
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Im TrG

is a prime ideal.

Example 9.0.15. Consider the regular representation Vp of Cp = 〈σ〉 defined
over Fp. As usual, we choose a triangular basis {x1, x2, . . . , xp} for V ∗

p dual
to the basis {e1, e2, . . . , ep} of Vp. Then V σ

p = V
Cp
p = span

Fp
{ep} is a one

dimensional space. By definition, the ideal Pσ of F[Vp] is generated by the
degree 1 elements (σ − 1)x as x varies over V ∗

p . We have

(σ − 1)xi = σ(xi) − xi =

{
xi−1 if 2 ≤ i ≤ p;
0 if i = 1.

Thus Pσ = (x1, x2, . . . , xp−1) is the ideal generated by the linear functionals
which vanish on the fixed line V

Cp and Im TrCp = (x1, x2, . . . , xp−1)∩F[Vp]Cp .

Next, we will show that for any modular representation of G, the ideal
TrG(F[V ]) is a non-zero proper subset of the irrelevant ideal, F[V ]G+ :=
⊕∞

d=1F[V ]Gd , of F[V ]G.
If f is invariant, then TrG(f) = |G|f = 0 since p divides |G|. In particular,

this means that in degree 0, TrG(F[V ]) contains only 0. This proves that
TrG(F[V ]) is a subset of the irrelevant ideal.

In fact, it is always a proper subset of the irrelevant ideal since by Theo-
rem 9.0.10, it cuts out the variety of points v whose isotopy group Gv con-
tains an element of order p. Thus VV (TrG(F[V ])) = {v ∈ V | p divides |Gv|}.
Therefore, TrG(F[V ]) = F[V ]G+ if and only if V σ = {0} for every element of
order p ∈ G. But by Lemma 4.0.1, we see that the subspace V σ is never zero
if the order of σ is p. Of course, since G is a modular group, there will exist
elements in G of order p.

The following lemma which is a consequence of Artin’s Theorem on Char-
acters (see, for example, [75, VI Theorem 4.1]) will be used to show that TrG

is never the zero map.

Lemma 9.0.16. Let K be any field and let Γ := {φα | α ∈ A} be any set of
(distinct) field automorphisms of K. Then Γ is a linearly independent subset
of the vector space of all maps from K to K.

Proof. Assume by way of contradiction that there is a linear relation

c1φα1 + c2φα2 + · · · + ctφαt
= 0

among the elements of Γ . Furthermore, we assume that t is minimal so that
any subset of Γ containing t − 1 or fewer elements is linearly independent.
Thus each of c1, c2, . . . , ct must be non-zero. Note that t ≥ 2 since the zero
map is not a field automorphism.

Let a ∈ K be arbitrary. Evaluating the above linear relation at x ∈ K and
multiplying by φα1(a) yields the equation
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c1φα1(a)φα1(x) + c2φα1(a)φα2(x) + · · · + ctφα1(a)φαt
(x) = 0

which is valid for all x ∈ K. On the other hand, if we evaluate the linear
relation at the point ax we get

c1φα1(a)φα1(x) + c2φα2(a)φα2(x) + · · · + ctφαt
(a)φαt

(x) = 0

for all x ∈ K. Subtracting we find

c2(φα1(a) − φα2(a))φα2(x)
+ c3(φα1(a) − φα3(a))φα3(x) + . . .

+ ct(φα1(a) − φαt
(a))φαt

(x) = 0

which holds for all x ∈ K. By the minimality of t, we must have φα1(a) −
φαi

(a) = 0 for all i = 2, 3, . . . , t. In particular, φα1(a) = φα2(a). But since
a ∈ K was arbitrary, this implies φα1 = φα2 . This contradiction shows that
Γ is linearly independent. ��

Corollary 9.0.17. Let V be a representation of the finite group G. The image
of the transfer TrG : F[V ] → F[V ]G is non-zero.

Proof. Each σ ∈ G defines an automorphism, φσ of the ring F[V ] given
by φσ(f) = σ(f). We may extend these ring automorphisms to field au-
tomorphisms of F(V ), the quotient field of F[V ]. We do this by defining
φσ(f/h) := φσ(f)/φσ(h). Then, by the preceding lemma,

∑
σ∈G φσ �= 0,

i.e., there exists f, h ∈ F[V ] such that
∑

σ∈G φσ(f/h) �= 0. Now define
h′ :=

∏
σ∈G σ(h) and f ′ := f

∏
σ∈G\{e} σ(h). Then f ′ ∈ F[V ] and h′ ∈ F[V ]G

and f/h = f ′/h′. Therefore
∑

σ∈G φσ(f ′/h′) =
∑

σ∈G(φσ(f ′)/φσ(h′)) =
(
∑

σ∈G φσ(f ′))/h′ = TrG(f ′)/h′ is non-zero. Hence TrG(f ′) �= 0. ��

Note that by Theorem 9.0.10, this corollary shows that ∪order(σ)=pV
σ �= V ,

i.e., there must always be some points of V whose isotropy group is non-
modular.

Proposition 9.0.18. Let N ≤ H ≤ G be a sequence of subgroups of G where
N is normal in G and suppose that p does not divide the index of H in G.
Then Im TrG

N = Im TrH
N ∩F[V ]G.

Proof. First, suppose that f ∈ Im TrH
N ∩F[V ]G and write f = TrH

N (h) where
h ∈ F[V ]N . Since f ∈ F[V ]G, we have TrG

H(f) = [G : H]f and thus

TrG
N (h/[G : H]) = TrG

H(TrH
N (h/[G : H])) = TrG

H(f/[G : H]) = f .

For the opposite inclusion, we consider the factorization from Lemma 9.0.7:

TrG
N = TrH

N ◦T̂r
G

H . Suppose that f ∈ Im TrG
N and write f = TrG

N (h) where

h ∈ F[V ]N . Then f = TrH
N (T̂r

G

H(h)) ∈ Im TrH
N . ��
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Corollary 9.0.19. Let P be a p-Sylow subgroup of G and let N ⊂ P be a
normal subgroup of G. Then the two ideals Im TrP

N and Im TrG
N have the same

height.

Proof. Since F[V ]P is integral over F[V ]G, we may apply “going-up” and
“going-down” (Theorem 2.5.2). Since the above lemma shows that ImTrP

N

lies over ImTrG
N , the result follows. ��

9.1 The Transfer for Nakajima Groups

We want to describe the image of the transfer for a Nakajima group . We begin
with some preliminaries. The following lemma is known as Lucas’ Lemma.

Lemma 9.1.1. Let p be prime and let m = m0 + m1p + m2p
2 + · · · + msp

s

and i = i0 +i1p+i2p
2 + · · ·+isp

s be the p-adic expansions of two non-negative
integers m and i. Then

(
m

i

)

≡
(

m0

i0

)(
m1

i1

)

· · ·
(

ms

is

)

(mod p).

Proof. Considering the expression (1 + y)m as a polynomial with coefficients
in Fp we have

m∑

j=0

(
m

j

)

yj =
s∏

j=0

(1 + y)mjpj

=
s∏

j=0

(1 + ypj

)mj

=
s∏

j=0

(
mj∑

k=0

(
mj

k

)

ykpj )

=
s∏

j=0

( p−1∑

k=0

(
mj

k

)

ykpj )

=
p−1∑

k0=0

p−1∑

k1=0

· · ·
p−1∑

ks=0

(
m0

k0

)(
m1

k1

)

· · ·
(

ms

ks

)

yk0+k1p+...ksps

.

Comparing the coefficient of yi in the first and last expressions gives the result.
��

In fact, the following generalization is true.

Lemma 9.1.2. Let q = pr be a prime power and let m = m0+m1q+. . .+msq
s

be the q-adic expansion of m and ir = ir,0 + ir,1q + . . . + ir,sq
s is the q-adic

expansion of ir. Then
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(
m

i1, . . . , ik

)

≡
(

m0

i1,0, . . . , ik,0

)

·
(

m1

i1,1, . . . , ik,1

)

· · ·
(

ms

i1,s, . . . , ik,s

)

(mod p).

Remark 9.1.3. The preceding lemma is essentially due to Dickson — see [28].
There he also proves that the highest power of p dividing

(
m
I

)
is pe where e

is the total amount carried when the addition i1 + · · · + ik = m is performed
base p.

Definition 9.1.4. Let m be a non-negative integer. We denote by αp(m) the
sum of the digits in the p-adic expansion of m: αp(m) := m0 + m1 + · · ·+ ms

where m =
∑s

i=0 mip
i and 0 ≤ mi < p for all i = 0, 1, . . . , s.

Let W be a subset of V ∗. If W is an Fp subspace, i.e., if W is closed under
addition, we define d(W ) :=

∏
x∈W\{0} x.

Now we prove a generalization of Lemma 9.0.2.

Lemma 9.1.5. Let V be an F vector space and let W be a finite subset of
V ∗ which is closed under addition, so that W is a vector space over Fp. Put
m := dimFp

(W ). Then in F[V ] we have

1.
∑

x∈W

xs = 0 unless p − 1 divides s and αp(s) ≥ m(p − 1).

2.
∑

x∈W

xpm−1 = d(W ).

Proof. We use the convention that 00 = 1. Thus when s = 0, we have∑
x∈W x0 = pm · 1 = 0. We assume for the following that s ≥ 1.
The proof is by induction on m. Let {x1, x2, . . . , xm} be an Fp basis of W .

For m = 0, the result is clear. For m = 1, we have
∑

x∈W xs =
∑

c∈Fp
(cx1)s =

xs
1

∑
c∈Fp

cs. Now let η be a generator for the cyclic group of non-zero elements

of Fp. Then
∑

c∈Fp
cs =

∑
c∈Fp\{0} cs =

∑p−2
j=0(ηj)s. If p − 1 divides s, then

ηsj = 1 for all j and
∑

c∈Fp
cs = p − 1 = −1. Since every non-zero element of

Fp is a root of the polynomial xp−1 = (x−1)(xp−2+xp−3+· · ·+x+1), if p−1
does not divide s, then ηs �= 1 and thus ηs is a root of (xp−2+xp−3+· · ·+x+1).
Thus if p − 1 does not divide s, then

∑
c∈Fp

cs = 0. Therefore, for m = 1 we
have

∑

x∈W

xs =

{
−xs

1, if p − 1 divides s;
0, if p − 1 does not divide s.

Suppose m > 1 and let W ′ denote the Fp vector space spanned by
{x1, x2, . . . , xm−1}. Then

∑

x∈W

xs =
∑

x∈W ′

∑

c∈Fp

(x + cxm)s

=
∑

x∈W ′

∑

c∈Fp

s∑

j=0

(
s

j

)

xj(cxm)s−j
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=
s∑

j=0

(
s

j

)

xs−j
m

∑

c∈Fp

cs−j
∑

x∈W ′

xj

=
s−1∑

j=1

(
s

j

)

xs−j
m

∑

c∈Fp

cs−j
∑

x∈W ′

xj

since
∑

c∈Fp
c0 = 0 and

∑
x∈W ′ x0 = 0. This shows that

∑
x∈W xs is non-

zero if and only if there is some value of j with 1 ≤ j ≤ s − 1 such that∑
c∈Fp

cs−j
∑

x∈W ′ xj �= 0. By induction,
∑

x∈W ′ xj = 0 unless p − 1 divides
j. By the proof of the m = 1 case,

∑
c∈Fp

cs−j = 0 unless p − 1 divides s − j.
Thus we may concentrate on the values of s and j which are both divisible by
p − 1.

Suppose
(
s
j

) ∑
c∈Fp

cs−j
∑

x∈W ′ xj �= 0 and let s = a0 + a1p + · · · + atp
t

and j = b0 + b1p + · · · + btp
t be the p-adic expansions of s and j. Since(

s
j

)
�= 0, by Lucas’ Lemma, we must have br ≤ ar for all r = 0, 1, . . . , t.

Since j < s, there is some value of r with br < ar. Therefore, αp(j) < αp(s).
Since

∑
x∈W ′ xj �= 0, by induction, we must have αp(j) ≥ (m− 1)(p− 1) and

therefore, αp(s) > (m − 1)(p − 1).
Since pr ≡ 1 (mod p − 1) for all r, we see that αp(i) ≡ i (mod p − 1) for

all non-negative integers i. Therefore, αp(s) ≡ 0 (mod p − 1) and αp(s) >
(m − 1)(p − 1) which implies that αp(s) ≥ m(p − 1).

Now we prove 2. Take W0 ⊂ W \ {0} such that W0 contains exactly one
element of every one dimensional Fp subspace of W (thus |W0| = (pm−1)/(p−
1)). Thus every non-zero element x ∈ W can be written uniquely as x = cx0

where c ∈ Fp \ {0} and x0 ∈ W0 and d(W ) =
∏

x0∈W0
(
∏

c∈Fp\{0} cx0) =
(−1)|W0| ∏

x0∈W0
x0 = (−1)m

∏
x0∈W0

x0.
The above discussion shows that xp−1

m divides
∑

x∈W xs. Since
∑

x∈W xs

is a GL(W )-invariant, this shows that yp−1 divides
∑

x∈W xs for all y ∈ W .
Since the elements of W0 are pairwise relatively prime and since F[V ] is a
unique factorization domain, this shows that

∏
x0∈W0

x0 divides
∑

x∈W xs.
Therefore, d(W ) divides

∑
x∈W xs.

To complete the proof, we consider
∑

x∈W xpm−1 and d(W ) as polynomials
in xm with coefficients in F[W ′]. We use the lexicographic order on F[W ] with
x1 < x2 < · · · < xm and compare LT(

∑
x∈W xpm−1) and LT(d(W )). The least

value of j such that p−1 divides j and αp(j) ≥ (m−1)(p−1) is j = pm−1−1.
Therefore, the lead term of

∑
x∈W xpm−1 is

(
pm−1 − 1
pm−1 − 1

) ∑

c∈Fp

cpm−pm−1
(

∑

x∈W ′

xpm−1−1)xpm−pm−1

m .

By induction,
∑

x∈W ′ xpm−1−1 = d(W ′) and thus the lead term of
∑

x∈W

xpm−1
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is
−d(W ′)xpm−pm−1

m .

On the other hand,

LT(d(W )) = LT(
∏

x∈W\{0}

x) = LT((
∏

x∈W\W ′

x)(
∏

x∈W ′\{0}

x))

= LT(
∏

x∈W\W ′

x)d(W ′) = d(W ′)
∏

x∈W\W ′

LT(x)

= d(W ′)(
∏

c∈Fp

cxm)pm−1
= d(W ′)(−xp−1

m )pm−1

= −d(W ′)xpm−pm−1

m .

Therefore, d(W ) and
∑

x∈W xpm−1 have the same degree and the same lead
term. Since the former divides the latter, they must be equal as claimed. ��

Proposition 9.1.6. We take P to be a Nakajima group with Nakajima basis
{x1, x2, . . . , xn} for V ∗. Then

1. The set Wi := {(σ − 1)xi | σ ∈ P} is an Fp vector space.
2. Im TrP is the principal ideal of F[V ]P generated by

∏n
i=1 d(Wi).

Proof. Let Pi := {σ ∈ P | σ(xj) = xj for all j �= i}. Since P is a Nakajima
group , P = PnPn−1 . . . P1 and the P -orbit of xi is the same as the Pi-orbit
of xi. Since each non-identity element of Pi is a transvection, every such
element has order p by Lemma 8.0.3 and thus Pi is an elementary Abelian
p-group. Let σ, τ ∈ Pi and write σ(xi) = xi + yσ and τ(xi) = xi + yτ where
yσ, yτ ∈ span{x1, x2, . . . , xi−1}. Then στ(xi) = σ(τ(xi)) = σ(xi + yτ ) =
σ(xi)+σ(yτ ) = xi + yσ + yτ and thus (στ − 1)xi = (σ− 1)xi +(τ − 1)xi. This
shows that Wi is closed under addition and is therefore an Fp-vector space.

For the second statement, let di denote the Fp dimension of Wi. Then
F[V ]P = F[N(x1), N(x2), . . . ,N(xn)] where deg(Ni) = pdi . By Lemma 6.2.1,
the monomial factors of m :=

∏n
i=1 xpdi−1

i form a block basis for F[V ] over
F[V ]P . Thus if f ∈ F[V ], we may write (uniquely) f =

∑
α divides m fαα where

each fα ∈ F[V ]P . Hence

TrP (f) =
∑

α divides m

TrP (fαα) =
∑

α divides m

fα TrP (α).

Thus to find ImTrP , it suffices to compute TrP (α) for all monomials α which
divide m =

∏n
i=1 xpdi−1

i .
Suppose xA = xa1

1 xa2
2 · · ·xan

n divides m, i.e., suppose ai ≤ pdi − 1 for all
i = 1, 2, . . . , n. Since σi(xi) ∈ span{x1, x2, . . . , xi} and (σi − 1)xj = 0 for
σi ∈ Pi and i �= j, we see that
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(σnσn−1 · · ·σ1)
(
xA

)
= (σnσn−1 · · ·σ2)

(
σ1(xa1

1 )xa2
2 · · ·xan

n

)

= (σnσn−1 · · ·σ3)
(
σ1(xa1

1 )σ2(xa2
2 )xa3

3 · · ·xan
n

)

= (σnσn−1 · · ·σ4)
(
σ1(xa1

1 )σ2(xa2
2 )σ3(xa3

3 )xa4
4 · · ·xan

n

)

...
= σ1(xa1

1 )σ2(xa2
2 ) · · ·σn(xan

n ) .

Therefore,

TrP (xa1
1 xa2

2 · · ·xan
n ) =

∑

σ∈P

σ(xA)

=
∑

σn∈Pn

∑

σn−1∈Pn−1

· · ·
∑

σ1∈P1

(σnσn−1 · · ·σ1)(xA)

=
∑

σn∈Pn

∑

σn−1∈Pn−1

· · ·
∑

σ1∈P1

σ1(xa1
1 )σ2(xa2

2 ) · · ·σn(xan
n )

=
n∏

i=1

∑

σi∈Pi

σi(xi)ai

=
n∏

i=1

∑

y∈Wi

(xi + y)ai .

Now,

∑

y∈Wi

(xi + y)ai =
∑

y∈Wi

ai∑

j=0

(
ai

j

)

xai−j
i yj =

ai∑

j=0

(
ai

j

)

xai−j
i

∑

y∈Wi

yj.

By Lemma 9.1.5,
∑

y∈Wi
yj equals 0 unless p−1 divides j and αp(j) ≥ di(p−1).

Since j ≤ ai < di for all i = 1, 2, . . . , n we have, TrP (xa1
1 xa2

2 · · ·xan
n ) = 0 unless

ai = di − 1 for all i = 1, 2, . . . , n. By the second statement in Lemma 9.1.5,
we have

TrP (xd1−1
1 xd2−1

2 · · ·xdn−1
n ) =

n∏

i=1

∑

y∈Wi

(xi + y)di−1

=
n∏

i=1

∑

y∈Wi

ydi−1

=
n∏

i=1

d(Wi).
��

We remind the reader that for V = F
n, we showed in §3.4 that the ring of

invariants F[V ]Un is the polynomial ring on the invariants h1, h2, . . . , hn.
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Lemma 9.1.7. We have that Im TrUn(Fq) is the principal ideal generated by
(hn−1

1 hn−2
2 · · ·hn−1)q−1.

Proof. By Proposition 9.1.6, ImTrUn(Fq) is generated by
∏n

i=1 d(Wi) where
Wi is the Fq vector space spanned by {x1, x2, . . . , xi−1}.

We will show that d(Wt) = −hq−1
t−1d(Wt−1) for all t = 1, 2, . . . , n. By

convention, we take d(W0) = −1 and h0 = 1. We proceed by induction on t.
For t = 1, we have W1 = {0} and thus d(W1) = 1 = hq−1

0 d(W0).
Assume then that d(Wt) = hq−1

t−1d(Wt−1) and consider d(Wt+1). We have

d(Wt+1) =
∏

x∈Wt+1\{0}

x =
∏

x∈Wt+1\Wt

x
∏

y∈Wt\{0}

y

=
∏

x∈Wt+1\Wt

xd(Wt)

=d(Wt)
∏

c∈Fq\{0}

∏

z∈Wt

cxt+1 + z

=d(Wt)
∏

c∈Fq\{0}

∏

z∈Wt

c(xt+1 + z/c)

=d(Wt)
∏

c∈Fq\{0}

(

c
∏

z′∈Wt

xt+1 + z′

)

=d(Wt)

⎛

⎝
∏

c∈Fq\{0}

c

⎞

⎠

(
∏

z′∈Wt

xt+1 + z′

)q−1

=d(Wt)(−1)
∏

z′∈Wt

(xt+1 + z′)q−1 = −d(Wt)ht .

From this we get d(Wt) = (−1)t(h1h2 · · ·ht−1)q−1. Thus ImTrUn(Fq) is gener-
ated by

∏n
t=1 d(Wt) = ±

∏n
t=1(h1h2 · · ·ht−1)q−1 = ±(hn−1

1 hn−2
2 · · ·hn−1)q−1.

��

Corollary 9.1.8. Let V be an n dimensional vector space over Fq. Then
Im TrGL(V ) is the principal ideal of F[V ]GL(V ) generated by d(V )n−1.

Proof. Suppose that f ∈ Im TrGL(V ). By Proposition 9.0.18,

Im TrGL(V ) = Im TrUn(Fq) ∩Fq[V ]GL(V ).

By the preceding lemma, ImTrUn is the principle ideal generated by

(hn−1
1 hn−2

2 · · ·hn−1)q−1.

Therefore,
f = (hn−1

1 hn−2
2 · · ·hn−1)q−1h
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for some h ∈ Fq[V ]Un(Fq). Since
∏

c∈Fq\{0} cx1 = −xq−1
1 and d(V ) =

∏
y∈V ∗\{0} y, we see that xq−1

1 divides d(V ) but xq
1 does not divide d(V ).

Since h1 = x1, we see that x
(n−1)(q−1)
1 divides f . Take any non-zero element

y ∈ V ∗. Since x1 and y lie in the same GL(V )-orbit, and since f is GL(V )-
invariant, we see that y(n−1)(q−1) also divides f . Putting these facts together
we get that d(V )n−1 divides f .

For the opposite inclusion, we must show that d(V )n−1 lies in Im TrGL(V ).
But

d(V ) = (−1)n(h1h2 . . . hn)q−1

and thus using the preceding lemma, d(V )n−1 lies in ImTrUn(Fq). But clearly,
from its definition, d(V ) ∈ Fq[V ]GL(V ). Therefore,

d(V )n−1 ∈ Im TrUn(Fq) ∩Fq[V ]GL(V ) = ImTrGL(V ) .

��

9.2 Cohen-Macaulay Invariant Rings of p-Groups

Hochster and Eagon [53] have shown that non-modular invariant rings are
always Cohen-Macaulay. A very important question in modular invariant the-
ory is whether or not the invariant ring is Cohen-Macaulay. Campbell, Hughes
and Pollack [18] show that a sufficient condition is that the p-Sylow subgroup
have a Cohen-Macaulay invariant ring. In this section, we give a necessary and
restrictive condition for the invariant ring of a p-group to be Cohen-Macaulay,
Theorem 9.2.2. This result is the culmination of a sequence of papers begin-
ning with Ellingsrud and Skjelbred [35] and leading to Campbell, Geramita,
Hughes, Shank, Wehlau [17], and Kemper [65]. In particular, this result can
be viewed as a generalization of the calculation given in Example 4.0.4. The
proof we give here of Theorem 9.2.2 avoids the use of group cohomology.

Definition 9.2.1. A element σ ∈ GL(V ) is called a bi-reflection if the endo-
morphism σ − IV of V has rank less than or equal to 2.

Here σ − IV is a linear endomorphism of V and thus its rank is just the
rank of the corresponding matrix. Thus σ is a bi-reflection if and only if
dimF(V σ) ≥ dimF(V ) − 2.

Kemper’s proof of the following result uses group cohomology.

Theorem 9.2.2. Let G ≤ GL(V ) be a p-group and suppose that F[V ]G is a
Cohen-Macaulay ring. Then G is generated by bi-reflections.

Proof. Suppose that F[V ]G is Cohen-Macaulay. Let H be the subgroup of G
generated by all the bi-reflections in G. Assume, by way of contradiction, that
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H �= G. By Lemma 1.10.3, there exists a maximal proper subgroup N of G
such that H ≤ N , N �G and [G : N ] = p. Take σ ∈ G\N . By Theorem 9.0.10,

IF[V ]G(VV (TrG
N (F[V ]N )) = IF[V ]G(∪order(σN)=pV

σ
)

and thus √

TrG
N (F[V ]N ) =

⋂

order(σN)=p

IF[V ]G(V
σ
) .

Here we are writing IF[V ]G(X) for X ⊆ V to denote the ideal of func-
tions in F[V ]G which vanish on πV,G(X) ⊂ V //G, i.e., IF[V ]G(X) denotes
IF[V ]G(πV,G(X)) = IF[V ](X) ∩ F[V ]G.

Now IF[V ]G(V
σ
) = F[V ]G ∩ IF[V ](V

σ
). Therefore by the going-up and

going-down Theorem 2.5.2 (2) and 2.5.2 (3),

height(IF[V ]G(V
σ
)) = height(IF[V ](V

σ
)).

But V
σ

is just a subspace of V and clearly height(IF[V ](V
σ
)) = rank(σ− IV ).

Since an ideal and its radical have the same height, we see that

height(TrG
N (F[V ]N )) = min{rank(σ − IV ) | order(σN) = p}

≥ 3, by definition of H and N .

But if R is any Noetherian ring and I is an ideal of R of height m, then
(by [79][Theroem 24 14.F] say) there exist a1, a2, . . . , am ∈ I such that the
ideal (a1, a2, . . . , am) also has height m. Therefore, there exist a1, a2, a3 ∈
TrG

N (F[V ]N ) such that a1, a2, a3 is a partial homogeneous system of parameters
in F[V ]G. Since F[V ]G is Cohen-Macaulay, a1, a2, a3 is a regular sequence in
F[V ]G.

Write ai = TrG
N (fi) with fi ∈ F[V ]N for i = 1, 2, 3. Now the map TrG

N =
1 + σ + σ2 + · · · + σp−1 = (σ − 1)p−1 and thus we have ai = (σ − 1)p−1(fi).
Define bi by bi := (σ − 1)p−2(fi) (so bi = fi if p = 2) for i = 1, 2, 3. Then
(σ − 1)(bi) = ai. Also, note that for any h ∈ F[V ]N and any n ∈ N , we have
n · (σ − 1)(h) = nσ(h)− nh = σn′(h)− h = (σ − 1)h where n′ = σ−1nσ ∈ N .
Thus bi = (σ − 2)p−1(fi) ∈ F[V ]N for all i = 1, 2, 3.

Expanding

det

⎛

⎝

⎛

⎝
a1 a2 a3

a1 a2 a3

b1 b2 b3

⎞

⎠

⎞

⎠ = 0

along the first row, we have a1(a2b3−a3b2)+a2(a3b1−a1b3) = a3(a2b1−a1b2).
It is easily verified that (σ − 1)(aibj − ajbi) = 0 and thus aibj − ajbi ∈ F[V ]G

for all 1 ≤ i �= j ≤ 3. Therefore, by the definition of a regular sequence,
there must exist h1, h2 ∈ F[V ]G such that a2b1 − a1b2 = h1a1 + h2a2. Thus
a2(b1 − h2) = a1(h1 + b2). Again, by the definition of a regular sequence, this
implies that there exist t ∈ F[V ]G such that b1−h2 = ta1 and thus b1 ∈ F[V ]G.
But then a1 = (σ − 1)b1 = 0. This contradiction shows that H must be equal
to G, i.e., that G is generated by its bi-reflections. ��
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More general versions of this result and related material may be found in
Kemper [65, §3], and Lorenz [77, §8].

Corollary 9.2.3. Let V be a faithful modular representation of a p group G
defined over a field F. Then F[3 V ]G is not Cohen-Macaulay.

Proof. Consider e �= σ ∈ G. Then dim V σ ≤ dim V −1. Therefore dim(3V )σ ≤
3(dim V −1) = dim(3V )−3. Thus no non-trivial element of G can act on 3 V
as a bi-reflection. ��

Example 4.0.4 is a simple example of Corollary 9.2.3. Historically it was
study of this example which lead to the development of the proof of Theo-
rem 9.2.2.

Theorem 3.9.2 provides a partial converse to Theorem 9.2.2, by giving a
class of representations for which all elements are bi-reflections and for which
the ring of invariants is always Cohen-Macaulay. Note that the converse of
Theorem 9.2.2 is not valid. For example, at the end of §1.1.1, we exhibited
an example of a group generated by reflections whose ring of invariants is not
Cohen-Macaulay.

Let H be a subgroup of G such that H contains a p-Sylow subgroup of G.
We have already seen in Proposition 9.0.18 that this condition means there
is closer relation between F[V ]H and F[V ]G than in general. The next result
shows there is another similarity between these two rings.

Proposition 9.2.4. Suppose that H is a subgroup of G such that [G : H]
is invertible in F. If F[V ]H is Cohen-Macaulay, then F[V ]G is also Cohen-
Macaulay.

Proof. Choose a homogeneous system of parameters f1, f2, . . . , fn for F[V ]G.
Then by Corollary 3.0.6, this is also a homogeneous system of parameters for
F[V ]H and F[V ]. Let r denote the index of H in G. Recall that 1/r TrG

H :
F[V ]H → F[V ]G is the Reynolds operator and accordingly we have the F[V ]G-
module decomposition F[V ]H = F[V ]G ⊕ U where U := kerTrG

H .
Let B := F[f1, f2, . . . , fn] and let I denote the ideal of F[V ]H generated

by (f1, f2, . . . , fn) and let J := I ∩ F[V ]G. The above decomposition implies
that

F[V ]H/I ∼= F[V ]G/J ⊕ U/K

where K = f1U + f2U + · · · + fnU . Choose a basis

{h1, h2, . . . , hr}

for F[V ]G/J and another basis

{hr+1, hr+2, . . . , hs}

for U/K. Then {h1, h2, . . . , hs} is a basis for F[V ]H/I. Lift each hi to an
element hi ∈ F[V ]H . Then
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F[V ]H =
s∑

i=1

Bhi

and F[V ]G =
∑r

i=1 Bhi. But since F[V ]H is Cohen-Macaulay, we have in fact
that F[V ]H = ⊕s

i=1Bhi and F[V ]G = ⊕r
i=1Bhi. Thus, since it is a free B-

module, F[V ]G is Cohen-Macaulay. ��

Remark 9.2.5. Let V be a fixed non-trivial modular representation of the
group G. Then Gregor Kemper has proved that for sufficiently large m, the
ring of vector invariants F[mV ]G is not Cohen-Macaulay. See [65]. It remains
an open question whether m = 3 is sufficiently large. Suppose G is a p-group
generated by reflections and F[V ]G is Cohen-Macaulay. There are examples
that show that sometimes, but not always, F[2V ]G is Cohen-Macaulay. It is an
open problem to characterize those V for which F[2V ]G is Cohen-Macaulay.
See the work of Chuai [23] and Shank and Wehlau [99].

9.3 Differents in Modular Invariant Theory

Here we recall work of A. Broer [13], closely following his exposition. His work
is best understood in the context of §2.5. That is, suppose that R ⊂ S are
connected graded commutative rings with unit, that S is integral over R, both
of which are domains and integrally closed in their quotient fields Quot(R)
and Quot(S), and that the extension Quot(R) ⊂ Quot(R) is separable. Then
the trace map Tr : Quot(S) → Quot(R) is surjective, respects the grading,
and Tr(S) ⊆ R.

We suppose that, as a R-module, S has homogeneous generators s1, . . . , sm,
and we define an epimorphism of algebras

R[a1, a2, . . . , am]
ρ→→ S by the rule

ρ(a�) = s�

where deg(a�) = deg(s�) with kernel I. We refer to elements of I as relations
in S and to I as the ideal of relations. Now S integral over R implies that
there is a monic polynomial

f�(t) =
∑

rj,�t
j , where rj,� ∈ R and f�(s�) = 0 .

As before, we write R+ for the ideal of positive degree elements of R and we
consider the Hilbert ideal R+S of S. The quotient algebra S/(R+S) is a finite
dimensional algebra. In the event that R = SG, we call S/(R+)G the ring of
coinvariants of G.
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9.3.1 Construction of the Various Different Ideals

The Noether Different Ideal

The enveloping algebra of the extension S over R is the algebra Se = S ⊗R S.
We define J to be the kernel of the multiplication map

S ⊗R S
μ→ S

s ⊗ s′ → ss′.

Then J is generated by s� ⊗ 1 − 1 ⊗ s�, 1 ≤ � ≤ m. We define K to be the
annihilator of J in Se and the Noether different ideal as the image μ(K) =
DN

S/R = DN ⊂ S. In other words, s ∈ DN if and only if there is a t ∈ Se such
that μ(t) = s and for all s′ ∈ S we have (1 ⊗ s′)t = (s′ ⊗ 1)t.

The Galois Different Ideal

Consider the natural map associated to an element
∑

t� ⊗ t′� ∈ Se

ω : S ⊗ S → EndR(S)

[ω(t� ⊗ t′�)](s) =
∑

t� Tr(t′�s) .

Then ω is a Se-module map under the natural Se-module structure on
EndR(S), and the image ω(Se) ⊂ EndR(S) is the cyclic Se-module gener-
ated by Tr. Let

EndR(S) ε→ S

ε(η) = η(1S) .

We define the Galois different ideal to be

D
Gal
S/R = D

Gal = {ε(η) | η ∈ ω(Se) ∩ EndR R} = ε(ω(Se) ∩ EndR R .

We note that EndR R is the collection of maps R → R given by multiplication
by the elements of R, the elements of the Galois different are the maps s →∑

t� Tr(t�s).
There is an alternate description of DGal in the case that R = SG. We

consider the twisted group ring (SG, ·) which is additively the free S-module
on generators {eσ | σ ∈ G} with multiplication determined by the formula

s1eσ · s2eτ = s1σ(s2)eστ .

The unit of the group is the unit of the twisted group ring, and (SG, ·) is
naturally a graded module over Se. There is also a natural inclusion of as-
sociative rings (SG, ·) → EndR(S) taking α =

∑
s�eσ�

to the R-linear map
ρα(s) =

∑
s�σ�(s). Of course, the element

∑
σ∈G eσ determines the trace over

G. The Galois different is equal to the intersection of the two-sided ideal gen-
erated by

∑
σ∈G eσ with the subring S (that is S[IdG]). Broer notes that an

extension SG ⊂ S is said to be Galois if the Galois different ideal is the trivial
ideal (1S), providing a rationale for the language.
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The Inverse Dedekind Different Ideal

The inverse Dedekind different ideal is defined as

(DD)−1 = (DD
S/R)−1 = {r ∈ Quot(R) | for all s ∈ S, Tr(rs) ∈ R}

We note that, for every R-linear map η : S → R, there is a unique r ∈ (DD)−1

such that η(s) = Tr(rs) for all s ∈ S. Therefore, we define the Dedekind
different ideal to be

D
D = D

D
S/R =

{
r ∈ Quot(R) | r(DD)−1 ⊂ R

}
.

Under our hypotheses, the Dedekind different is a divisorial graded ideal in S,
that is, the height of any one of its primary components is one. If, in addition,
S is a unique factorization domain, then the Dedekind different ideal is a
homogeneous principal ideal. In this case, we denote a generator by θ.

The Twisted Trace Different Ideal

Here we define the twisted trace different ideal or T -different ideal to be

D
T = D

T
S/R = D

D(Tr((DD)−1)).

When DD = (θ), we define the twisted trace to be the R-module homomor-
phism given by

S
Trθ→ S

Trθ(s) = θ Tr(sθ) .

In this case, since S
θ = (DD

S/R)−1, we do have Trθ(sθ) ∈ θR ⊂ S. Then we
have that

D
D = S Trθ(S).

The Kähler Different Ideal

Recall that J is defined to be the kernel of the multiplication map Se =
S ⊗ S → S. The graded S = Se/J-module of Kähler differentials is defined
to be

Ω = ΩS/R = J/J2.

Recall the ideal of relations I determined by

I ⊂ R[a1, a2, . . . , am]
ρ→ S .

We suppose that I is generated by {f1, f2, . . . , fk}. For each such f�, we define

df� =
∂f�

∂t1
dt1 +

∂f�

∂t2
dt2 + · · · + ∂f�

∂tm
dtm
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where
∂f�

∂tj
= μ(

∂f�

∂aj
).

Then Ω is generated by the dt� = t� ⊗ 1 − 1 ⊗ t� + J2, 1 ≤ � ≤ m subject
to the relations just given and we obtain a presentation of Ω by free graded
S-modules

F1 → F0 → ΩS/R

where F1 is of rank k and F0 is of rank m. The S-linear map between F1 and
F0 is associated to the m × k matrix A with entries

Ai,j =
∂fj

∂ti
.

The Kähler different ideal or Jacobian ideal, denoted DK = DK
S/R, is the

annihilator AnnS(Ω), in other words, the zero-th Fitting ideal of Ω. We note
that DK is generated by the determinants of all m × m-minors of A. The
elements of this theory show that the Kähler different ideal does not depend
upon the choices of presentation or homogeneous bases.

For any m relations {f1, f2, . . . , fm} ⊂ R[a1, a2, . . . , am], the Jacobian de-
terminant is defined to be

Jac(f1, f2, . . . , fm) = det(
∂fj

∂ti
) ∈ S

and the Kähler different ideal is the ideal generated by the Jacobians associ-
ated to the

(
k
m

)
m-tuples of generators of I.

Now suppose that S = F[x1, x2, . . . , xn] is a graded polynomial algebra
on algebraically independent generators x�. We consider the presentation of
R-algebras given by

I → R[a1, a2, . . . , an]
ρ→ S

given by ρ(a�) = x�. Each element r ∈ R can be written as a polynomial
in the x�’s, that is, r = r(x1, x2, . . . , xn), and we can construct an element
r(a) = r(a1, a2, . . . , an) ∈ R[a1, a2, . . . , an]. On the other hand, we can simply
consider r as a constant in R[a1, a2, . . . , an]. Then the difference r(a) − r ∈ I
is a relation. Therefore, for any 1 ≤ � ≤ n we have

∂(r(a) − r)
∂x�

= μ(
∂(r(a) − r)

∂a�
) = μ(

∂(r(a))
∂a�

) =
∂(r(x))

∂x�
.

This latter expression is the usual partial derivative of R as an element of
F[x1, x2, . . . , xn]. It follows in this case that

Jac(
∂(r(a) − r)

∂x�
) = Jac(

∂(r(a))
∂x�

),

the classical Jacobian. Further, since the relations r(a)− r generate I, we see
that DK is generated by the Jacobians of the m-tuples of elements from R.
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Differents and Properties of Modular Invariant Rings

Broer has determined the inclusions of the various differents as follows.

Theorem 9.3.1. 1. We have DK ⊆ DN ⊆ DGal ⊆ DD and DN ⊆ AnnΩ;
2. We have DT ⊂ DD and if DT is a principal ideal, then DGal ⊆ DT ;
3. If S is free as a graded R-module, then DN = DGal = DT = DD.

��

Broer’s techniques allow him to analyze how various properties of modular
invariant rings are related to properties of the differents. We recall here two
of his theorems.

First, recall that S/(R+) is said to be a Poincaré duality algebra if there
exists a non-degenerate symmetric bilinear mapping

S/(R+) ⊗ S/(R+) → S/(R+)

Theorem 9.3.2. The following statements for R ⊂ S are equivalent:

1. S/(R+) is a Poincaré duality algebra;
2. DN is a principal ideal;
3. DGal is a principal ideal;
4. DD is a principal ideal and DN = DGal = DD.

��

In the case of most interest for this chapter, Broer proves

Theorem 9.3.3. We assume that S = F[x1, . . . , xn] is a graded polynomial
algebra with deg(x�) > 0 for all � = 1, 2, . . . , n. We consider the extension
R ⊂ S as in this section. Then the Dedekind different DD = (θ) is principal,
and the following statements are equivalent.

1. The ring R is also a polynomial algebra;
2. S is free as graded R-module;
3. S/(R+) is a Poincard́uality algebra;
4. Either DK or DN or DGal equals DD;
5. We have DK = DN = DGal = DT = DD;
6. There exists {f1, f2, . . . , fn} such that

∑
deg(f�) − deg(x�) = deg(θ) and

0 �= Jac(f1, f2, . . . , fn);
7. There exists {f1, f2, . . . , fn} such that R = F[f1, f2, . . . , fn].

��
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Invariant Rings via Localization

In some circumstances, it is possible to study a ring of invariants through
a well-chosen localization. In this chapter, we give some instances of this
technique.

Let R be a finitely generated algebra which is a domain. Recall that Rf

denotes the localization of R with respect to the multiplicative set generated
by f .

Proposition 10.0.1. Suppose that B is a subalgebra of R and that f1, f2 is
a regular sequence in B such that Bf1 = Rf1 and Bf2 = Rf2 . Then B = R.

Proof. Take h ∈ R. Since R ⊆ Rfi
= Bfi

we may write h = b1/fn
1 and

h = b2/fm
2 for some b1, b2 ∈ B and n, m ∈ N. Therefore, b1f

m
2 = b2f

n
1 . Since

f1, f2 is a regular sequence in B, so also is fn
1 , fm

2 . This implies that b2 = bfm
2

for some b ∈ B. Thus h = bfm
2 /fm

2 = b lies in B. ��

Lemma 10.0.2. Suppose that B is a subalgebra of R and I is an ideal of R.
If I ⊆ B and f ∈

√
I ∩ B, then Bf = Rf .

Proof. There exists m ∈ N such that fm ∈ I. Take h ∈ Rf and write h = r/fk

with r ∈ R. Then rfm = hfk+m ∈ I ⊆ B and h = rfm/fk+m ∈ Bf . ��

Theorem 10.0.3. Suppose B is a subalgebra of F[V ]G containing the image
of the transfer, Im TrG ⊂ B. Let f1, f2 ∈

√
Im TrG ∩ B be two elements such

that f1, f2 is a regular sequence in B. Then B = F[V ]G.

Remark 10.0.4. Suppose that B is a subalgebra of F[V ]G containing the image
of the transfer. Further, suppose that f1 and f2 are non-associate primes of
B lying in

√
Im TrG. A relatively routine calculation shows that f1, f2 is a

regular sequence in B and so B = F[V ]G.

Remark 10.0.5. Let F denote the algebraic closure of F and consider V :=
F⊗ V . By Theorem 9.0.10, we have that

√
Im TrG consists of those invariant

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 10, © Springer-Verlag Berlin Heidelberg 2011
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polynomials in F[V ] which vanish on the subvariety V of V defined by V =
∪σ∈ΣV

σ
where Σ consists of all the elements σ of G of order p. Thus given

an element f ∈ F[V ]G, we may check that f ∈
√

Im TrG by verifying that f
vanishes on V

σ
for every element σ ∈ G of order p.

We illustrate Theorem 10.0.3 by using it to compute (again) the ring of Cp

invariants, F[2 V2]Cp . Let σ be a generator for Cp. Choose a triangular basis
y2, x2, y1, x1 for (2V2)∗ with σ(yi) = yi + xi and σ(xi) = xi for i = 1, 2. We
use the graded reverse lexicographic order on F[2 V2] with x1 < y1 < x2 < y2.
We take Ni = N(yi) = yp

i − xp−1
i yi for i = 1, 2 and u = x2y1 − x1y2. Let B

denote the ring B = F[x1, x2, u, N1, N2]. We will use Theorem 10.0.3 to show
that F[2 V2]Cp = B.

We begin by verifying that Im TrCp ⊂ B.

Lemma 10.0.6. Let 0 ≤ a, b ≤ p − 1 and put e := a + b − (p − 1).

TrCp(ya
1yb

2) =

⎧
⎪⎨

⎪⎩

0, if e < 0;
−up−1 − (x1x2)p−1, if a = b = p − 1;
−

(
a
e

)
xp−1−b

1 xp−1−a
2 ue, otherwise.

Proof.

TrCp(ya
1yb

2) =
p−1∑

k=0

(y1 + kx1)a(y2 + kx2)b

=
p−1∑

k=0

a∑

i=0

(
a

i

)

kixi
1y

a−i
1

b∑

j=0

(
b

j

)

kjxj
2y

b−j
2

=
a∑

i=0

b∑

j=0

(
a

i

)(
b

j

)

xi
1y

a−i
1 xj

2y
b−j
2

p−1∑

k=0

ki+j .

By Lemma 9.0.2,
∑p−1

k=0 ki+j is zero unless i + j = p− 1 or i + j = 2(p− 1) in
which case this sum is -1. Therefore, TrCp(ya

1yb
2) = 0 if a+b < p−1. Moreover,

if p − 1 ≤ a + b < 2(p − 1), then

TrCp(ya
1yb

2) = −
a∑

i=0

(
a

i

)(
b

p − 1 − i

)

xi
1y

a−i
1 xp−1−i

2 yb−p+1+i
2

= −
a∑

i=p−1−b

(
a

i

)(
b

p − 1 − i

)

xi
1y

a−i
1 xp−1−i

2 yb−p+1+i
2

= −
a+b−p+1∑

t=0

(
a

p − 1 − b + t

)(
b

b − t

)

xp−1−b+t
1 ya+b−p+1−t

1 xb−t
2 yt

2
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= −xp−1−b
1 xp−a−1

2

(
a+b−p+1∑

t=0

(
a

p − 1 − b + t

)(
b

b − t

)

xt
1y

a+b−p+1−t
1 xb−t−p+1+a

2 yt
2

)

= −xp−1−b
1 xp−a−1

2

e∑

t=0

(
a

p − 1 − b + t

)(
b

b − t

)

xt
1y

e−t
1 xe−t

2 yt
2 .

Wilson’s Theorem asserts that (p− 1)! = −1 (mod p) and Lucas’ Lemma
gives

(
p−1

s

)
= (−1)s (mod p). Using these two facts we get

(
a

p − 1 − b + t

)(
b

t

)

=
a!

(p − 1 − b + t)! (a + b − p + 1 − t)!
b!

t! (b − t)!

=
a!

(e − t)! t!
b!

(p − 1 − b + t)! (b − t)!

= − a! b!
(e − t)! t!

(p − 1)!
(p − 1 − b + t)! (b − t)!

= − a! b!
(e − t)! t!

(−1)b−t

= − a! b!
(e − t)! t!

(−1)b(−1)t

= −(−1)t a! b!
(e − t) !t!

(p − 1)!
(p − 1 − b)! b!

= (−1)t a! b!
(e − t)! t!

1
(p − 1 − b)! b!

= (−1)t a!
(p − 1 − b)!

b!
b!(e − t)! t!

= (−1)t a!
(p − 1 − b)! e!

e!
(e − t)! t!

= (−1)t

(
a

e

)(
e

t

)

.

Therefore, for p − 1 ≤ a + b < 2(p − 1) we have

TrCp(ya
1yb

2) = −xp−1−b
1 xp−a−1

2

e∑

t=0

(−1)t

(
e

t

)

xt
1y

e−t
1 xe−t

2 yt
2

= −
(

a

e

)

xp−1−b
1 xp−a−1

2 (x2y1 − x1y2)e

= −
(

a

e

)

xp−1−b
1 xp−a−1

2 ue .

For a = b = p− 1, we get one extra term corresponding to i+ j = 2(p− 1)
which does not vanish. Thus TrCp(yp−1

1 yp−1
2 ) = −up−1 − (x1x2)p−1. ��
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Using Lemma 10.0.6, we can see that TrCp(F[2 V2]) ⊂ F[x1, x2, u, N1, N2]
as follows. The four invariants x1, x2, N1, N2 form a homogeneous system of
parameters for F[2 V2]. Taking H = F[x1, x2, N1, N2] we have the Hironaka
decomposition F[2 V2] = ⊕p−1

a=0 ⊕p−1
b=0 Hya

1yb
2. Since TrCp is H-linear, we see

that TrCp(F[2 V2]) ⊂
∑p−1

a=0

∑p−1
b=0 H · TrCp(ya

1yb
2) ⊂ F[x1, x2, u, N1, N2].

Lemma 10.0.6 also shows that x1, x2 ∈
√

Im TrCp since Tr(yp−1
1 ) = xp−1

1

and Tr(yp−1
2 ) = xp−1

2 .
To use Theorem 10.0.3 to show that F[2 V2]Cp = F[x1, x2, u, N1, N2], it only

remains to show that x2, x1 is a regular sequence in B = F[x1, x2, u, N1, N2].
We begin by noting that x1, x2, u, N1, N2 is a SAGBI basis for B. This is
clear since LT(x1) = x1, LT(x2) = x2, LT(u) = x2y1, LT(N1) = yp

1 and
LT(N2) = yp

2 . Thus the only non-trivial tête-a-tête difference is up − xp
2N1

which subducts to zero via up − xp
2N1 + xp

1N2 − (x1x2)p−1u = 0. In fact, we
already found this SAGBI basis in Example 5.1.9.

To see that x2, x1 is a regular sequence in B, we suppose that x1g = x2h
for some g, h ∈ B. Then x1 divides LT(h). We need to show that x1 divides
h in B. This follows from the following lemma.

Lemma 10.0.7. Suppose B is a SAGBI basis for a ring B ⊂ F[x1, x2, . . . , xn]
with respect to a graded reverse lexicographic term order with x1 < xi for all
i = 2, 3, . . . , n. Further, suppose that x1 ∈ B and that x1 is the unique element
of B whose lead term is divisible by x1. Let f ∈ B. If x1 divides LT(f), then
x1 divides f in B.

Proof. Assume that the result is false. Then there exist elements f ∈ B
whose lead term is divisible by x1 but for which f/x1 /∈ B. Choose such
an f with minimal lead term. Since B is a SAGBI basis for B, we may write
LT(f) = LT(x1)e0 LT(g1)e1 LT(g2)e2 · · ·LT(gs)es where x1, g1, g2, . . . , gs ∈ B
and e1, e2, . . . , es are non-negative integers. Since x1 divides LT(f) and x1

does not divide LT(gi) for i = 1, 2, . . . , s, we must have e0 ≥ 1. Define
f ′ = f − xe0

1 ge1
1 ge2

2 · · · ges
s . Then LT(f ′) < LT(f). Since we are using a graded

reverse lexicographic ordering with x1 small, this implies that x1 divides
LT(f ′). Then by the minimality of f we see that h′ = f ′/x1 ∈ B. But then
f = x1(xe0−1

1 ge1
1 ge2

2 · · · ges
s + h′) is divisible by x1 in B. ��

An important application of the above lemma is in combination with the
following proposition.

Proposition 10.0.8. Let A = F[f1, f2, . . . , fr] ⊆ F[V ]G. Suppose

1. F[V ] is integral over A;
2. Quot(A) = F(V )G;
3. There exists h ∈ A such that hA is a prime ideal of A and Ah is a unique

factorization domain.

Then A = F[V ]G.
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Proof. By [6, Lemma 6.3.1, p. 73], hypothesis (3) implies that A is itself a
unique factorization domain and is therefore by Proposition 3.0.2 integrally
closed. Let f ∈ F[V ]G be arbitrary. By (2), f lies in Quot(A). Then (1) implies
that f is integral over A and since A integrally closed, f ∈ A. Therefore
A = F[V ]G. ��

Verifying the first hypotheses of Proposition 10.0.8 is usually easy as all
we need to do is ensure that A contains a homogeneous system of parameters.
Verifying the second hypothesis is a little harder but the following result due
to Kemper, [64, Cor 1.8], is often applicable or by the use of Theorem 4.3.4.

Proposition 10.0.9. Let f1, f2, . . . , fn be n algebraically independent homo-
geneous polynomials over a field K. Then the degree of the field extension
[K(x1, x2, . . . , xn) : K(f1, f2, . . . , fn)] is at most

∏
i=1 deg(fi).

Corollary 10.0.10. Let f1, f2, . . . , fn ∈ K[V ]G be algebraically independent
homogeneous invariants. If

∏
i=1 deg(fi) < 2|G|, then K(f1, f2, . . . , fn) =

K(V )G.

Proof. Since K(f1, f2, . . . , fn) ⊆ K(V )G ⊆ K(x1, x2, . . . , xn), we have

2|G| >
∏

i=1

deg(fi)

≥ [K(x1, x2, . . . , xn) : K(f1, f2, . . . , fn)]

= [K(x1, x2, . . . , xn) : K(V )G] · [K(V )G : K(f1, f2, . . . , fn)]

= |G| · [K(V )G : K(f1, f2, . . . , fn)].

Thus [K(V )G : K(f1, f2, . . . , fn)] < 2. ��

Verifying the third hypothesis of Proposition 10.0.8 is generally much
harder than verifying the first two hypotheses. In particular, it is hard to
show that the element h is prime in the ring A which is usually given by
specifying a set of generators for A. One way to do this however is when the
invariant h is x1. If a SAGBI basis for A with respect to grevlex, with x1

small, is known, then Lemma 10.0.7 can be used to show that the principal
ideal x1A is a prime ideal of A. We illustrate this with a simple example.

Example 10.0.11. We return to the 4 dimensional representation of Cp
3 con-

sidered in Section 8.2. This representation is given by

G =

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
a c 1 0
c b 0 1

⎞

⎟
⎟
⎠ | a, b, c ∈ Fp

⎫
⎪⎪⎬

⎪⎪⎭
.

Let {x1, x2, y1, y2} be the basis of V ∗ dual to the standard basis of V . We
will use the graded reverse lexicographic ordering with x1 < x2 < y1 < y2.
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One may verify that the following functions are G-invariants:

x1

x2

h = x2(y
p
2 − xp−1

2 y2) + x1(y
p
1 − xp−1

1 y1) = x2y
p
2 + . . .

f1 = NG
Gy1

(y1) = yp2

1 + . . .

f2 = NG
Gy2

(y2) = yp2

2 + . . .

We will show that F[V ]G = F[x1, x2, h, f1, f2] by applying Lemma 10.0.7 and
Proposition 10.0.8. We seek a SAGBI basis for F[V ]G. Accordingly, we consider
the lone tête-a-tête among x1, x2, h, f1, f2 which is hp −xp

2f2. We perform the
subduction of this tête-a-tête and obtain

hp − xp
2f2 − xp

1f1 − h

p∑

j=1

(xp−j+1
1 xj

2)
p−1 = 0 .

Thus {x1, x2, h, f1, f2} is a SAGBI basis for the algebra A := F[x1, x2, h, f1, f2]
which they generate. Since LT(x1) = x1, LT(x2) = x2, LT(f1) = yp2

1 and
LT(f2) = yp2

2 , we see by Lemma 6.2.1 that x1, x2, f1, f2 forms a homogeneous
system of parameters and so F[V ] is integral over A.

Since the lead terms of x1, x2, h, f1 are algebraically independent, so
are these 4 polynomials themselves. Applying Corollary 10.0.10 we see that
F(x1, x2, h, f1) = F(V )G.

By Lemma 10.0.7, we know that Ax is a prime ideal of A. Furthermore,
from the subduction of the tête-a-tête above, we see that f1 ∈ F[x1, x2, h, f2]x1

and therefore, Ax1 =F[x1, x2, h, f1, f2]x1 =F[x1, x2, h, f2]x1. Since F[x1, x2, h, f2]
is a polynomial ring, this implies that Ax1 is a unique factorization domain.

Applying Proposition 10.0.8 we see that F[V ]G = A = F[x1, x2, h, f1, f2].
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Rings of Invariants which are Hypersurfaces

As we have seen, we seek to characterize those representations V of groups G
whose rings of invariants are well-behaved. The best behaved rings of invari-
ants, K[V ]G, are those which are polynomial rings, that is, K[V ]G is generated
by dim(V ) many invariants. A slightly less well behaved class of examples is
provided by those rings of invariants which are hypersurfaces, that is, K[V ]G

is generated by dim(V ) + 1 many invariants. Those representations with this
property have been extensively studied in characteristic 0 by Nakajima [84].
Less is known for modular groups. When G is a Nakajima group with max-
imal proper subgroup H, the following proposition shows that the ring of
H-invariants is a hypersurface (or a polynomial) ring.

Proposition 11.0.1. Let R be an integral domain of characteristic p and
suppose the finite group G acts faithfully on R. Suppose H ≤ G is a maximal
proper subgroup of index k ≤ p. Let σ ∈ G \ H. If there exists y ∈ RH such
that x := (σ − 1)y lies in RG and such that the set (σ − 1)RH lies in the
principal ideal of R generated by x, then RH = RG[y].

Proof. Since the group H is a proper subgroup of G, the field Quot(R)G is a
proper subfield of Quot(R)H (in fact, the degree of the extension Quot(R)G ⊂
Quot(R)H is |G|/|H|) and thus the ring RG is a proper subring of RH . Thus
there exists f ∈ RH \RG. Since G is generated by H together with σ, we see
that (σ − 1)f is a non-zero element of R which is divisible by x. This shows
that x �= 0 and hence that y is not G-invariant. Therefore, y /∈ Quot(R)G. By
the maximality of H in G, this implies, using Galois Theory, that

Quot(R)H = Quot(R)G[y] = ⊕k−1
i=0 Quot(R)Gyi .

We will will show, using induction, that for every non-negative integer m,

RH ∩
m∑

i=0

Quot(R)Gyi = RH ∩
m∑

i=0

RGyi .
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For m = 0, we need to show that RH ∩ Quot(R)G = RH ∩ RG, i.e., that
RH ∩ Quot(R)G = RG. Clearly, RG ⊆ RH ∩ Quot(R)G. Conversely, if h ∈
RH ∩ Quot(R)G, then h is an element of R which is fixed by G and thus
h ∈ RG.

For the general case, m ≥ 1, we choose a set of left coset representatives,
denoted G/H, for H in G. Consider the polynomial

F (t) =
∏

g∈G/H

(t − g(y)) = tk + fk−1t
k−1 + · · · + f0 ∈ RG[t] .

One of the roots of F (t) is the element y since one of the coset representatives
lies in H. Therefore, yk ∈

∑k−1
i=0 RGyi.

First, we consider the cases m < k. Take f ∈ RH ∩
∑m

i=0 Quot(R)Gyi.
Write f =

∑m
i=0 fiy

i where fi ∈ Quot(R)G. Since (σ−1)f lies in the principal
ideal of R generated by x, we may write (σ − 1)f = xf ′ where f ′ ∈ R. Thus

xf ′ = (σ − 1)f = (σ − 1)
m∑

i=0

fiy
i =

m∑

i=0

σ(fiy
i) −

m∑

i=0

fiy
i

=
m∑

i=0

fi(y + x)i −
m∑

i=0

fiy
i

= mfmym−1x +
m−2∑

j=0

(
m

j

)

fmyjxm−j +
m−1∑

i=0

fi(y + x)i −
m−1∑

i=0

fiy
i .

Thus xf ′ = mfmym−1x+w where w ∈
∑m−2

i=0 Quot(R)Gyi. Since x ∈ RG, this
shows that f ′ = mfmym−1 + w/x lies in

∑m−1
i=0 Quot(R)Gyi. Therefore, f ′ ∈

Quot(R)G[y]∩R = Quot(R)H ∩R = RH . Hence f ′ ∈ RH∩
∑m−1

i=0 Quot(R)Gyi

and thus by the induction hypothesis, f ′ ∈
∑m−1

i=0 RGyi.
Since

Quot(R)H = ⊕k−1
i=0 Quot(R)Gyi

and since m < k, we see that {1, y, y2, . . . , ym−1} is linearly independent over
Quot(R)G and thus

m−1∑

i=0

RGyi = ⊕m−1
i=0 RGyi.

Therefore, mfmym−1 = f ′ − w/x ∈ RGym−1 and thus mfm ∈ RG. But
m < k ≤ p implies that m is invertible in R and thus fm ∈ RG.

Now the induction hypothesis applied to the element

f − fmym =
m−1∑

i=0

fiy
i

show that it lies in
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RH ∩
m−1∑

i=0

RGyi

and therefore, f ∈
∑m

i=0 RGyi, as required.
Thus we have shown that RH ∩ Quot(R)G[y] = RH ∩ RG[y]. Combining

this with Quot(R)G[y] = Quot(R)H gives RH ∩Quot(R)H = RH ∩RG[y], i.e.,
RH = RG[y]. This completes the cases m < k.

For the cases m ≥ k, we utilize the fact yk ∈
∑k−1

i=0 RGyi which we showed
above. Using this we have

∑m
i=0 RGyi =

∑k−1
i=0 RGyi and

∑m
i=0 Quot(R)Gyi =

∑k−1
i=0 Quot(R)Gyi. Thus for m ≥ k, using the induction hypothesis, we are

done. 
�
The prototypical example of Proposition 11.0.1 is the action of Cp on 2V2

given in §1.12.

Proposition 11.0.2. The hypotheses of Proposition 11.0.1 imply that H is a
normal subgroup of index p in G.

Proof. Define z := yp − xp−1y. It is easy to verify that z is fixed by σ and
thus z ∈ RG. Consider the polynomial F (t) := tp − xp−1t − z ∈ RG[t]. Note
that for every k ∈ Fp, we have F (y + kx) = (y + kx)p − xp−1(y + kx) − z =
yp + kpxp − xp−1y − kxp − z = yp − xp−1y − z + kxp − kxp = 0. Thus
F (t) =

∏p−1
k=0(t− (y + kx)). Since F (t) is G-invariant (having declared that G

fixes t), we see that each element g ∈ G must permute the factors of F and
hence also the roots of F . Thus for each g ∈ G, there exists k ∈ Fp such that
g(y) = y + kx.

We define φ : G → Fp by φ(g) = (g(y) − y)/x. Note that for g1, g2 ∈ G,
if g1(y) = y + k1x and g2(y) = y + k2x, then (g2g1)(y) = g2(g1(y)) = g2(y +
k1x) = g2(y) + k1x = y + k2x + k1x. Thus φ(g2g1) = φ(g2) + φ(g1) and thus
φ is a group homomorphism.

Since y /∈ RG, we know that φ(σ) �= 0 and thus φ is a surjective group
homomorphism. Furthermore, since y ∈ RH , the subgroup H lies in the kernel
of φ. But since H is a maximal proper subgroup of G, this means H is the
kernel of φ. Therefore, H is a normal subgroup. Finally, since the index of the
kernel of φ equals the cardinality of the image of φ, we see that the index of
H is |Fp| = p. 
�
Example 11.0.3. This example illustrates the use of Proposition 11.0.1. It is
also interesting as a simple example of a reflection group whose ring of in-
variants fails to be a polynomial ring. Let F denote a field of characteristic p
containing an element ε satisfying εp − ε = 1. For example, if εp − ε = 1, we
could take F = Fp[ε], a field of order pp.

We consider the representation generated by the three reflections

α−1 =

⎛

⎜
⎜
⎝

1 0 0 0
a 1 0 0
0 0 1 0
0 0 0 1

⎞

⎟
⎟
⎠ , β−1 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1

⎞

⎟
⎟
⎠ , γ−1 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
1 0 ε 1

⎞

⎟
⎟
⎠
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with respect to the standard basis of V . We let {y2, x2, y1, x1} denote the dual
basis of V ∗.

We denote by H the group generated by {α, β, γ} and define G to be the
group generated by {α, β, γ, σ} where

σ−1 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1

⎞

⎟
⎟
⎠ .

Then G is a Nakajima group and we will use Proposition 11.0.1 to show that
H has a hypersurface as a ring of invariants.

Further, we let K denote the group generated by {α, β}. Then K ∼= Cp×Cp

and as in §1.12, we have F[V ]K = F[x1, y
p
1 − xp−1

1 y1, x2, y
p
2 − xp−1

2 y2].
We define Y1 := yp

1 − xp−1
1 y1, X1 := (γ − 1)Y1 = (εp − ε)xp

1 = xp
1, Y2 :=

yp
2−xp−1

2 y2 and X2 := (γ−1)Y2 = xp
1−xp−1

2 x1. Then F[V ]K = F[Y2, x2, Y1, x1].
We will compute F[V ]H = (F[V ]K)H/K by applying Proposition 11.0.1 to

R = F[V ]K and the index p subgroup H/K of G/K.
Since σ fixes x1, y1 and x2 and σ(y2) = y2 + x1, we see that σ fixes X1, Y1

and X2 and σ(Y2) = Y2+(xp
1−xp−1

2 x1) = Y2+X2. Therefore, applying (σ−1)
to an arbitrary monomial m = xa1

1 Y b1
1 xa2

2 Y b2
2 of R gives

(σ1 − 1)m = xa1
1 xa2

2 Y b1
1 (σ1 − 1)Y b2

2

= xa1
1 xa2

2 yb2
2 (Y2 + X2)b2 − Y b2

2

= xa1
1 xa2

2 yb2
2

b2∑

j=1

(
b2

j

)

Y b2−j
2 Xj

2 .

Thus (σ1 − 1)m is always divisible by X2 and therefore X2 divides (σ1 − 1)f
for all f ∈ R.

Defining τ by γ = τσ gives

γ−1 =

⎛

⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 ε 1

⎞

⎟
⎟
⎠ .

Then τ fixes y2, x2 and x1 and τ(y1) = y1 + εx1. Therefore, τ fixes Y2, X2 and
X1 and τ(Y1) = Y1 + (εp − ε)xp

1 = Y1 + xp
1 = Y1 + X1.

Working with τ−1 = τp−1 we find as above that (τ−1 −1)m is divisible by
X1 and thus X1 divides (τ−1 − 1)f for all f ∈ R.

Let f ∈ RH be arbitrary. Then τσ(f) = f . Thus σ(f) = τ−1(f) and
therefore (σ − 1)f = (τ−1 − 1)f . Hence X2 divides (σ − 1)f in R and
also X1 divides (σ − 1)f = (τ−1 − 1)f in R. Since R is a unique factor-
ization domain, this implies that the least common multiple X1X2/x1 =
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xp
1(x

p−1
1 − xp−1

2 ) of X1 and X2 divides (σ − 1)f in R. Thus all the hy-
potheses of Proposition 11.0.1 are satisfied and we may apply the Propo-
sition and conclude that RH/K = RG/K [h] where h is any element of R
such that (σ − 1)h = xp

1(x
p−1
1 − xp−1

2 ). For example, we may take h =
(X2Y1 − X1Y2)/x1 = (xp−1

1 − xp−1
2 )(yp

1 − xp−1
1 y1) − xp−1

1 (yp
2 − xp−1

2 y2). Thus
F[V ]H = (F[V ]K)H/K = RG/K [h] = (F[V ]K)G/K [h] = F[V ]G[h]. Hence we
have reduced to computing F[V ]G.

We may easily find the ring of G-invariants since G is a Nakajima
group. We find that F[V ]G = F[x1, x2, f1, f2] where f1 = N(y1) = Y p

1 −
Xp−1

1 Y1 = yp2

1 − xp2−p
1 yp − xp2−p

1 yp
1 + xp2−1

1 y1, and f2 = N(y2) = Y p
2 −

Xp−1
2 Y2 = yp2

2 −xp2−p
2 yp

2−(xp
1−x1x

p−1
2 )p−1(yp

2−xp−1
2 y2). Therefore, F[V ]H =

F[x1, x2, f1, f2, h] where h = xp−1
1 yp

1 − xp−1
2 yp

1 − x2p−2
1 yp

1 + xp−1
1 xp−1

2 y1 −
xp−1

1 yp
2 + xp−1

1 xp−1
2 y2.

Furthermore, from the Cp representation 2V2 we know that Up −Xp
2N1 +

Xp
1N2 − (X1X2)p−1U = 0 where U = X2Y1 − X1Y2 = hx1, N1 = f1 and

N2 = f2. Therefore,

0 = Up − Xp
2 f1 + Xp

1f2 − (X1X2)p−1U

= (hx1)p − (xp
1 − x1x

p−1
2 )pf1 + (xp

1)
pf2 − (xp

1)
p−1(xp

1 − x1x
p−1
2 )p−1(hx1)

= hp − (xp−1
1 − xp−1

2 )pf1 + xp2−p
1 f2 − xp2−p

1 (xp−1
1 − xp−1

2 )p−1h .
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Separating Invariants

The original and possibly most important use of invariants is to detect whether
two mathematical objects are equivalent under some transformation. For ex-
ample, given two matrices, we may wish to decide whether or not they are
conjugate. If their eigenvalues differ, then they cannot be conjugate. In other
words, the eigenvalues serve to partially distinguish non-conjugate matrices.
Separating invariants typically play a similar role.

We note that much of the material in this chapter is valid in characteris-
tic 0. This topic has generated much recent interest, see the book of Derksen
and Kemper, [26, §2.3.2, p. 54 and §3.9.4, p. 119], and thesis and papers of
Dufresne, [30] and [31], the papers of Kemper, [66], and Draisma, Kemper and
Wehlau, [29].

Definition 12.0.1. Let S ⊂ K[V ] and let u, v ∈ V . We will say that u and v
are S-equivalent if f(u) = f(v) for all f ∈ S.

It is clear that S-equivalence is an equivalence relation on V and also
(via restriction) on V . A trivial example is obtained by taking S = K[V ] in
which case the equivalence classes in V are the individual points of V . At the
opposite end of the spectrum, if we take S = K ⊂ K[V ]G, then all of V is one
S-equivalence class.

Remark 12.0.2. Note that if S is any subset of K[V ] and R = K[S] is the
subalgebra of K[V ] generated by S, then S-equivalence and R-equivalence are
the same equivalence relation.

For our purposes, the most important example is S = K[V ]G.

Theorem 12.0.3. Let G be a finite subgroup of GL(V ) where V is an n di-
mensional vector space over the field K. Then u, v ∈ V are K[V ]G-equivalent
if and only if u ∈ G · v.

Proof. Of course, if f(u) �= f(v) for any f ∈ K[V ]G, then u and v cannot lie in
the same G orbit (since if v = σ ·u then f(v) = f(σu) = (σ−1(f))(u) = f(u)).

H.E.A. Eddy Campbell, D. Wehlau, Modular Invariant Theory,
Encyclopaedia of Mathematical Sciences 139,
DOI 10.1007/978-3-642-17404-9 12, © Springer-Verlag Berlin Heidelberg 2011

191

http://dx.doi.org/10.1007/978-3-642-17404-9_12
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Conversely, suppose u, v ∈ V are K[V ]G-equivalent. Assume, by way of
contradiction, that u /∈ Gv. Then by Corollary 2.1.3, there exists f ∈ K[V ]
such that f(u) = 0 and f(σv) = 1 for all σv ∈ Gv. Define h := NG(f) ∈
K[V ]G. Since f divides h, we have h(u) = 0. Thus 0 = h(v) =

∏
σ∈G(σf)(v).

Hence there exists σ ∈ G with 0 = (σf)(v) = f(σ−1v) contradicting the
definition of f . ��

Note that the hypothesis that G be finite is required in the above theorem.
For example, if we consider the subgroup C

∗ = GL(1, C) acting on the line
V = C, then it is clear that C[V ]C

∗
= C. Thus there is a single C[V ]C

∗
-

equivalence class. However, there are two orbits in V : one consisting of the
origin and a second consisting of all other points of V .

Remark 12.0.4. If G is a reductive group over an algebraically closed field
K, then it can be shown that u and v are K[V ]G-equivalent if and only if
the topological closures of their orbits G · u and G · v in V have non-empty
intersection.

Theorem 12.0.3 shows that we may detect whether two points v, w ∈ V
lie in the same G orbit by evaluating invariants on the two points. Indeed, by
Remark 12.0.2, if f1, f2, . . . , fr is a generating set for K[V ]G then u and v lie
in the same G orbit if and only if fi(u) = fi(v) for all i = 1, 2, . . . , r.

Suppose now that f1, f2, . . . , fr is a minimal generating set for K[V ]G.
The question arises whether it is necessary to verify all r of the equations
fi(u) = fi(v) for i = 1, 2, . . . , r in order to be certain that v ∈ G · u. The
answer to this question is almost always no.

Example 12.0.5. Let K be any field and suppose that the integer n ≥ 3 is
invertible in K. Let ξ be a primitive nth root of unity in K and let G denote

the subgroup of GL(V ) generated by σ−1 =
(

ξ 0
0 ξ

)

. Clearly, G is the cyclic

group of order n. If {x, y} is the basis of V ∗ dual to the standard basis of V
then σ(x) = ξ−1x and σ(y) = ξ−1y. It is easy to see that K[V ]G is minimally
generated by the n+1 monomials xn, xn−1y, . . . xyn−1, yn. However, the values
of the three monomials xn, xn−1y, yn alone suffice to determine whether two
points lie in the same orbit.

To see this, consider any two points u = (u1, u2) and v = (v1, v2) ∈ V .
Suppose that xn(u) = xn(v), xn−1y(u) = xn−1y(v) and yn(u) = yn(v). We
consider the two possibilities: xn(u) = 0 and xn(u) �= 0. If xn(u) = 0, then u
lies on the x-axis which consists of two orbits: the origin and the set {(a, 0) |
a �= 0}. The value yn(u) = un

2 = yn(v) distinguishes in which of these two
orbits the points u and v lie. Thus we have seen that if xn(u) = 0, then the
pair of invariant monomials xn and yn suffice to determine whether u and v
lie in the same G-orbit.

Next, consider the case where xn(u) �= 0. In this case, u1 �= 0 and thus
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xiyn−i(u) = ui
1u

n−i
2 =

(un−1
1 u2)i

(un
1 )n−i

=
((xn−1y)(u))i

xn(u)
=

((xn−1y)(v))i

xn(v)
= xiyn−i(v)

for all i = 2, 3, . . . , n − 1. Therefore, by Theorem 12.0.3, u and v lie in the
same G-orbit.

Definition 12.0.6. Let G be a subgroup of GL(V ) where V is an n dimen-
sional vector space over the field. We say that a subset S ⊆ K[V ]G separates
if S-equivalence and K[V ]G-equivalence are the same equivalence relation on
the points of V .

It is easily seen that the following is an equivalent definition.

Definition 12.0.7. A subset S ⊂ K[V ]G separates if for all u, v ∈ V , we have
the following: if there exists an invariant f ∈ K[V ]G with f(u) �= f(v), then
there exists h ∈ S with h(u) �= h(v).

Theorem 12.0.8. Let G be an arbitrary (possibly infinite) group of automor-
phisms of K[V ]. There is a finite separating set S ⊂ K[V ]G.

Proof. We consider the ideal

J := (f ⊗ 1 − 1 ⊗ f | f ∈ K[V ]G) ⊂ K[V ] ⊗K K[V ].

Since the ring K[V ] ⊗K K[V ] ∼= K[V ⊕ V ] is Noetherian, every generating set
for J contains a finite generating set. Thus there exist

f1, f2, . . . , fm ∈ K[V ]G

such that

J = (f1 ⊗ 1 − 1 ⊗ f1, f2 ⊗ 1 − 1 ⊗ f2, . . . , fm ⊗ 1 − 1 ⊗ fm).

We will show that S = {f1, f2, . . . , fm} is a separating set. Let u, v ∈ V
and suppose there exists f ∈ K[V ]G with f(u) �= f(v). Write f ⊗ 1− 1⊗ f =∑m

i=1 gi(fi ⊗ 1 − 1 ⊗ fi) with gi ∈ K[V ] ⊗K K[V ].
Define an algebra homomorphism

π : K[V ] ⊗K K[V ] −→ K

g ⊗ h 
→ g(u)h(v) .

Then

0 �= f(u) − f(v) = π(f ⊗ 1 − 1 ⊗ f)

= π

(
m∑

i=1

gi(fi ⊗ 1 − 1 ⊗ fi)

)

=
m∑

i=1

π(gi)(fi(u) − fi(v)) .

Therefore, there exists i such that fi(u) �= fi(v). ��
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Example 12.0.9. Consider the action of Cp = 〈σ〉 on V = mV2. As usual, we
choose a triangular basis {x1, y1, x2, y2, . . . , xm, ym} for V ∗ with σ(yi) = yi+xi

and σ(xi) = xi for all i = 1, 2, . . . ,m. Generators for this ring of invariants are
given in Theorem 7.4.1. Here we will show that S is a separating subalgebra
where S is the subalgebra generated by the following invariants:

1. xi for i = 1, 2, . . . ,m.
2. NCp(yi) = yp

i − xp−1
i yi for i = 1, 2, . . . ,m.

3. uij = xjyi − xiyj for 1 ≤ i < j ≤ m.

Suppose then that v, w ∈ V and that f(v) = f(w) for all f ∈ S. Write
xi(v) = ai, yi(v) = bi , xi(w) = αi and yi(w) = βi for i = 1, 2, . . . , m.

First we consider the case where xi(v) = xi(w) = 0 for all i = 1, 2, . . . ,m.
Then Ni(v) = Ni(w) implies that bp

i = βp
i for all i. Thus 0 = bp

i−βp
i = (bi−βi)p

and therefore yi(v) = yi(w) for all i = 1, 2, . . . ,m. Thus v = w.
Thus we may assume that xk(v) = xk(w) �= 0 for some k with 1 ≤ k ≤ m.

Let W denote the kth copy of V2 (with basis dual to {xk, yk}). Since F[W ]Cp =
F[xk,NCp(yk)], we see that the two invariants xk and NCp(yk) separate Cp

orbits on W . In particular, since ak = αk and bk = βk, there must exist � with
0 ≤ � ≤ p − 1 such that (ak, bk) = σ� · (αk, βk) = (αk, βk − �αk).

Now ujk(v) = ujk(w) for all j �= k (where for ease of notation, we define
ujk := −ukj if j > k). Thus ajbk−akbj = αjβk−αkβj . But using bk = βk−�αk

we see that aj(βk − �αk) − akbj = αjβk − αkβj . Thus �αjαk + αkbj = αkβj .
Therefore, αk(bj − βj + �αj) = 0. Since αk �= 0 this yields bj = βj − �αj for
all j �= k. Therefore, v = σ�(w) ∈ Cpw.

If G is finite, we can give a constructive proof of Theorem 12.0.8. Suppose
G is a finite group of automorphisms of K[V ].

Consider the polynomial

F (t, z) :=
∏

σ∈G

(t −
n∑

i=1

σ(xi)zi) ∈ K[V ]G[t, z]

Theorem 12.0.10. The coefficients of F (t, z) form a finite separating set.

Proof. Suppose that each coefficient of F (t, z) takes the same value at u as
it does at v. Then F (t, z)(u) = F (t, z)(v) in the unique factorization domain
K[t, z]. Since t−

∑n
i=1 xi(u)zi is a factor of F (t, z)(u), it must also be a factor

of F (t, z)(v). Therefore, there exists τ ∈ G such that t −
∑n

i=1 xi(u)zi =
t−

∑n
i=1(τ ·xi)(v)zi. Hence

∑n
i=1 xi(u)zi =

∑n
i=1(τ ·xi)(v)zi and thus xi(u) =

xi(τ−1 · v) for all i = 1, 2, . . . , n. Hence u = τ−1(v) ∈ Gv. ��

Corollary 12.0.11. If G is a finite subgroup of GL(V ) then there exists
a finite separating set S = {f1, f2, . . . , fm} with deg(fi) ≤ |G| for all
i = 1, 2, . . . ,m.

Proof. The coefficients of F (t, z) separate and have degree at most |G|. ��
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12.1 Relation Between K[V ]G and Separating
Subalgebras

In this section, we prove a number of results that show that each separating
subalgebra is closely related to the full ring of invariants.

In [87, Lemma 3.4.2], the following result is proved for G any geometrically
reductive group. Here we suppose G is finite.

Lemma 12.1.1. Let G be a finite group and let R be a K-algebra equipped
with a G-action. Suppose f1, f2, . . . , fs ∈ RG and consider the ideal I =
(f1, f2, . . . , fs) of RG. If f ∈ (f1, f2, . . . , fs)R∩RG, then there exists a positive
integer t such that f t ∈ I.

Proof. The proof is by induction on s. If s = 1, then we may write f = f1h for
some h ∈ R. Since both f1, f ∈ RG, it follows that f = f1σ(h) for all σ ∈ G.
Thus

∏
σ∈G f =

∏
σ∈G f1σ(h) and therefore f |G| = f

|G|
1 N(h) ∈ f1R

G.
Now assume s ≥ 2 and that the result is true when I has s − 1 gen-

erators. Write R = R/fsR and for h ∈ R, denote by h the image of h

in R. Take f ∈ (f1, f2, . . . , fs)R ∩ RG. Then f ∈ (f1, f2, . . . , fs−1)R ∩ R
G

.
Thus by our induction hypothesis, there exists a positive integer t such that
f

t ∈ I = (f1, f2, . . . , fs−1)R
G

. Hence we may write f t =
∑s

i=1 fihi where
h1, h2, . . . , hs ∈ R and h1, h2, . . . , hs−1 ∈ R

G
. Therefore f t −

∑s−1
i=1 fihi =

fshs and f t −
∑s−1

i=1 fiσ(hi) = fsσ(hs) for all σ ∈ G. Hence
∏

σ∈G(f t −
∑s−1

i=1 fiσ(hi)) =
∏

σ∈G fsσ(hs). Thus f t|G|−f
|G|
s N(hs) ∈ (f1, f2, . . . , fs−1)R∩

RG. Applying the induction hypothesis again, there is a positive integer v

such that (f t|G| − f
|G|
s N(hs))v ∈ (f1, f2, . . . , fs−1)RG. Therefore f t|G|v ∈

(f1, f2, . . . , fs)RG. ��

Theorem 12.1.2. Suppose that S ⊂ K[V ]G is a graded separating subalgebra.
Then K[V ]G is integral over S.

Proof. Let I = S+ · K[V ] denote the ideal of K[V ] generated by S+ and let
J = K[V ]G+ · K[V ] denote the Hilbert ideal. Take any v ∈ V(I). Since S is a
separating set and since h(v) = 0 for h ∈ S+, it follows that f(v) = 0 for
all f ∈ K[V ]G+. Thus v ∈ V(J). Hence V(I) ⊆ V(J). Therefore

√
J ⊆

√
I.

In particular, K[V ]G+ ⊆
√

I ∩ K[V ]G. Take f ∈ K[V ]G+. Then, by the above,
f ∈

√
I. Therefore, there exists a positive integer m such that fm ∈ I∩K[V ]G.

By Lemma 12.1, there is a positive integer t with fmt ∈ S+K[V ]G. This
implies that the ring K[V ]G/S+K[V ]G has Krull dimension 0 and thus this
ring is a finite dimensional K vector space. Therefore by the graded Nakayama
lemma 2.10.1, we see that K[V ]G is a finitely generated S-module. This implies
that K[V ]G is integral over S. ��

In particular, we have the following result.
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Corollary 12.1.3. If S ⊂ K[V ]G is a graded separating subalgebra, then
dim S = dim K[V ]G.

Remark 12.1.4. It is possible to show (see [30][Corollary 3.2.5]) that the hy-
pothesis that S be graded is not required for the proof of Corollary 12.1.3
provided that G is reductive.

Note that the converse of Theorem 12.1.2 is not true as the following
example shows.

Example 12.1.5. Consider the two dimensional representation of the trivial
group, G = {e} over a field K. Take S = K[x, y2, x2y] ⊂ K[V ]G = K[x, y].
Since y = (x2y)/(x)2 ∈ Quot(S) and since y satisfies the monic equation T 2−
y2 ∈ S[T ], we see that y lies in the integral closure of S. Hence K[x, y] = K[V ]G

is the integral closure of S. Consider the two points u = (0, 1) and v = (0,−1).
Since x(u) = 0 = x(v) and y2(u) = 1 = y2(v) and x2y(u) = 0 = x2y(v) we see
that S does not separate u from v and thus S is not a separating subalgebra.

Theorem 12.1.6. Suppose G is finite and S ⊂ K[V ]G is a graded separating
subalgebra. Then the field Quot(K[V ]G) is a finite purely inseparable extension
of Quot(S).

Proof. Dual to the inclusion φ : S ↪→ K[V ]G is the morphism φ∗ : V//G →
Spec(S). In terms of ideals, this map is given by φ∗(P ) = P ∩ S for a prime
ideal P ∈ V//G = Spec(K[V ]G). Since φ is injective, φ∗ is dominant, i.e., its
image is dense in Spec(S). We claim that φ∗ is also injective.

First, we show it is injective on maximal ideals. Take two different maximal
ideals I and J of K[V ]G. The ideals I and J have height n = dim V . Hence
both VV (I) and VV (J) are zero dimensional subvarities of V , i.e., both these
varieties consist of a (non-empty) finite set of points of V . Write VV (I) =
{a1, a2, . . . , as} and VV (J) = {b1, b2, . . . , bt}. Since S separates, there exists
fi ∈ S with fi(ai) �= fi(b1) for all i = 1, 2, . . . , s. Define f :=

∏s
i=1(fi−fi(ai)).

Then f ∈ S with f(ai) = 0 for all i and f(b1) �= 0. Therefore, f ∈ S∩I = φ∗(I)
but f /∈ S ∩ J = φ∗(J) and φ∗(I) �= φ∗(J).

Now we use this to show that φ∗ is injective. Take any two different prime
ideals P and Q of K[V ]G. Assume, by way of contradiction, that φ∗(P ) =
φ∗(Q). Since the prime ideals P and Q are different, there exists (without loss
of generality) a maximal ideal I of K[V ]G containing P but not containing Q
(see for example [80][Theorem 5.5]).

Since φ∗(P ) = φ∗(Q) and P ⊂ I we have the chain of prime ideals φ∗(Q) ⊂
φ∗(I) in S. By Theorem 12.1.2, the “Going Up” Theorem (Theorem 2.5.2 (2))
applies here. Thus there exists a prime ideal J of K[V ]G such that Q ⊂ J and
J ∩ S = φ∗(I). By “Going Up” and “Going Down” (Theorem 2.5.2), since
I is maximal in K[V ]G, the ideal I ∩ S = J ∩ S is maximal in S and this
implies that J is maximal in K[V ]G. But then φ∗(I) = φ∗(J) implies that
I = J since φ∗ is injective on maximal ideals. However, Q ⊂ J and Q �⊆ I.
This contradiction shows that φ∗ is indeed injective.
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By [56, Theorem 4.6], since φ∗ is a dominant injective morphism, we have
that Quot(K[V ]G) is a finite purely inseparable extension of φ(Quot(S)) hence
also of Quot(S). ��

Remark 12.1.7. The above theorem is true even without the hypothesis that
S be graded. For a proof of this see [26, Proposition 2.3.10] or [30].

Definition 12.1.8. Let S be a subalgebra of K[V ]. If K has characteristic p
then we define the inseparable closure or p-root closure of S in K[V ], denoted
Ŝ by

Ŝ := {f ∈ K[V ] | ∃ t ∈ N with fpt

∈ S}.

For ease of notation, we define Ŝ = S when K has characteristic 0.

Proposition 12.1.9. Let S be a subalgebra of K[V ]G and suppose that Ŝ sep-
arates. Then S also separates.

Proof. If K has characteristic 0 then there is nothing to prove. Thus we sup-
pose that the characteristic of K is p > 0. Take u, v ∈ V and suppose that
h(u) = h(v) for all h ∈ S. Then 0 = (h(u) − h(v))pr

= hpr

(u) − hpr

(v) for
h ∈ S and all r ∈ N. Therefore f(u) = f(v) for all f ∈ Ŝ. Since Ŝ separates
this implies that u and v are K[V ]G-equivalent. Thus S separates. ��

Theorem 12.1.10. Let S be a graded separating subalgebra of K[V ]G. Then
̂̃
S = K[V ]G.

Proof. Since K[V ]G is integrally closed, we know that ̂̃
S ⊆ K[V ]G. For the

opposite inclusion, take f ∈ F[V ]G. Then Theorem 12.1.6 implies that fpr ∈
Quot(S) for some r ∈ N (use r = 0 and fpr

= f if K has characteristic 0).
Furthermore, by Theorem 12.1.2, fpr

is integral over S, and thus fpr ∈ S̃.

Thus f ∈ ̂̃
S. ��

Proposition 12.1.11. Let S be a subalgebra of K[V ]. Then ̂̃
S = ˜̂

S.

Proof. Take f ∈ ˜̂
S. Then f ∈ Quot(Ŝ) and f satisfies some equation zt +

ct−1z
t−1 + · · · + c0 = 0 where c0, c1, . . . , ct ∈ S. We must show that there

exists r ∈ N with fpr ∈ S̃. Write f = a/b where a, b ∈ Ŝ. Then there exists
�, m ∈ N with ap�

, bpm ∈ S. Take r ≥ max{�, m}. Then apr

, bpr ∈ S and
fpr

= apr

/bpr ∈ Quot(S). Furthermore, 0 = (f t + ct−1f
t−1 + · · · + c0)pr

=
(f t)pr

+ cpr

t−1(f
t−1)pr

+ · · · + cpr

0 = (fpr

)t + cpr

t−1(f
pr

)t−1 + · · · + cpr

0 with

cpr

0 , cpr

1 , . . . , cpr

t−1 ∈ S. Thus fpr ∈ S̃ which means that f ∈ ̂̃
S.

For the opposite inclusion, take f ∈ ̂̃
S. Then there exists r ∈ N with

h = fpr ∈ S̃. Write h = a/b with a, b ∈ S. Then bfpr

= a ∈ S. Thus (bf)pr

=
bpr−1(bfpr

) = bpr−1a ∈ S and hence bf ∈ Ŝ. Thus f = bf/b ∈ Quot(Ŝ).
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Furthermore, if h satisfies the monic equation zt +ct−1z
t−1 + · · ·+c0 = 0 with

c0, c1, . . . , ct ∈ S ⊂ Ŝ, then f satisfies the monic equation ztpr

+ct−1z
(t−1)pr

+

· · · + c0 = 0. Therefore, f ∈ ˜̂
S. ��

Remark 12.1.12. In fact, it can be shown that if S is a graded subalgebra of
F[V ]G where F is a field of characteristic p, then S separates if and only if
Ŝ = F[V ]G. For details see [50] or [27, Remark 1.3].

12.2 Polynomial Separating Algebras and Serre’s
Theorem

The ideal J := (f ⊗1−1⊗f | f ∈ K[V ]G) ⊂ K[V ]⊗K K[V ] plays a central role
in the proof of Theorem 12.0.8. We consider this ideal more carefully now.
This ideal corresponds to the reduced scheme having the same underlying
topological space as V ×V//G V . Following Dufresne we call this the separating
scheme and denote it by SG. Thus

SG = Spec(K[V ] ⊗K[V ]G K[V ]) .

We consider the map δ : K[V ] → K[V ]⊗K K[V ] defined by δ(f) = f ⊗ 1−
1 ⊗ f . For any subalgebra B ⊆ K[V ], we have

K[V ] ⊗B K[V ] ∼=
K[V ] ⊗K K[V ]

(δ(B))

and in particular,

K[V ] ⊗K[V ]G K[V ] ∼=
K[V ] ⊗K K[V ]
(δ(K[V ]G))

=
K[V ] ⊗K K[V ]

J
.

Theorem 12.2.1 ([30] Theorem 3.2.1). Let B be a subalgebra of K[V ]G.
Then B is a separating subalgebra if and only if

√
(δ(B)) =

√
(δ(K[V ]G).

Proof. We will exploit the fact that the radical of any ideal I is obtained by
taking the intersection of all maximal ideals containing I. Thus we need to
consider the maximal ideals of K[V ]⊗K K[V ]. These are precisely the ideals of
the form IV ×V {(u, v)} ∩ (K[V ] ⊗K K[V ]). (Recall that IV ×V {(u, v)} denotes
the maximal ideal of K[V ]⊗

K
K[V ] corresponding to a geometric point (u, v) ∈

V × V .)
The assertion that B is a separating subalgebra means that every pair

of points u, v ∈ V can be separated by invariants if and only if they can be
separated by elements of B. In terms of ideals, this can be stated as

IV ×V (u, v) ∩ (K[V ] ⊗K K[V ]) ⊇ δ(K[V ]G)

if and only if
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IV ×V (u, v) ∩ (K[V ] ⊗K K[V ]) ⊇ δ(B)

for all u, v ∈ V . Thus B is a separating subalgebra if and only if
√

(δ(B)) =√
(δ(K[V ]G)). ��

If G is a finite group, then the separating scheme is quite simple; it is a
union of |G| subspaces each of dimension n = dim V lying in V × V . Indeed,
take τ ∈ G and let Hτ denote the subspace Hτ := {(v, τ(v)) | v ∈ V } of
V × V .

Lemma 12.2.2. If G is a finite group, then

SG =
⋃

τ∈G

Hτ .

Proof. Since G is finite, the invariants will separate points not in the same
G-orbit by Theorem 12.0.3. Thus (u, v) ∈ SG if and only if IV ×V {(u, v)} ∩
(K[V ] ⊗K K[V ]) ⊇ δ(K[V ]G), if and only if v = τ(u) for some τ ∈ G, if and
only if (u, v) ∈ Hτ for some τ ∈ G. ��

A natural question is whether we may find separating subalgebras which
are better behaved than the full ring of invariants. In particular, when may
we find a polynomial subalgebra which separates? The following theorem an-
swers this question in characteristic 0 and gives a necessary answer in positive
characteristic.

Theorem 12.2.3. Let G be a finite group. If K[V ]G contains a graded separat-
ing algebra which is a polynomial ring, then the action of G on V is generated
by reflections.

Proof. Suppose B ⊆ K[V ]G is a graded polynomial separating algebra. By
Corollary 12.1.3, the algebra B has dimension n. Write B = K[f1, f2, . . . , fn].
Then (δ(B)) = (δ(f1), δ(f2), . . . , δ(fn)) has n generators and cuts out a variety
SG = ∪τ∈GHτ of codimension n in V × V . Thus δ(f1), δ(f2), . . . , δ(fn) is a
partial homogeneous system of parameters. Therefore

Spec(K[V ] ⊗B K[V ]) ∼= Spec
(

K[V ] ⊗K K[V ]
(δ(B))

)

is a complete intersection and hence is also Cohen-Macaulay. Therefore,
since K[V ]⊗K K[V ] is Noetherian, Hartshorne’s Connectedness Theorem, see
[51][Corollary 2.4], applies and we conclude from it that Spec(K[V ]⊗B K[V ])
is connected in co-dimension 1. Since Spec(K[V ] ⊗B K[V ]) and SG correspond
to the same underlying topological space, this means that SG is connected in
co-dimension 1.

Consider the two components He and Hσ of SG corresponding to the iden-
tity and an arbitrary element σ of G. Since SG is connected in co-dimension
1, there exists a sequence of components He = Hτ0 , Hτ1 , . . . , Hτs = Hσ
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such that Hτi−1 ∩ Hτi
has dimension n − 1 (i.e., codimension 1 in Hτi−1

and in Hτi
) for all i = 1, 2, . . . , s. Now (u, v) ∈ Hτi−1 ∩ Hτi

if and only if
τi−1(u) = v = τi(u), if and only if τ−1

i−1τi(u) = u and v = τi(u), if and only if

u ∈ V τ−1
i−1τi and v = τi(u). Therefore, Hτi−1 ∩Hτi

∼= V τ−1
i−1τi . This means that

dim V τ−1
i−1τi = dim Hτi−1 ∩ Hτi

= n − 1, i.e., τ−1
i−1τi is a reflection. Therefore,

σ = τs = τ0(τ−1
0 τ1)(τ−1

1 τ2) · · · (τ−1
s−1τs) expresses σ as a product of reflections

in G. ��

Remark 12.2.4. By Remark 12.1.4 we may omit the hypothesis of graded from
Theorem 12.2.3.

Corollary 12.2.5 (Serre’s Theorem). Let G be a finite group. If K[V ]G is
a polynomial ring, then the action of G on V is generated by reflections.

In characteristic zero, Theorem 12.1.10 shows that if S is a graded poly-
nomial separating subalgebra, then S = K[V ]G. In positive characteristic,
suppose F[V ]G = F[f1, f2, . . . , fn] is a polynomial ring. Then using Proposi-
tion 12.1.9, we see that S = F[fpr1

1 , fpr2

2 , . . . , fprn

n ] is a polynomial separating
subalgebra for all r1, r2, . . . , rn ∈ N. These two results together with Theo-
rem 12.2.3 suggest that perhaps whenever there is a polynomial separating
subalgebra, the ring of invariants itself is polynomial. The following example,
due to Dufresne [30] shows that this is not the case.

Example 12.2.6. In this example, we show that for positive characteristic, the
existence of a polynomial separating subalgebra, S ⊂ F[V ]G, does not nec-
essarily imply that F[V ]G is a polynomial ring. To see this, we consider Ex-
ample 11.0.3 from the point of view of separating invariants. We maintain
the notation from Example 11.0.3, although we will now denote the group of
order p3 by G. In that example, we computed the ring of invariants of a four
dimensional representation V of G, the elementary Abelian group of order p3

over a field F. We found that

F[V ]G = F[x1, f1, x2, f2, h]

where

f1 = yp2

1 − xp2−p
1 yp − xp2−p

1 yp
1 + xp2−1

1 y1,

f2 = yp2

2 − xp2−p
2 yp

2 − (xp
1 − x1x

p−1
2 )p−1(yp

2 − xp−1
2 y2) and

h = (xp−1
1 − xp−1

2 )(yp
1 − xp−1

1 y1) − xp−1
1 (yp

2 − xp−1
2 y2)

= xp−1
1 yp

1 − xp−1
2 yp

1 − x2p−2
1 yp

1 + xp−1
1 xp−1

2 y1 − xp−1
1 yp

2 + xp−1
1 xp−1

2 y2

with

hp − (xp−1
1 − xp−1

2 )pf1 + xp2−p
1 f2 − xp2−p

1 (xp−1
1 − xp−1

2 )p−1h = 0 .

We define f̃2, a perturbation of f2, as follows,
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f̃2 := f2 − (xp−1
1 − xp−1

2 )p−1h

and take S = F[x1, x2, f1, f̃2] = F[x1, x2, f1, f2]. Note that f̃2 is homogeneous
of the same degree as f2.

Then F[V ]G = F[x1, f1, x2, f̃2, h] = S[h] with

hp − (xp−1
1 − xp−1

2 )pf1 + (xp−1
1 )pf̃2 = 0 .

In particular, hp ∈ S and therefore h ∈ Ŝ. This shows that Ŝ = F[V ]G and
thus by Proposition 12.1.9, S is a separating subalgebra.

Since x1, x2, f1, f̃2 forms a homogeneous system of parameters, these ele-
ments are algebraically independent and thus S is a polynomial subalgebra of
F[V ]G which is also a separating algebra.

12.3 Polarization and Separating Invariants

Recall the polarization operators defined in §1.9. In this section, we prove a
surprising theorem relating separating invariants and polarization. This ma-
terial comes from the work of Draisma, Kemper and Wehlau [29].

Theorem 12.3.1. Suppose S is a separating subset of K[V ]G and let m ≥ 1.
Then Polm(S) is a separating subset of K[mV ]G. More generally, suppose S
is a separating subset of K[W1⊕W2⊕· · ·⊕Wr]G and that m1, m2, . . . , mr are
positive integers. Then Polm1,m2,...,mr(S) is a separating subset of K[m1 W1⊕
m2 W2 ⊕ · · · ⊕ mrWr]G.

Proof. We will prove the second assertion. Consider two points

v = (v(1)
1 , v

(1)
2 , . . . , v(1)

m1
, v

(2)
1 , v

(2)
2 , . . . , v(2)

m2
, . . . , v

(r)
1 , v

(r)
2 , . . . , v(r)

mr
),

w = (w(1)
1 , w

(1)
2 , . . . , w(1)

m1
, w

(2)
1 , w

(2)
2 , . . . , w(2)

m2
, . . . , w

(r)
1 , w

(r)
2 , . . . , w(r)

mr
)

of V where V = m1 W1 ⊕m2 W2 ⊕· · ·⊕mrWr. Suppose that g(v) = g(w) for
all

g ∈ Polm1,m2,...,mr(S) = ∪f∈S Polm1,m2,...,mr(f).

We need to show that this assumption implies that v and w lie in the same
G-orbit.

Take f ∈ S and for k = 1, 2, . . . , r and i = 1, 2, . . . ,mk, let λ
(k)
i denote an

indeterminate. Consider

f
( m1∑

i=1

λ
(1)
i v

(1)
i ,

m2∑

i=1

λ
(2)
i v

(2)
i , . . . ,

mr∑

i=1

λ
(r)
i v

(r)
i

)
=

∑

J

λJfJ(v(1)
1 , v

(1)
2 , . . . , v(r)

mr
)

where each fJ lies in Polm1,m2,...,mr(S). Therefore

fJ(v(1)
1 , v

(1)
2 , . . . , v(r)

mr
) = fJ(w(1)

1 , w
(1)
2 , . . . , w(r)

mr
)
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for all J and

f
( m1∑

i=1

λ
(1)
i v

(1)
i ,

m2∑

i=1

λ
(2)
i v

(2)
i , . . . ,

mr∑

i=1

λ
(r)
i v

(r)
i

)

= f
( m1∑

i=1

λ
(1)
i w

(1)
i ,

m2∑

i=1

λ
(2)
i w

(2)
i , . . . ,

mr∑

i=1

λ
(r)
i w

(r)
i

)
.

Now pick α ∈ K and substitute in the above λ
(k)
i by αi−1 for all k = 1, 2, . . . , r.

Thus

f
( m1∑

i=1

αi−1v
(1)
i ,

m2∑

i=1

αi−1v
(2)
i , . . . ,

mr∑

i=1

αi−1v
(r)
i

)

= f
( m1∑

i=1

αi−1w
(1)
i ,

m2∑

i=1

αi−1w
(2)
i , . . . ,

mr∑

i=1

αi−1w
(r)
i

)
.

Since this holds for all f in the separating set S, there must exist σα ∈ G such
that

σα

( m1∑

i=1

αi−1v
(1)
i ,

m2∑

i=1

αi−1v
(2)
i , . . . ,

mr∑

i=1

αi−1v
(r)
i

)

=
( m1∑

i=1

αi−1w
(1)
i ,

m2∑

i=1

αi−1w
(2)
i , . . . ,

mr∑

i=1

αi−1w
(r)
i

)
.

Now to each α ∈ K, we have associated an element σα of G. Let t :=
max{m1, m2, . . . , mr}. Choose τ ∈ G such that there exist α1, α2, . . . , αt dis-
tinct elements of K with σαs

= τ for all s = 1, 2, . . . , t.
Thus we have τ

(∑mk

i=1 αi−1
s v

(k)
i

)
= (

∑mk

i=1 αi−1
s w

(k)
i

)
for all 1 ≤ s ≤ t and

1 ≤ k ≤ r. Writing this in matrix terms we have
⎛

⎜
⎜
⎜
⎝

1 α1 α2
1 . . . αmk−1

1

1 α2 α2
2 . . . αmk−1

2
...

...
...

...
1 αmk

α2
mk

. . . αmk−1
mk

⎞

⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎝

τ(v(k)
1 ) − w

(k)
1

τ(v(k)
2 ) − w

(k)
2

...
τ(v(k)

mk) − w
(k)
mk

⎞

⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

0
0
...
0

⎞

⎟
⎟
⎟
⎠

for all 1 ≤ k ≤ r. Since the square matrix is a Vandermonde matrix with
determinant

∏
1≤i<j≤j(αj − αi) �= 0, we see that τ(v(k)

i ) − w
(k)
i = 0 for all

1 ≤ i ≤ mk and 1 ≤ k ≤ r. Thus τ(v) = w. ��

Example 12.3.2. We consider the representation 3V2 of C3 over a field F of
characteristic 3. By Theorem 1.11.2, we know that F[V2]C3 = F[N, x] where V ∗

2

has triangular basis {x, y} and N = N(y) = y3−x2y. Let {x1, y1, x2, y2, x3, y3}
be a triangular basis for (3 V2)∗ and consider the Pol3({x,N}). Clearly,
Pol(x) = {x1, x2, x3}. To compute Pol(N), we consider
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(λ1y1 + λ2y2 + λ3y3)3 − (λ1x1 + λ2x2 + λ3x3)2(λ1y1 + λ2y2 + λ3y3)

= λ3
1N1 + λ3

2N2 + λ3
3N3 + λ2

1λ2x1u12 + λ2
1λ3x1u23 − λ1λ

2
2x2u12

− λ1λ
2
3x3u13 + λ2

2λ3x2u23 − λ2λ
2
3x3u23 − λ1λ2λ3(x2u13 + x1u23)

where Ni = N(yi) and uij = xiyj − xjyi for 1 ≤ i < j ≤ 3. Thus
Pol(N) = {N1, N2, N3} ∪ {xkuij | k = 1, 2, 3, 1 ≤ i < j ≤ 3}. Therefore
by Theorem 12.3.1, we see that the set A = {x1, x2, x3, N1, N2, N3}∪ {xkuij |
k = 1, 2, 3, 1 ≤ i < j ≤ 3} is a separating set for the action of C3 on 3V2.

Note that u3
12 = x3

2N1 − x3
1N2 + (x1x2)2u12 and thus we see that u12 ∈

Ŝ where S is the F-algebra generated by the separating set A. Similarly,
u13, u23 ∈ Ŝ.

Comparing Example 1.13.3 with Theorem 12.1.10 we see that the four
other generators of F[3 V2]C3 ,

TrC3(y2
1y2

2y3), TrC3(y2
1y2y

2
3), TrC3(y1y

2
2y2

3)

and
TrC3(y2

1y2
2y

2
3)

also lie in ̂̃
S.
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Using SAGBI Bases to Compute Rings of
Invariants

In [98], Shank constructed generating sets, in fact, SAGBI bases, for the rings
F[V4]Cp and F[V5]Cp for all primes p ≥ 5. Of course, for the primes p = 2, 3,
the corresponding actions are actions of Cp2 or Cp3 , not Cp. The rings of
invariants F[V4]C4 , F[V4]C9 , F[V5]C8 and F[V5]C9 are all easily computed by
computer, for example, using MAGMA.

We explain here the method used in [98]. This is a method used to con-
firm that a conjectural set of generators does indeed generate the full ring of
invariants. In theory, this method will work for any ring of invariants F[V ]G

provided we can compute a closed form for its Hilbert series, H(F[V ]G, λ).
Currently, for modular groups, there is only a formula for H(F[V ]G, λ) for
those groups G for which p2 does not divide |G| (and for permutation repre-
sentations). This formula is described in [55].

We begin with a simple example to illustrate the main ideas.

Example 13.0.1. Let G = Cp, V = V2 ⊕ V2 and let F be any field of charac-
teristic p. We choose a generator σ of Cp and a basis {x1, y1, x2, y2} for V ∗

such that σ(xi) = xi and σ(yi) = yi + xi for i = 1, 2. We want to show that
F[V ]G = F[x1, x2, u, N1, N2] where u = x2y1 −x1y2, and Ni = yp

i −xp−1
i yi for

i = 1, 2.
The method of Hughes and Kemper gives

H(F[V ]G, λ) =
(1 − λ2)p

(1 − λ2)(1 − λ)2(1 − λp)2
.

We declare that x1 < y1 < x2 < y2 and work with the resulting graded
reverse lexicographic ordering on the monomials of F[V ] = F[x1, y1, x2, y2].
With this ordering we have LM(xi) = xi, LM(Ni) = yp

i for i = 1, 2 and
LM(u) = x2y1.

We define T := F[x1, N1, x2, N2, u]. It is easily verified that these five
functions are all invariants and therefore, T ⊂ F[V ]G. We want to show that
T is the full ring of invariants. We consider the monomial algebras Q :=
F[x1, y

p
1 , x2, y

p
2 , x2y1] ⊆ LT(T ) and A := F[x1, y

p
1 , x2, y

p
2 ]. Since x1, y

p
1 , x2, y

p
2 is
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a homogeneous system of parameters for F[V ], we see that Q must be a finite
A-module.

It is not too difficult to see that Q =
∑p−1

i=0 A (x2y1)i, but rather than
prove this directly we consider M :=

∑p−1
i=0 A (x2y1)i as an A-submodule of

Q. It is clear that M is a free A-module: M = ⊕p−1
i=0 A (x2y1)i. Thus

H(M,λ) =
p−1∑

i=0

H(A (x2y1)i, λ)

=
p−1∑

i=0

H(A, λ)λ2i

=
1

(1 − λ)2(1 − λp)2

p−1∑

i=0

λ2i

= H(F[V ]G, λ).

Thus we have the chain of inclusions M ⊆ Q ⊆ LT(T ) ⊆ LT(F[V ]G). But
since H(F[V ]G, λ) = H(LT(F[V ]G), λ), we have H(M,λ) = H(F[V ]G, λ), and
therefore, M = Q = LT(T ) = LT(F[V ]G). In particular, the monomials in M
form a vector space basis for the vector space of lead terms of F[V ]G. Since the
monomials in M are generated multiplicatively by x1, x2, yp

1 = LT(N1), yp
2 =

LT(N2) and x2y1 = LT(u), we have, in fact, proved that {x1, x2, N1, N2, u} is
a SAGBI basis (and hence a generating set) for F[V ]G.

There are some features of Example 13.0.1 that make the computation
simpler than it is in general. These include the fact that the natural minimal
algebra generating set is already a SAGBI basis and the fact that monomial
algebra Q is a free A-module in the example. In particular, this second fact
made the calculation of H(M,λ) particularly easy. We will have to account
for less well behaved algebras in the general case.

Having seen this first example we proceed to describe the method in gen-
eral. Suppose then that we have a closed expression for H(F[V ]G, λ). The first
step is to somehow guess a finite set of invariants B which is a SAGBI basis
for F[V ]G. The method then gives a way to use the knowledge of H(F[V ]G, λ)
to prove that B is indeed a SAGBI basis for F[V ]G.

Consider the algebra T generated by the elements of B and the algebra Q
generated by the set of monomials {LM(f) | f ∈ B}. Clearly Q ⊆ LT(T ). Let
n denote the Krull dimension of F[V ]. We choose n invariants f1, f2, . . . , fn

in F[V ]G such that a1, a2, . . . , an forms a homogeneous system of parameters
for F[V ] where ai = LM(fi) for i = 1, 2, . . . , n. Then Q (and T ) is a finitely
generated A-module and so there exists a finite set Γ0 ⊂ Q such that

Q =
∑

h∈Γ0

A · h .

We wish to find such a set Γ0. We choose a finite subset Γ of Q and consider
the A-module, M , generated by Γ :
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M :=
∑

h∈Γ

A · h .

Thus we have M ⊆ Q ⊆ LT(T ) ⊆ LT(F[V ]G. If we can show M = LT(F[V ]G),
then we will have shown that B and also Γ ∪ {a1, a2, . . . , an} is a SAGBI
basis for F[V ]G. Since M ⊆ LT(F[V ]G), it suffices to show that H(M,λ) =
H(LT(F[V ]G), λ). But since H(LT(F[V ]G), λ) = H(F[V ]G, λ), our goal is to
prove that H(M,λ) = H(F[V ]G, λ).

Since we have a closed expression for H(F[V ]G, λ), we need to compute
H(M,λ) from knowledge of Γ . This computation is at the heart of this
method. We exploit the fact that M is an A-module and A is generated by
monomials. We first decompose M into a direct sum of certain A-submodules
and then proceed to compute the Hilbert series for each of these submod-
ules.

We illustrate the entire method by computing a generating set for F[V4]C11 .
This example displays essentially all of the details involved in computing
F[V4]Cp for general p.

Example 13.0.2. We write R := F[V4]C11 where F is a field of characteristic 11.
We take the triangular basis {x, y, z, w} of V4 where σ(x) = x, σ(y) = y + x,
σ(z) = z + y and σ(w) = w + z. Again, we use the reverse lexicographic
ordering with x < y < z < w. Thus by Theorem 5.2.4, there is indeed a finite
SAGBI basis for F[V4]C11 .

We begin by choosing h1 = x, h2 = d = y2 − 2xz − xy, h3 = Tr(wp−1) =
Tr(w10) = z10 + . . . and h4 = N(w) = w11 + . . .. Then the corresponding lead
terms a1 = x, a2 = y2, a3 = z10, a4 = w11 do indeed form a homogeneous
system of parameters for F[V ]. There are two more integral invariants:

e := y3 − 3xyz + x2 and

f := 3z2y2 − 6wy3 − 3zy3 − y4 − 8z3x + 18wzyx + 6z2yx + 9wy2x + 9zy2x

+ 2y3x − 9w2x2 − 18wzx2 − 12z2x2 − 3wyx2 − 6zyx2 − y2x2.

We make the “guess” that the set B comprised of the following twenty-four
invariants is a SAGBI basis for R.

(0) h1, h2, h3, h4

(1) e, f
(2) Tr(ziw10) for 1 ≤ i ≤ 9
(3) Tr(ziw5) for 3 ≤ i ≤ 9
(4) Tr(wi) for 7 ≤ i ≤ 9
(5) Tr(z2wi) for 7 ≤ i ≤ 9

In reality, the corresponding guess for general p was motivated by computer
experiments with small values of p.

Using Lemma 9.0.2 it is not too hard to show that the corresponding lead
monomials are
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(0) x, y2, z10, w11

(1) y3, y2z2

(2) z10+i for 1 ≤ i ≤ 9
(3) yz8+i for 3 ≤ i ≤ 9
(4) y10−iz2i−10 for 7 ≤ i ≤ 9
(5) y10−jz2j−8 for 7 ≤ j ≤ 9

We take A := F[x, y2, z10, w11] and consider R as an A-module. Now we
wish to guess our set Γ of A-module generators for R. We take Γ1 to be the
above listed monomials excepting x, y2, z10, w11 which, of course, lie in A.
Thus Γ1 consists of 24 monomials. To form Γ , we add four more monomials:

(6) 1
(7) yz19 = LM(Tr(zw10)Tr(w9)) = LM(Tr(zw10)) LM(Tr(w9))
(8) y4z4 = LM(f2) = LM(f)2

(9) y5z2 = LM(ef) = LM(e) LM(f)

Note that each of these four extra monomials lies in LT (F[B]).
We let M denote the A-module generated by the twenty-eight monomials

of Γ . We will show, using their Hilbert series, that M = LT(F[V4]C11) and
thus that Γ ∪ {x, y2, z10, w11} generate LT(F[V4]C11) as an algebra.

We are faced with the problem of calculating H(M,λ). In Example 13.0.1,
this was easily done because M was a free A-module. Here this is definitely
not the case. We proceed by decomposing M into a direct sum of simpler
A-modules as follows. For a, b ∈ N we define

M(a,b) := spanF {xiyjzkw� | j ≡ a (mod 2) and k ≡ b (mod 10)} .

Then each M(a,b) is an A-module and

M = ⊕1
a=0 ⊕9

b=0 M(a,b) ,

and therefore,

H(M,λ) =
1∑

a=0

9∑

b=0

H(M(a,b), λ) . (13.0.1)

Thus we have reduced to finding the Hilbert series of the simpler A-modules,
M(a,b).

Writing each of the twenty-eight module generators for M in the form
xiyjzkw�, we note that i and � are always zero. It is clear that for an A-
module generator, i must be zero since x ∈ A. There are deeper reasons why
we always find � = 0. This is related to our choice of w as the greatest variable
in our triangular basis.

We begin by sorting these twenty-eight A-module generators of M accord-
ing to the parity of j and the residue class of k modulo 10.
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k mod 10

0 1 2 3 4 5 6 7 8 9

0 1 y2z2 y4z4 y2z6 y2z8

j mod 2 z11 z12 z13 z14 z15 z16 z17 z18 z19

1 y3 y5z2 y3z4 y3z6 yz8

yz10 yz11 yz12 yz13 yz14 yz15 yz16 yz17 yz19

Thus M(j,k) is cyclic for j = 0, 1 and k odd. Therefore H(M(j,k), λ) =
H(A, λ)λ10+k+j for j = 0, 1 and k odd. Also H(M(0,0), λ) = H(A, λ) and
H(M(1,8), λ) = H(A, λ)λ9. For the other values of (j, k), the A-module M(j,k)

has exactly two generators and is not a free A-module.
Suppose M(j,k) is minimally generated by the two monomials m1 = ya1zb1

and m1 = ya2zb2 . Note that m1 cannot divide m2 nor can m2 divide m1 since
both are required as generators of M(j,k). For concreteness, we suppose that
a1 < a2 (and then b1 > b2). We can resolve M(j,k) by free A-modules by the
following exact sequence:

0 −→ Aβ
Ψ0−→ Aα1 ⊕ Aα2

Ψ1−→ M(j,k) −→ 0

with Ψ0(β) = ya2−a1α1 − zb1−b2α2 and Ψ1(α1) = m1 and Ψ1(α2) = m2 . We
make this exact sequence graded by declaring that α1 has the same degree as
m1, that α2 has the same degree as m2 and that β has the same degree as
ya2zb1 . Then by the additivity of Hilbert series H(·, λ) we find that

H(M(j,k), λ) = −H(Aβ, λ) + H(Aα1 ⊕ Aα2, λ)

= −H(A, λ)λa2+b1 + H(A, λ)λa1+b1 + H(A, λ)λa2+b2

= H(A, λ)(−λa2+b1 + λa1+b1 + λa2+b2)

As an example, consider M(1,2) which is generated by m1 = yz12 and
m2 = y5z2. We can resolve M(1,2) by free A-modules as follows:

0 −→ Aβ
Ψ0−→ Aα1 ⊕ Aα2

Ψ1−→ M(1,2) −→ 0

with Ψ0(β) = y4α1 − z10α2 and Ψ1(α1) = yz12 and Ψ1(α2) = y5z2 .
Thus H(M(1,2), λ) = H(A, λ)(−λ17 + λ13 + λ7).
This argument yields the following Hilbert series:

H(M(1,0), λ) = H(A, λ)(−λ13 + λ11 + λ3),

H(M(0,2), λ) = H(A, λ)(−λ14 + λ12 + λ4),

H(M(1,2), λ) = H(A, λ)(−λ17 + λ13 + λ7),

H(M(0,4), λ) = H(A, λ)(−λ18 + λ14 + λ8),

H(M(1,4), λ) = H(A, λ)(−λ17 + λ15 + λ7),
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H(M(0,6), λ) = H(A, λ)(−λ18 + λ16 + λ8),

H(M(1,6), λ) = H(A, λ)(−λ19 + λ17 + λ9),

H(M(0,8), λ) = H(A, λ)(−λ20 + λ18 + λ10).

Using Equation (13.0.1) we have the following calculation of H(M,λ).
First, let

q(λ) = (1+λ3+λ4+2λ7+2λ8+2λ9+λ10+2λ11+2λ12+λ13+λ14+2λ15+2λ16) .

Then

H(M,λ) = q(λ)H(A, λ)

=
q(λ)

(1 − λ)(1 − λ2)(1 − λ10)(1 − λ11)
.

Simplifying this yields

H(M,λ) =
1 + λ3 + λ7 + λ8 + 2λ9 + 2λ10

(1 − λ)(1 − λ2)(1 − λ4)(1 − λ11)

=
1 − 2λ + 2λ2 − λ3 + λ4 − 2λ5 + 2λ6

(1 − λ)3(1 − λ11)

= H(F[V4]C11 , λ).

Thus the monomials generated by the elements of Γ∪{x, y2, z10, w11} form
a vector space basis for LT (F[V4]C11) and so B is a SAGBI basis (and thus a
generating set) for F[V4]C11 .

As stated above, this method works entirely similarly to verify a SAGBI
basis for F[V4]Cp for general p ≥ 5. The reader may see all the details in [98]
from which this example was adapted.
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Ladders

We consider a group G with a normal subgroup N . If σ ∈ G and τ ∈ N , then
τσ = στ ′ for some τ ′ ∈ N by normality. Therefore for f ∈ F[V ]N , we have
τ · (σ · f) = τσ · f = στ ′ · f = σ · f and thus σ · f ∈ F[V ]N . This shows that G
acts on F[V ]N . Clearly (F[V ]N )G = F[V ]G. Since N acts trivially on F[V ]N ,
in fact, G/N acts on F[V ]N and (F[V ]N )G/N = F[V ]G. We have seen this in
detail in Lemma 1.10.1.

This description suggests that we may compute F[V ]G by first computing
F[V ]N and then computing the G/N invariants in the ring of F[V ]N . Thus
we may work with the two smaller groups N and G/N . In characteristic zero,
this method is very powerful. See for example the work of Littelmann [76],
Popov [89], Wehlau [110].

A major difficulty with this technique is that we must find the invariants
of the G/N action on a ring which is usually not a polynomial ring. If G/N is
a linearly reductive group, then this difficulty can be surmounted by replacing
F[V ]N by a polynomial ring as follows. The space of decomposable invariants,
D := (F[V ]N+ )2 is a G/N -stable ideal in F[V ]N . If G/N is linearly reductive,
we may choose a G/N stable complement, Q to D:

F[V ]N = D ⊕ Q.

A set {f1, . . . , fr} of N -invariants is a generating set for F[V ]N if and only if
the images

{
f1, . . . , fr

}
span F[V ]N/D. Thus we may choose generators for

F[V ]N by taking a basis {f1, . . . , fm} of Q. We then consider the dual of Q, Q∗

as a G/N representation space. More precisely, we introduce indeterminates
y1, . . . , ym of degree 1 and define a G/N action on F[y1, . . . , ym] as follows.
For σ ∈ G/N we put

σ · yi =
m∑

j=1

ασ
i,jyj

where ασ
i,j ∈ F is defined by
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σ · fi =
m∑

j=1

ασ
i,jfj .

The point here is that F[y1, . . . , ym] is a polynomial ring of Krull dimension m
whereas there are usually algebraic relations among the functions f1, . . . , fm.
There is a natural G/N -equivariant algebra surjection

ρ : F[W ] ∼= F[y1, . . . , ym] → F[f1, . . . , fm] = F[V ]N

carrying yi to fi where W ∼= Q is the m dimensional G/N -representation
dual to span

F
{y1, . . . , ym}. Since G/N is linearly reductive, ρ restricts to the

algebra surjection

ρG/N : F[W ]G/N ∼= F[y1, . . . , ym]G/N → F[f1, . . . , fm]G/N = F[V ]G.

Thus to compute F[V ]G, it suffices to compute F[V ]N and F[W ]G/N .
If G/N is not reductive, the above programme requires two modifications.

The first change is not too difficult. The construction of W must be done more
carefully. It no longer suffices to lift a minimal generating set f1, . . . , fm of
F[V ]N . We require a set of generators h1, . . . , hr whose span is a G/N stable
vector space. To do this, we begin with a set of generators (which need not
be minimal), {f1, . . . , fm} for F[V ]N . We define Q̃ to be the vector space

Q̃ := span
F
{σ · fi | σ ∈ G, i = 1, . . . ,m}

and choose a vector space basis h1, . . . , hr for Q̃. Then we use indeterminates
y1, . . . , yr as before: for σ ∈ G, we define

σ · yi =
r∑

j=1

ασ
i,jyj

where

σ · hi =
r∑

j=1

ασ
i,jhj .

Thus F[W ] = F[y1, . . . , yr] where W ∼= Q̃. Since this construction produces
a larger G/N -module W than in the reductive case, the computation of
F[W ]G/N may be expected to be correspondingly harder.

The second difficulty we must overcome, if G/N is not reductive, is more
serious. Although

ρ : F[y1, . . . , ym] → F[f1, . . . , fm] = F[V ]N

is an algebra surjection, the restriction

ρG/N : F[y1, . . . , ym]G/N → F[f1, . . . , fm]G/N = F[V ]G

is usually not surjective.
Before discussing how to deal with this, we give an example of an algebra

surjection whose restriction is not surjective.
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Example 14.0.1. We take F a field of characteristic p and G = Cp with gener-
ator σ. With F[V2] = F[x, y] and F[V1] = F[u] we have σ · y = y + x, σ · x = x
and σ · u = u. Consider the surjective algebra homomorphism

ρ : F[V2] → F[V1]

given by ρ(y) = u and ρ(x) = 0.
This surjection is Cp-equivariant since

σ · ρ(y) = σ · u = u = ρ(y + x) = ρ(σ · y) and
σ · ρ(x) = σ · 0 = 0 = ρ(σ · x).

However, at the level of invariants, the map is not surjective:

ρCp : F[V2]Cp = F[yp − xp−1y, x] → F[V1] = F[u]

where ρCp(yp − xp−1y) = up and ρCp(x) = 0.

Now we return to the question of overcoming this difficulty. We use group
cohomology to measure the extent to which ρG/N fails to be surjective.

14.1 Group Cohomology

A good reference for group cohomology may be found in Benson’s book [8].
We will very briefly recall the definitions needed for cyclic groups. Let G = Cm

be a cyclic group of order m with generator σ. Define two maps, Tr and Δ
by Tr(x) = x + σ(x) + σ2(x) + · · · + σm−1(x) and Δ(x) = σ(x) − x. With
this notation we construct a periodic projective resolution of the trivial Cm-
module, F as follows. Put Fi

∼= FG for all i and define ∂i : Fi → Fi−1 by

∂i =

{
Δ if i is odd,
Tr if i is even.

Thus we have

· · · Tr→ FG
Δ→ FG

Tr→ FG
Δ→ FG

Tr→ FG
Δ→ FG

with F0/Im(∂1) = FG/Im(Δ) ∼= F.
Applying the functor HomFG(·, M) and taking the cohomology of the re-

sulting complex we get

H0(Cm; M) = Kernel(Δ|M ) = MCm ,

H1(Cm; M) =
Kernel(Tr |M )

Im(Δ|M )
,

H2(Cm; M) =
Kernel(Δ|M )

Im(Tr |M )
,
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and, for i > 0, H2i+1(Cm; M) = H1(Cm; M) and H2i(Cm; M) = H2(Cm; M).
Since the cohomology functor is additive, we see that a Cm-module de-

composition of M gives a vector space decomposition of Hi(Cm; M) in terms
of H i(Cm; V ) with V indecomposable.

We now specialize to the case where m = p, is the characteristic of F. By
the above, we see that it is important to understand H i(Cp; Vn). The reader
may wish to refer back to §7.1. Consider any triangular basis {e1, e2, . . . , en}
of Vn.

Clearly H0(Cp; Vn) is a one dimensional vector space spanned by e1. Using
the fact that Δp−1 = (σ − 1)p−1 =

∑p−1
�=0 σ� = Tr, we see that

H1(Cp; Vp) = H2(Cp; Vp) = 0

while, for n < p, we have

H1(Cp; Vn) = {en} and

H2(Cp; Vn) = {e1} .

The first equality follows since Δ(Vn) = Vn−1 and Tr(Vn) = {0}. The second
equality follows similarly since e1 spans Kernel(Δ) and Im(Tr |Vn

) = 0.

14.2 Cohomology and Invariant Theory

Recall the situation at the beginning of this chapter with G/N acting on
F[V ]N . Choose a set of generators {f1, f2, . . . , fm} for F[V ]N and a polynomial
algebra A = F[y1, y2, . . . , ym] equipped with a G/N -action such that the map
ρ : A → F[V ]N given by ρ(yi) = fi is G/N equivariant. We recall the notation
W for the representation of G/N given by {y1, y2, . . . , ym} so that A = F[W ].

We let J denote the ideal in A which is the kernel of ρ. The short exact
sequence of A-modules

0 → J
γ−→ A

ρ−→ F[V ]N → 0

induces a long exact sequence in group cohomology

0 → JG/N γG/N

→ AG/N ρG/N

→ F[V ]G δ→ H1(G/N ; J)
γ1

→ H1(G/N ; A)
ρ1

→ . . . .

Of course, all the maps in this long exact sequence are AG/N -module maps.
From the sequence, we see that

F[V ]G

ker(δ)
∼= Im(δ)

and therefore, we have the following isomorphisms of vector spaces.

F[V ]G ∼= ker(δ) ⊕ Im(δ) ∼= Im(ρG/N ) ⊕ ker(γ1).
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This shows that F[V ]G is generated by module generators of the two F[W ]G/N -
modules: Im(ρG/N ) and ker(γ1).

Therefore, in order to find a generating set for F[V ]G in this situation,
we have the additional work of computing F[W ]G/N -module generators of
ker(γ1). In practice, in our experience, doing so is a hard problem. Indeed,
even computing H1(G/N ; J) and H1(G/N ; F[W ]) seems impractical unless
G/N is cyclic.

We finish this section by giving three examples.

Example 14.2.1. We let F denote the finite field of order p2 and we choose an
element ω ∈ F with ω not in the prime field Fp. Thus w generates F over Fp.
We consider the subgroup of GL(3, F) generated by the three matrices.

σ−1 =

⎛

⎝
1 0 0
1 1 0
0 1 1

⎞

⎠ , τ−1 =

⎛

⎝
1 0 0
0 1 0
ω 0 1

⎞

⎠ , μ−1 =

⎛

⎝
1 0 0
0 1 0
1 0 1

⎞

⎠ ,

Then G is a group of order p3. Let V denote the three dimensional F vector
space on which G is acting and let {x, y, z} denote the basis of V ∗ dual to the
ordinary basis.

Let H be the subgroup of order p2 generated by σ and μ. Since the index
of H in G is p, H is normal in G. Note that H is a Nakajima group and thus
we have

F[V ]H = F[x,NH(y), NH(z)] = F[x, y, zp2
− xp2−1z].

Hence the space of indecomposables Q(F[V ]H) = (F[V ]H+ )/(F[V ]H+ )2 is a three
dimensional vector space with basis the images of

{
x, y, zp2

− xp2−1z
}

in the quotient.
Now we consider the action of G/H ∼= Cp on Q(F[V ]H). The image of τ

generates G/H, and we write Δ := τ − 1. Then Δ(x) = 0, Δ(y) = x and
Δ(NH(z)) = yp2 − xp2−1y. Hence Q is not Cp stable and so we extend Q to
the four dimensional space Q̃ with basis

{y, x, yp2
− xp2−1y, zp2

− xp2−1z}.

Dualizing and lifting we take W = V2 ⊕ V2.
We define A := F[W ] = F[X1, Y1, X2, Y2] where Δ(Xi) = 0 and Δ(Yi) =

Xi for i = 1, 2. Define ρ : A → F[V ]H by ρ(Y1) = y, ρ(X1) = x, ρ(Y2) = NH(z)
and ρ(X2) = Δ(ρ(Y2)) = yp2 − xp2−1y. Then ρ is a Cp-equivariant algebra
surjection.

The short exact sequence of A-modules

0 → J
γ−→ A

ρ−→ F[V ]H → 0
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induces a long exact sequence in group cohomology

0 → JG/H γG/H

→ AG/H ρG/H

→ F[V ]G δ→ H1(G/H; J)
γ1

→ H1(G/H; A)
ρ1

→ . . . .

We will show that ρG/N is surjective. By exactness, this is equivalent to show-
ing that γ1 : H1(G/H; J)→H1(G/H; A) is injective.

Define N := Y p2

1 − Xp2−1
1 Y1. Then the kernel of ρ, J , is the principal

ideal generated by Y p2

1 − Xp2−1
1 Y1 − X2 = N − X2. We write [f ]A to denote

the cohomology class in H1(G/H; A) represented by f ∈ A. Similarly, [f ]J
denotes the cohomology class in H1(G/H; J) represented by f ∈ J .

Suppose [f ′(X2−N)]J ∈ ker γ1. Since [f ′(X2−N)]A = 0, we have f ′(X2−
N) ∈ Δ(A) and so we may write f ′(X2 − N) = Δ(f) for some f ∈ A.
Dividing f by N considered as a polynomial in Y1 we have f = qN + r where
degY1

(r) < p2. Similarly, f ′ = q′N + r′ where degY1
(r′) < p2. Thus

f ′(N − X2) = Δ(f) = Δ(q)N + Δ(r) and
f ′(N − X2) = (q′N + r′)(N − X2) = N(q′N + r′ − X2) − r′X2.

Thus q′N + r′ − X2 = Δ(q) ∈ Δ(A). Hence

f ′ = q′N + r′ = Δ(q + Y2) ∈ Δ(A) and thus,
f ′(N − X2) = Δ((q + Y2)(N − X2)) ∈ Δ(J).

Therefore, [f ′(N − X2)]J = 0 and thus γ1 is injective.
This shows that ρG/N : ACp → F[V ]G is surjective. We define

f1 = x,

f2 = NG(y) = yp − xp−1y,

f3 = ρ(X2Y1 − X1Y2)

= x(zp2
− xp2−1z) − (yp2

− xp2−1y)y

= yp2+1 − xzp2
− xp2−1y2 + xp2

z, and

f4 = NG(z) = zp3
+ . . .

Then F[V ]G is generated by

ρ(X1) = x = f1, ρ(X2) = yp2
− xp2−1y = fp

2 + fp2−p
1 f2,

ρ(NCp(Y1)) = f2, ρ(X1Y2 − X2Y1) = f3, and

ρ(NCp(Y2)) = f4.

Hence F[V ]G = F[f1, f2, f3, f4].

Example 14.2.2. Consider the matrix
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σ−1 =

⎛

⎝
1 0 0
1 1 0
0 1 1

⎞

⎠

acting on the three dimensional vector space V3 over F of characteristic 2.
It is easy to see that σ generates a cyclic group, G, of order 4, and we

write F[V3] = F[x, y, z]. Then

σ · x = x,

σ · y = y + x, and
σ · z = z + y.

We consider the normal subgroup N of G generated by σ2. We see immediately
that as FN -modules, V3

∼= V2⊕V1, where V2 has basis {x, z} and V1 has basis
{y}. Therefore, as FN -modules, we have

F[V3] = F[V2] ⊗ F[V1] = F[x, z] ⊗ F[y].

Therefore,
F[V3]N ∼= F[V2 ⊕ V1]N = F[x, z2 − xz, y].

Thus the space of indecomposables Q(F[V3]N ) = F[V3]N+/(F[V3]N+ )2 is the
three dimensional vector space with basis {x, y, z2 + xz}. Next, we consider
the action of G/N ∼= C2 on Q(F[V3]N ). Let τ denote a generator of G/N .
Then

τ · x = x,

τ · y = y + x, and

τ · (z2 + xz) = z2 + xz + y2 + xy.

Hence the abstract vector space span
F
{x, y, z2+xz, z2+xz} is not G/N stable

and we must instead consider the abstract 4 dimensional space, Q̃, with basis

{x, y, z2 + xz, y2 + xy}

which is G/N -stable since τ ·(y2 +xy) = y2 +xy. We dualize and lift to obtain
W ∼= V2 ⊕ V2 and we write

F[W ] = F[a1, b1, a2, b2]

where

τ · ai = ai, and
τ · bi = bi + ai

Define
ρ : F[W ] → F[V3]N
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by

ρ(a1) = x,

ρ(b1) = y,

ρ(a2) = y2 + xy, and

ρ(b2) = z2 + xz.

Then ρ is a G/N -equivariant surjection.
As usual, the short exact sequence of A := F[W ]-modules

0 → J
γ−→ A

ρ−→ F[V3]N → 0

induces a long exact sequence in group cohomology

0 → JG/N γG/N

→ AG/N ρG/N

→ F[V3]G
δ→ H1(G/N ; J)

γ1

→ H1(G/N ; A)
ρ1

→ . . . .

We claim that in this case, the map ρG/N is surjective. By exactness, we may
prove this by showing that

γ1 : H1(G/N ; J)→H1(G/N ; F[W ])

is injective.
Since p = 2, we have that TrG/N = τ + Id = τ − Id = Δ. Therefore

H1(G/N ; M) =
Kernel(Tr |M )

Im(Δ|M )
,

=
Kernel(Δ|M )
Im(Tr |M )

As usual, for f ∈ F[W ]Cp we let [f ]F[W ] denote the cohomology class in
H1(G/N ; F[W ]) represented by f . Similarly if f ∈ JCp , we denote by [f ]J
the cohomology class f represents in H1(G/N ; J). To see that γ1 is injective,
consider an element f ∈ JCp such that γ1([f ]F[W ]) = 0. Thus f ∈ TrG

N (F[W ]).
Write f = TrG

N (f ′) for some f ′ ∈ F[W ].
Note that F[W ] has Krull dimension 4 and that F[V ]N has Krull dimen-

sion 3. We note that
ρ(a2) = ρ(b2

1 + a1b1),

and so J is the principal ideal generated by the element r := a2 + b2
1 + a1b1.

Since f ∈ J , we may write f = f ′r for some f ′ ∈ F[W ]. Since f ∈ Im Tr, it
must vanish on

W
G/N

= {(β2, 0, β1, 0) | β2, β1 ∈ F}.

Thus

0 = f ′(β2, 0, β1, 0) = f ′(β2, 0, β1, 0) · r(β2, 0, β1, 0) = f ′(β2, 0, β1, 0)β2
1 .
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Therefore f ′ must vanish on the set

{(β2, 0, β1, 0) | β1 �= 0, β2, β1 ∈ F}.

Hence, by continuity, f ′ must vanish on

{(β2, 0, β1, 0) | β2, β1 ∈ F} = W
G/N

.

Therefore f ′ ∈
√

Im TrG
N . Since W is equivalent to a permutation represen-

tation, Proposition 9.0.13 implies that f ′ ∈ Im TrG
N . Thus there exists an ele-

ment f ′′ ∈ F[W ] with TrG
N (f ′′) = f ′. This shows that f = f ′r = TrG

N (f ′′)r =
TrG

N (f ′′r) ∈ TrG
N (J). Therefore [f ]J = 0. Thus we have shown that γ1 is

injective and so ρG/N is surjective. Now

F[W ]G/N = F[a1, b1, a2b1 + a1b2, b
2
1 + a1b1, b

2
2 + a2b2]

and

F[V3]G = ρ(F[W ]G/N ) = F[f1, f2, f3, f4] where
f1 = x,

f2 = y2 + xy,

f3 = y3 + xy2 + xz2 + x2z, and

f4 = z4 + x2z2 + y2z2 + xyz2 + xy2z + x2yz.

In particular, we see that F[V3]G is a hypersurface. Furthermore, it is
straightforward to verify that the relation among the generators is given by

f3
2 + f2

3 + f1f2f3 + f2
1 f4 = 0 .

Example 14.2.3. Let F4 = {0, 1, ω, ω2} be the field of order 4 where ω satisfies
ω2 + ω + 1 = 0. Consider the subgroup G of GL(3, F4) generated by the 2
matrices

σ−1 =

⎛

⎝
1 0 0
1 1 0
0 1 1

⎞

⎠ , τ−1 =

⎛

⎝
1 0 0
0 1 0
ω 0 1

⎞

⎠

Let V denote the three dimensional F4 vector space on which G acts with
{x, y, z} the basis of V ∗ dual to the standard basis. Notice that the subgroup
N generated by σ is the group we considered in Example 14.2.2. Thus N has
order 4 and

F4[V ]N = F4[f1, f2, f3, f4]

where

f1 = x,

f2 = y2 + xy,

f3 = y3 + xy2 + xz2 + x2z,

f4 = z4 + x2z2 + y2z2 + xyz2 + xy2z + x2yz.
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Furthermore, τ2 = I3 and thus G has order 8 and N is normal in G.
We will use a ladder to study the ring of G invariants: F4[V ]G =

(F4[V ]N )G/N where G/N ∼= C2. Write Δ = τ − 1. The action of G/N on
F4[V ]N is given by

Δ(f1) = 0,

Δ(f2) = 0,

Δ(f3) = f3
1 , and

Δ(f4) = f2
1 (f2 + f2

1 ) .

Thus we define W = 2 V1 ⊕ 2 V2 where W ∗ has basis {a1, a2, a3, b3, a4, b4}
with

τ(ai) = ai for i = 1, 2, 3, 4 and
τ(bi) = bi + ai fori = 3, 4

We define ρ : A := F4[W ] → F4[V ]N by

ρ(a1) = f1,

ρ(a2) = f2,

ρ(b3) = f3,

ρ(a3) = Δ(f3) = f3
1 ,

ρ(b4) = f4 and

ρ(a4) = Δ(f4) = f4
1 + f2

1 f2.

Thus ρ is a G/N -equivariant surjection.
Again the short exact sequence of A-modules

0 → J
γ−→ A

ρ−→ F4[V ]N → 0

induces a long exact sequence in group cohomology

0 → JG/N γG/N

→ AG/N ρG/N

→ F4[V ]G δ→ H1(G/N ; J)
γ1

→ H1(G/N ; A)
ρ1

→ . . . .

In this case, we will see that ρG/N is not surjective. We define

f5 := y5 + xz4 + x3y2 + x4z.

Since Δ(f5) = x(ωx)4 + x4(ωx) = 0, we see that f5 is G-invariant.
It is easy to see that f5 does not lie in the image of ρG/N as follows. We

have

ρG/N (F4[W ]G/N ) = ρG/N (F4[a1, a2, b
2
3 + a3b3, b

2
4 + a4b4, a3b4 + a4b3])

= F4[f1, f2, f
2
3 + f3

1 f3, f
2
4 + f4

1 f4 + f2
1 f2f4, f

3
1 f4 + f4

1 f3 + f2
1 f2f3].
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Note that fi has degree i for all i = 1, 2, . . . , 5 and thus degree considerations
show that if f5 ∈ ρG/N (F4[W ]G/N ), then f5 ∈ F4[f1, f2]5. Since every element
of F4[f1, f2]5 is divisible by f1 = x and the lead monomial of f5 is y5 we see
that f5 /∈ F4[f1, f2]5.

The ideal J is generated by the 3 relations

a3
2 + b2

3 + a1a2b3 + a2
1b4

a3 + a3
1 and

a4 + a2
1a2 + a4

1.

Consider

f = (a2 + a2
1)(a3 + a3

1) + a1(a4 + a2
1a2 + a4

1) = a2a3 + a2
1a3 + a1a4 ∈ J.

Note that f = Δ(f ′) ∈ Δ(F4[W ]) where f ′ = a2b3 + a2
1b3 + a1b4.

However, f /∈ Δ(J). Therefore f represents a non-zero cohomology class
[f ]J ∈ H1(G/N ; J) with γ1([h]J) = 0 ∈ H1(G/N ; F4[W ]). This corresponds
to the invariant

ρ(g) = f2f3 + f2
1 f3 + f1f4 = f5 ∈ F4[W ]G.

With a little more work the reader may show that the F4[W ]G/N -module,
ker γ1 is generated by the element just considered [a2a3 +a2

1a3 +a1a4]J . Thus
F4[V ]G is generated by ρ(F4[W ]H) together with f5. From this it easily follows
that

F4[V ]G = F4[f1, f2, f5, f8]

where

f8 = ρ(NG/H(b4))

= z8 + y4z4 + xy7 + x2y2z4 + x3y4z + x3y5x5y2z + x6z2.

Remark 14.2.4. Note that the representation considered in Example 14.2.3 is
the same representation as that considered in Example 14.2.1 when p = 2.
However, the choice of ladder (i.e., the tower of normal subgroups used) is
different in the two examples.
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fractions rationnelles. Chapitre 5: Corps commutatifs, Deuxième édition.
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